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FOREWORD

Because o f  the rapid growth and wide use o f  computers, in practically all 
fields o f  man's activity, there is a need for students in all specialities to 
have a concise, ye t thorough presentation o f  computer theory, design and 
operation.

This book is an attempt to fill this need. I t covers the circuitry and 
operating principles o f  analog and digital computers, special-purpose com
puting devices, machines and systems. Ample space is devoted to a basic; 
theory o f  similitude and simulation, and a fairly detailed description is 
given o f  basic functional elements, assemblies and units which make up 
typical analog and digital computers, in conjunction with an introduction 
to the mathematical and logical basis o f  electronic digital computers.

Separate sections deal with block-diagram synthesis o f  analog compu
ters to solve algebraic, transcendental, ordinary and partial differential 
equations and their systems. The reader will find a survey o f  methods used 
to program problemsolving on analog and digital computers, analog with 
a brief outline o f  digital differential analyzers and hybrid systems.

Written by leading authorities in the field o f  Soviet computer enginee
ring with a wealth o f  teaching and research experience at colleges, the 
book is student-oriented in the presentation o f  the subject-matter.

The book will be o f  primary value to college students and faculty mem
bers and also to researchers and engineers concerned with the develop
ment and application o f  computers.



With the rapid growth and wide use of computers id practi
cally all fields of economics, science and technology, the need 
has arisen to give students in all specialities a concise, yet tho
rough source of information on the theory, design and operation 
of computing devices and machines.

This book is an attempt to fill this need. It is in two parts. 
Part One, devoted to analog computers, sets forth the basic 
principles of the theory of similitude and modelling, describes the 
various computing elements, and introduces the reader to logic 
design and problem preparation. Part Two, set aside for digital 
computers, outlines number systems, arithmetic and logical opera
tions, basic Boolean algebra and the theory of switching circuits. 
Ample space is devoted to a description of computer elements and 
units, programming and problem solving on a digital computer. 
In presenting the material, the authors have based themselves 
on the circuits and elements actually used in present-day Soviet 
computers.

The Introduction, Chapters II, IV and IX, and Sec. 7.3 of 
Chapter VII have been contributed by N. P. Sergeev; Chapters V, 
VI, VII, and VIII by N. P. Vashkevich; Chapters I and III jointly 
by N. P. Sergeev and Ye. A. Alexandrova; Sec. 7.2 of Chapter VII 
jointly by V. N. Sorokin and N. P. Vashkevich; Secs. 7.4, 8.1, 8.2 
and 8.3 jointly by Yu. A. Silvestruk and N. P. Vashkevich.

The authors wish to express their deep gratitude to the faculty 
members of the Chair of Mathematical Machines at the Baumann 
Higher Technical School, and also to Professor B. V. Anisimov, 
Dr. Tech. Sc., and Professor E. I. Gitis, Dr. Tech. Sc., who 
reviewed the manuscript, for valuable suggestions and ideas which 
have been incorporated in the book and improved the presentation.



Introduction

To-day, computers are active in almost all divisions of science 
and technology, and are doing their jobs efficiently. Apart from 
pure computational work, they control production processes, run 
traffic, handle statistical work, do economic planning, gather and 
process information, and solve logic and other problems.

All computers may be divided into two broad classes, analog 
and digital. In turn, each of these two classes may further be 
subdivided into general-purpose machines capable of tackling a 
wide range of mathematical problems, and special-purpose ma
chines dedicated to a narrow class of problems or even a specific 
problem. Although less versatile because of the more regimented 
relations between their units, special-purpose computers are more 
reliable, use control, arithmetic, storage and other units of a 
simpler structure, and are compact. The class of special-purpose 
computers includes, for example, control computers, digital diffe
rential analyzers, and a variety of hybrid computing systems. Re
cent years have seen a marked increase in the use of hybrid com
puters, that is, machines combining analog and digital principles.

Analog computers operate on mathematical variables which 
appear as continuously varying physical quantities. The basis 
of analog computers is modelling, when a real physical process 
(or plant) or its elements are replaced with a model having the 
same properties. With modelling, an investigation can be carried 
out in a simpler way, conveniently and inexpensively. Of all 
existing techniques of modelling, widest use has to date been made 
of physical modelling and mathematical modelling.

Analog computers are convenient to run. Also, they present 
solutions in a simple and graphic manner in almost no time. 
Unfortunately, they are rather inaccurate and their versatility 
is limited. The class of analog computers includes electric inte
grators to solve partial differential equations, electronic machines 
to solve ordinary differential equations, machines to solve alge
braic and transcendental equations, and special-purpose analog 
computers.

Digital computers deal with mathematical variables in the form 
of numbers which represent discrete values of physical quantities. 
Any number is represented as a combination of states of indi
vidual elements each of which can reside in several stable (or 
equilibrium) slates. Digital computers are versatile, accurate and
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can solve practically any mathematical problems and elaborate 
logical operations.

Although they operate at high rates, there is a limit to the 
speed of operation. This is because the time needed for a digital 
computer to solve a problem is usually a sum of that taken jip 
by several non-computational operations, including control ope
rations. The class of digital computers includes desk calculators, 
punch-card computers, and high-speed electronic digital com
puters.

If, in a system, analog and digital computers are combined, we 
talk of a hybrid computer. They combine the merits of both analog 
and digital machines.

In their evolution, digital and analog computers have been 
mechanical, then electromechanical, electrical and, finally, elec
tronic. The advent of electronic computers in 1946-48 opened up 
wide vistas for fast and precise solution of mathematical and 
logical problems. In the Soviet Union, quite a number of elec
tronic digital computers have appeared since then, including the 
Ural, the BESM, the Minsk, and the M-20. Major contributions 
to the advancement of digital computers have been made by a 
large team of Soviet scientists, among them Academician 
S. A. Lebedev, Yu. Ya. Basilevsky, B. I. Rameyev, and I. S. Brook.

Various physical principles have been used in the development 
of analog computers. In the second decade of the 20th century, 
analogs based on current-conducting paper and an electrolytic 
bath appeared. In the late.40’s, a team under Professor L. I. Gu- 
tenmakher developed several electrical integrators to solve par
tial differential equations. Their invention was based on Professor 
S. A. Gershgorin’s idea (1926) to use electric grids for modelling. 
Then came electronic mathematical models realized with d. c. 
amplifiers (HITT-4, HFIT-5, MH-7, MH-14, MH-10, etc.). The 
theory and design of analog computers in the Soviet Union owe 
much to V. A. Trapeznikov, V. B. Ushakov, A. A. Feldbaum, 
N. Ye. Kobrinsky, A. N. Lebedev, and V. B. Smolov, to name but 
a few.

The 25th Congress of the CPSU has mapped out a far-reaching 
program of further development for national economy. It can 
successfully be achieved only through large-scale mechanization 
and automation of production, integration of the latest advances 
of science and technology in all fields of industry, and streamlin
ed planning and management. This is an encouraging challenge 
to computers and computer engineering.



Part One 
Analog Computers

Chapter 1
Basic Theory of Similitude and Electric Modelling

1.1. Basic Concepts of Similitude Theory

1.1.1. Modelling methods. Two broad methods of modelling are 
used most, physical and mathematical. In physical modelling, 
a model retains the physical character of the prototype; in mathe
matical modelling, the basis is the analogies that exist between 
the equations describing a prototype system and its model.

Physical Modelling
In physical modelling, one uses a model which is an exact or 

a scaled-down replica of the prototype and retains its physical 
character. The experimentor seeks to establish relationships bet
ween both the geometrical elements and the physical variables 
of the model and the prototype.

Let, for example, there be two electrical circuits which can be 
described by equations of the form

f(V, R, i, L) =  0, f(V u Ru lu L,) =  0 (1.1)
In the case of complete correspondence between the two cir

cuits, their respective variables will be connected by the following 
relations

V/Vi =  Mv, R/Rt =  Mr, ///, =  Mt, L/L\ =  ML (1.2)
where Mv, MR, Mi and ML are the similarity scale factors. Since 
in physical modelling analogous quantities have the same dimen
sions, the similarity scale factors are dimensionless.

Physical models give a full representation of the process or 
situation under study, because they can replicate both the mathe
matical and physical aspects of the prototype. However, they are 
used on a limited scale because of the difficulties in their con
struction, hard-and-fast specialization, and also because the quan
tities of'-irt'terest are not at all easy to measure in some divisions 
of physics.

Physical modelling should preferably be used in situations 
where the process or system of interest does not lend itself to an
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accurate mathematical description or where such a description 
leads to relationships of a complexity such that other methods 
may fail in mechanizing them. Examples of physical models are 
scale models of ships, aircraft, missiles, and water-power 
works.

Mathematical Modelling
Mathematical models only represent the mathematical aspects 

of the process or system of interest. Although the equations ap
plicable to both the prototype and the model must be identical in 
form, they may use entirely different physical quantities. Let, for 
example, the equation describing the behaviour of a mechanical 
system have the form

F =  m -|j  +  tw u -fy  ^udt (1.3)
where F — force 

m —mass 
u — velocity 
w — friction coefficient 
/  =  elasticity 
t =  time

and the behaviour of an electric model be described by an equation 
of the form

V =  L 4L +  Ri +  ± \ i d t  (1.4)
where V =  voltage

L =  inductance 
/ =  current 

R — resistance 
C =  capacitance 
/ =  time

As is seen, both equations, (1.3). and (L4), are the same in 
form. The relations that exist between the analogous variables 
of the prototype and the model may be written as

F/V =  MP, m/L =  Mm, ufi =  Ma, w/R -  Afw,
f/C =  Mf, tmteb/ttt =  Mt '

where MF, Mm, M«, Ma, M, and Mt are the similarity scale 
factors.

If two or more physical processes or systems have the same 
mathematical representation, we have what is known as equation 
isomorphism. Precisely this equation isomorphism is at the basis 
of mathematical modelling. Any physical process or system in 
such a group may serve as a model of any other. Electric models 
have come into prominence because they are simple and inexpen
sive to build, their circuit parameters can readily be adjusted at
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will, measurements can be made and recorded with sufficient 
accuracy, and their maintenance is negligible. Unfortunately, the 
accuracy is rather limited.

Mathematical modelling is versatile and is widely used in 
practice. It may be divided into two types: direct simulation, or 
simulation on the basis of direct analogies and simulation on the 
basis of equations, or equation-solving.

1. Simulation on the basis of direct analogies. A direct analogy 
model is remarkable in that the equation describing what happens 
in the analog is the same in structure as that of the prototype 
system. In other words, a direct analogy is established between 
the respective variables in the prototype and analog equations. In 
building direct analogy models, the first step is to list all phy
sical elements that make up the system to be simulated. Next, an

(a.) (b) (c)
L R

analog is built for each element, and the individual analogs are 
interconnected so that the equation describing the behaviour of 
the overall model has the form of the prototype equation. With 
this approach, all physical elements are replicated by their respec
tive analogs in a model. An added requirement is that each analog 
must be individually controllable so as to give freedom of varia
tions during an experiment.

Consider an example of direct-analogy simulation. Let the 
prototype system be a one-degree-of-freedom mechanical system 
(Fig. 1.1a) described by Eq. (1.3). Electric analogs of the system 
may be the circuits (Fig. 1.1ft and c) based on Kirchhoff’s laws. 
The dynamic behaviour of the circuit shown in Fig. 1.1ft (the 
nodal analogy) can be described as

/ =  C - ^  +  GK +  i - $K<#  (1.6)

where i, C, G and L are the current source in and the capacitance, 
conductance and inductance of the circuit, each being analogous 
respectively to F, m, w and f of the prototype system (hence 
another name, the force-current analogy). The dynamic behaviour 
of the circuit shown in Fig. 1.1c (the loop analogy) can be 
described by Eq. (1.4), where V, L, R and C are the voltage
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source in and the inductance, resistance and capacitance of the 
circuit, each being analogous respectively to the same four va
riables of the mechanical system (hence the name, the force-vol
tage analogy). The circuit parameters of the models are made 
variable so that they can be adjusted in the course of study. With 
the analogies thus derived, the prototype equation can be solved 
directly. In the loop analogy, the velocity u of the mechanical 
system is simulated by the voltage V across the electric circuit, 
and in the nodal analogy by the current i around the circuit.

Direct-analogy models are convenient where the experimentor 
is tracing the behaviour of a system in response to changes in its 
variables so as to determine their optimum values. Examples of 
direct-analogy models or simulators are resistance network ana
logs, electrolytic tanks and resistance-paper devices.

2. Simulation on the basis of indirect analogies. In contrast to 
direct-analogy simulation where physical elements of the proto
type system are simulated, an indirect simulator only replicates 
the form of the prototype equation and the flow of computation. 
Indirect simulation uses analog computing elements (such as 
summers, integrators and inverters) which are interconnected to 
mechanize the problem equation. To optimize the problem set-up, 
the governing equation is often transformed to a point where a 
direct physical analogy between the variables of the prototype 
system and the coefficients of the transformed equation set up 
on the simulator is completely lost.

Consider an example of indirect simulation. We choose the same 
one-degree-of-freedom mechanical system (see Fig. 1.1a) to be the 
prototype system. Its behaviour may be described as

F = m^ F + w i l r + J x 0-7V

This equation may be solved in several ways. One requires that 
Eq. (1.7) be re-written to solve for the highest derivative

4 £ - - 5 4 r “ 7'*X+ ^ F (1’8)

From Eq. (1.8) it follows that in order to obtain the sought 
variable x, we must add together the terms on the right-hand side 
and integrate the sum twice. The set-up required to mechanize 
this problem (Fig. 1.2) consists of two electric integrators, I\ 
and / 2, an inverter, and three potentiometers Pi, P2 and P8, and 
fits the equation

£ h .  =  - a * L L - bV + c V .dt* a dt °* x -* c v P 0.9)
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where Vx, VP =  machine analogs of x and F, respectively 
a, b, c — constant coefficients 

By choosing appropriate scaling factors which relate each 
machine variable to a corresponding variable of the prototype 
system

Mx =  xlVx, MP =  F/VF, M, =  tjtm 
we can readily pass from the machine solution

Vx =  f( tm) 
to the sought variable, x =  f(t).

1.1.2.Methods for determining similarity variables. Analogous 
systems must have identical similarity variables, n, dimensionless 
groups of physical quantities, which are characteristic of a given 
process and which have the same value in the model and the 
prototype system (II =  idem). Once similarity variables are 
known, one can readily pass to the relationships between the 
physical quantities of the prototype system and its model.

Equation Analysis Method
This method is based on the proof of the first similarity theo

rem. Each equation under comparison is reduced to dimensionless 
form by dividing it through by some term. Then the signs of 
integration and differentiation are dropped in the transformed 
equation, and the terms of the equation thus derived give s — 1 
similarity variables, where s is the number of terms in the ori
ginal equation.

Let the original equation be of the form

L^  +  Ri +  ± \ i d t = v  (1.10)
and that of the model

C W +  G V + - \ V d t  =  l (Ml)
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To reduce the two equations to dimensionless form, we divide 
each through by its right-hand side:

~ y  ”1" ~cv \ i I (1.12)

■ H r + ' T + T r S 1' ' ' ' - 1 <U 3 >
On dropping the signs of integration and differentiation, we get 
s — 1 similarity variables for each equation. Since s =  4, then 
s — 1 =  3. For the systems to be analogous, the similarity va
riables must be identical:

n, =  Li/Vt= CV/it =  idem, II2 =  Ri/V — GV/i =  idem
n 3 =  it/CV =  Vt/Li =  idem (U 4 '

Sometimes, the above method is referred to as the integral 
analog method. It applies to both homogeneous and inhomogene
ous equations. In the latter case, the arguments of inhomogeneous 
functions in the prototype system and the model must be equal. 
For example, for the prototype and model equations of the form

q( — a tan ad
Q i= k  tan wt

the similarity condition will be the equation
c»f =  wt

Dimensional Analysis Method
This method is based on the second similarity theorem and 

consists in the following. Of the number m physical quantities 
characterizing a system, we arbitrarily choose k quantities having 
independent dimensions, such that k ^  q where q is the number 
of fundamental quantities used in the adopted system of units. 
For example, the SI system has four fundamental quantities, 
namely length, I, mass, M, time, t, and current, i; that is, q =  4.

On selecting k out of m physical quantities, transforms of 
m — k similarity variables are obtained. Each similarity variable 
may be expressed as a fraction whose numerator is one of the 
(m — k) quantities raised to power + 1, and whose denominator 
is the product of the k selected quantities by the yet unknown 
exponents, xlt x3, . . . .  xh, Z\, zt, . . . .  z*. etc. The transforms of 
the similarity variables may be written as

n ,= *»+1
/? * # . . .  /J* »• • •» s

*
(1.15)
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j$he unknown exponents are found by solving the dimensional 
Iquation for each similarity variable. As an illustration, consider 
in example.

Let the system under study be described by an equation of the
form

f(i, V, R, C, L, f) =  0

It is known that in this system k =  3. We choose the quantities 
V, L and C. Then the number of similarity variables will be

m —£ = 6 — 3 = 3  

The transforms of the three similarity variables may be written as

=  Yx'L*1CXt • Vv'Ly,Cv* ’ Vz'Lz,CZt

The exponents xu Ui and z< may be evaluated on recalling that 
the numerator and denominator of a similarity variable have the 
same dimensions (this is why similarity variables are dimension
less). Therefore,

[i] =  [V\x' [Lp [Cp

[ t f l - N T W l C ] *  (1.17)
[t) =  [V f [L\*' [C]21

Equations (1.17) have been derived on the basis of the follo
wing point of dimensional analysis: the dimension of any deri
vative is the product of the dimensions of the fundamental quan
tities raised to certain powers, that is,

[r] =  [a]°‘ [6]°’ . . .  [<?]“«

where r is a derivative of a physical quantity, and a, b, . . . ,  q 
are the fundamental physical quantities in the system of units 
adopted (in our case, the SI system). To solve the first line in 
Eqs. (1.17), we write it in terms of the dimensions of the funda
mental quantities adopted in the SI system:

[/°mW]=U W rYT[i2M'r2r T [r’Ar'rtT (us)
where / =  length in metres 

m =  mass in kilograms 
t =  time in seconds 

current in amperes 
The exponents are taken from the respective dimensional tables 

of the SI system. The sum of exponents for each fundamental 
quantity in such an equation must be equal to zero. By writing

:> 3525
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such equations of exponent balance for each fundamental quantity, 
we obtain the following system of equations

2 x t +  2x2 — 2x3 =  0 I

*1 +  *2  — *3  =  0 M

— 3*i — 2jc2 +  4 jc3 =  0 t

— X, — 2*2 +  2 * 3 = 1 i
whence

% 1 1> %2 ~f” "2” » *̂3 “I” “2"

0-19)

Similarly, we can evaluate the exponents of the remaining simi
larity variables:

i/i =  0 z, =  0
1/2 =  V2 z2 =  V2
1/3=  V2 Z3=  V2

Then, according to Eqs. (1.16), the similarity variables may be 
written as
n,=- =  idem, n 2 = r Vc

VT =  idem, n3 =  =  idem (1.20)

Further similarity variables may be obtained by multiplying 
and dividing the variables II| through II3, Eqs. (1.20), by one 
another. The variables thus obtained can often give a deeper 
insight into the physical significance of similarity.

1.2. Synthesis of Electric Models for Physical Systems

1.2.1. Synthesis of physical models. The development of an 
electric model involves two basic steps. The first defines its 
circuit configuration, and the second yields its circuit para
meters.

Consider an example. Let the prototype system be the circuit 
of Fig. 1.3. The numerical values of the circuit parameters are:

Vi =  1000 sin 314/ V, F2 =  300sin 1570Z V 
Z., =  0.1H, L2 =  0.2H 

C, =  lOOpF, C2 =  200pF 
#1 =  5 ohms, R 2 — 10 ohms, R3 =  1000 ohms

Construct the analog circuit. In physical modelling, the analogous 
quantities' in the prototype and the model are the same physically 
and dimensionally. Therefore, the analog circuit will be an exact 
copy of the prototype circuit and will only differ in the numerical
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values of the circuit parameters (in Fig. 1.3, the model para
meters are enclosed in parentheses).

The circuit parameters for the analog circuit are evaluated as 
follows. One of the parameters of each dimension is selected as 
the basis quantity for the remaining parameters of the same 
dimension. In our example, we choose the basis quantities to be:

Fo=1000V , Z.0 =  0.1 H

/0= 1 A ,  <i>o =  314rad/s 

C0 =  100p F, /0 =  1 s, R0 =  10 ohms

Fig. 1.3

Dividing all the parameters of the prototype circuit by the selected 
basis quantities yields a dimensionless (scaled) representation 
of the prototype circuit:

MVl =  V,/Vo, MVl= l ,  MVt =  0.3 
— Gt)|/(do ~~ 1, Afo, —— 5 

Ml, — Li/Lo= 1, ML, =  2 (1.21)
Mc, =  Ci/Co— 1, Me, =  2 
MRl =  0.5, Mr,— 1, Mr, =  R3/R0 =  100

Then we choose an arbitrary number k of independent basis 
quantities for the model; in our case, k =  3. Let them be F0m =  
=  10 V, Com =  1 nF> and Lom =  0.1 H. In order to evaluate 
the remaining basis quantities for the model, we should first find 
similarity variables. For the system in question, one of the alter
native forms is

t ,,n, =  vt/u, n 2=v/Ri, n 3=vc/it,  n 4= w  (1.22)

Substituting the known basis quantities of the prototype circuit 
and the arbitrarily chosen basis quantities for the model in
2*
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1000 X 1 _  10/om 
0.1 X  1 0.1/om
1000 _  10 

10 X  1 Romhm

1000 x  100 X 10 ~6 _  10 X 1 X 10~6
1 X 1 <om*om

n 4 =  314 X 1 =  ©Om̂Om
The remaining basis quantities are found to be:
t0m =  0.1 s, t0m — 1 mA, R0m =  100 ohms, a>0m =  3140 rad/s

After all basis quantities of the model have been found, its 
circuit parameters are evaluated by multiplying the scale factor 
of each parameter in the prototype circuit by the respective basis 
quantity in the model. As a result, we get

Z.j/n =  MuLom == 0.1 H 
Z.2m =  0.2H  
/?, m =  50 ohms 

R2m — 100 ohms, R3m — 104 ohms 

Cim=  l^F, C2m =  2pF 
Vim— 10 V, V2m =  3V  

©im — 3140 rad/s, ©2m— 15,700 rad/s

1.2.2. Synthesis of mathematical models. In mathematical mo
delling, the equations of the prototype system and the model are 
the same in form, but the analogous quantities may differ in 
nature and dimensions. The examples that follow will throw 
enough light on how electric direct analogs are synthesized.

Example 1. Let the prototype system be the circuit shown in 
Fig. 1.1c. The numerical values of the circuit parameters are:

V =  1000 sin 314/ V, L = 1H, # =  10 ohms, 0  =  2 5 0 ^

Before going any further, it will be instructive to learn some 
basic facts about dual networks. Suppose we have two networks 
such that the mesh currents in one obey the Kirchhoff current 
law, St =  0, which is the same in form as the Kirchhoff voltage 
law governing the node voltages, SF  =  0, in the other. Then one 
circuit of the pair is said to be the dual of the other. As already 
noted, the Equations expressing the two laws are identical in 
form, but the analogous terms have different dimensions.

Eq. (1.22) gives
n , =

n , =

n 3=
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Going back to the circuit of Fig. 1.16, its equation of current 
balance is

i ^ C ^ + G V  +  ^ ^ V d t  (1.23)

while the voltage balance equation for the circuit of Fig. 1.1c is

F =  +  /?< +  -£- \ tdt (1.24)

that is, the two equations are identical in form, which is another 
way of saying that the circuits of Fig. 1.16 and c are duals.

Now, if one of the duals is chosen to be the prototype, thp other 
(dual) network will be its mathematical model. The model para
meters can be found in the same manner as for a physical model. 
Reducing the prototype network to dimensionless form yields 
a scaling factor of unity for each parameter, that is

Mv =  Ml =  Mc =  MR =  Mt = l
Next, we choose an arbitrary number k of basis quantities for 
the model. In our example, k =  3, and the basis quantities may 
well be t'om, C0m, and L0m. Let »om =  10 mA, Com =  1 pF, and 
Lom =  0.1 H. In one of the alternative forms, the similarity va
riables may then be written as

n  l =  Li/Vt =  CV/it, n 2 =  Ri/V =  GV/i
n 3= it/cv  =  vt/Li, n 4= a t=<omtm {L2b)

Substituting the basis quantities of the prototype network and 
the arbitrarily selected basis quantities for the model in Eqs. (1.25) 
leads to a system of equations whose solution yields the remain
ing basis quantities for the model:

V0m =  5V
tom =  0.5 S

G0m =  2 X  10"4mA
<o0m =  628 rad/s

whence
im Mytom 10 mA 

Gm — Af̂ Com =  1 pF 
Lm =  MLL0m =  0.1H 
Gm =  MKG0m =  2 X  10~4ohm-1

Example 2. Let the prototype system be a one-degree-of-freedom 
mechafri6al system, described by an equation of the form

t F =  m-4fi- +  wu +  j ^ u d t ( 1.26)



22 Part One. Analog Computers

An electric model for the prototype mechanical system can be 
constructed on the basis of well-known electric-mechanical ana
logies. Thus, the force balance in mechanics corresponds to vol
tage and current balances in electric systems. Hence, two sets 
of analogous quantities (loop and nodal analogies) in mechanical 
and electric systems may be constructed as shown in Table 1.1.

Table 1.1

M e c h a n i c a l  s y s t e m

E l e c t r i c  ;a n a l o g i e s

lo o p  a n a l o g i e s n o d a l  a n a l o g i e s

F V i
m L c
w R G
I C L
u i V

Accordingly, two circuit configurations may be obtained for 
the same prototype system. The actual procedure is as follows. 
In Eq. (1.26) of the prototype system, all mechanical elements 
are replaced with their electric analogs from one of the two sets 
of analogies. This gives two analogous equations for the system:

i =  C-—  +  GV +  -j: \ v d t  (1.27)

V - L— +  Ri +  - ^ \ i d t  (1.28)

The circuits constructed to satisfy Eqs. (1.27) and (1.28) will 
have the form shown in Fig. 1.1ft and c. These circuits are duals 
because they are described by two analogous equations, one 
representing an application of Kirchhoff’s voltage law and the 
other that of Kirchhoff’s current law.

In mechanics, as in electrical engineering, the dynamic behavi
our of a system may be brought out through the use of some 
idealised elements. For example, the dynamic behaviour of a 
mechanical system may be depicted as shown in Fig. 1.1a. From 
a comparison of this diagram with those shown in Fig. 1.1ft and c, 
it can readily be recognized that it is analogous to the circuit of 
Fig. 1.1ft. This correspondence suggests one more method for 
building an electric model: replacing all elements in the dynamic 
representation of the prototype mechanical system with their 
electric analogies from the second set will lead to one more 
electric model. Its parameters can be found by the methods al
ready explained.
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In simulation on the basis of indirect analogies (by equation 
solving) the characteristic equation of the prototype system is 
arrived at by consecutively performing all the necessary mathe
matical steps. Such models are synthesized each time a problem 
is to be solved, by arranging the computing elements required to 
solve the equation into a block diagram. Then scale factors 
relating each variable in the prototype system to a corresponding 
variable within the computer are determined, the unit gains are 
adjusted, and the initial conditions and external disturbances are 
set in. Now the problem is ready to be set up on an analog com
puter. In greater detail, the construction of block diagrams on 
the basis of indirect simulation is explained in Chap. III.

1.3. Electric Modelling of Physical Fields
1.3.1. Basic concepts. Physical-field problems may be classed 

into internal and external. Internal-field problems arise in cases 
where the field boundaries are rigorously defined. In solving 
an internal field problem, one is interested in the behaviour of 
a sought variable within a re- M
gion under given boundary con
ditions and a specified process 
in that region.

Solving an internal field pro
blem involves the knowledge of:
(a) the region where the pro
cess of interest takes place 
(usually in the form of a draw
ing); (b) the nature of the pro
cess (defined by an equation);
(c) initial conditions of the 
field (to be specified only for 
nonstationary or time-varying 
fields); (d) boundary condi
tions as appropriate potentials 
at the field boundary.

Boundary conditions may be of the first, second or third kind. 
Boundary conditions of the fiist kind are specified as values of 
functions <p at points on tlie boundary. This constitutes the first 
boundary-value, or Dirichlet, problem. Boundary conditions of 
the second kind are given by specifying the normal derivative of 
the sought variable, dy/dn, on the boundary. This is the second 
boundary-value, or Neumann, problem. In such a case, the value 
of the'Sought function must be known at one point within the 
region or on the boundary as a minimum. Boundary conditions 
of the third kind are specified by a linear relation between the

Fig. 1.4
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sought function and its normal derivative
C  =  a<p +  6 - ^ L

Solving boundary-value problems gives the function distribution 
within the region.

External-field problems involve a field external with respect 
to some object, for example, the magnetic field around a con
ductor (Fig. 1.4). An external field is usually infinite. In such 
fields, a source of excitation is an object placed somewhere within 
(usually, at the centre of) the field. To solve an external-field 
problem, the characteristic equation of the process must be spe
cified. Its solution yields the distribution of the sought function 
in the external field.

Field problems may be stationary, or time-invariant, and non- 
stationary, or time-varying. In the former case, one deals with 
steady-state processes, in the latter with nonsteady-state. Field 
problems are formulated as partial differential equations. Those 
applying to stationary cases are Laplace’s and Poisson’s equa
tions (in three-dimensional space):

d 2<P ■ d2<f ■ d 2<p _ n  
dx2 ' dy2 dz2

& + $ + £ - ' * . * ■ »
also called elliptic partial differential equations. Those applying 
to nonstationary cases are called parabolic partial differential 
equations. They are exemplified by Fourier’s heat-flow equation

d*T . d*T . d2T , ,  . d T
dx3 +  dy1 +  dz2 y ' 2 ) dt

by the wave equation (describing wave motion in various media)
d*qp , d2ip | (52<p , d 2<p

by the biharmonic equation (elastic vibrations of a membrane)
I O d 4<P I d4q> _  n  

dx* - r  dx2dy2 “r  dy*

Field problems may be solved by general analog techniques, 
both physical and mathematical. Most often, resort is made to 
electric-field analogs.

1.3.2. Continuous field analogs. This type of analog uses a field 
due to a current flowing through a continuous conducting ma
terial, sucl] as resistance paper, metal foil, electrolyte in a tank, 
conducting colloids, and the like. The material must have as high 
a resistivity as practicable. As often as not, the material is a
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semiconductor. The greater the resistivity of the material, the 
greater the absolute value of field gradients and the more accurate 
the results.

With a conductive-sheet analog, the sheet has the same geo
metrical shape (or a conformal transformation thereof) as the 
field under study. The boundary conditions of the original field 
are simulated in the analog system by application of voltage 
sources (in the case of boundary conditions of the first kind) or 
current sources (in the case of boundary conditions of the second 
kind) to electrodes in contact with the sheet at the boundaries. 
The voltage distribution on the surface of the conductive sheet

(a) (b)

Fig. 1.5

is then measured and recorded by means of suitable sensing equ
ipment (usually a potentiometric field plotter).

Examples of continuous field analogs appear in Fig. 1.5. That 
in Fig. 1.5a is a resistance-paper analog of a uniform two-dimen- 
sionaT physical field, governed by Laplace’s equation. Boundary 
conditions of the first kind are simulated at boundaries AB and 
DE by application of voltages from a source to electrodes Eli 
and Eli. The remaining part of the boundary is not connected to 
a boundary-condition source, which implies that zero values of 
the normal derivatives are specified.

Analogs for nonuniform fields may be constructed by using 
pieces of different resistance paper glued together, or by painting 
or touching up the sheet. Electrodes made from copper sheet 0.1 
to 0.2 mm thick are usually bonded to the paper sheet with a 
current-conducting cement.

Figurg ;J.56 shows a conducting-liquid analog of a uniform 
three-dimensional field governed by Laplace’s equation. Gene
rally called an electrolytic tank, it has one of its surfaces shaped 
to be a scale model of the boundary configuration of the field
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under study. The material for the boundary model is usually a 
mixture of paraffin and rosin or wax.

For their operation, electrolytic tanks depend on the ion con
duction displayed by solutions of common salt, sulphuric acid or 
copper sulphate in water. The conduction of the electrolyte may 
be varied within wide limits by suitably changing the salt or acid 
concentration. The tank itself may be deep or shallow. In the 
latter case, the electrolyte depth is held constant at a few centi
metres.

The voltage distribution in the liquid is sensed by a probe or 
an array of probes connected to suitable measuring instruments. 
Each probe is mounted in a carriage which is installed over the 
tank and can be positioned as required. The position of the probe 
within the tank is transferred by a pantograph onto a drawing 
which represents the surface of the electrolyte on a full or a 
reduced scale. By guiding the probe in such a fashion that the 
galvanometer (null indicator) reads zero at all times for a given 
potentiometer setting, one obtains so-called equipotential lines. 
From a family of equipotential lines, one can readily derive a set 
of stream lines representing the flow of current through a region 
of the field and normal to the equipotential lines. The complete 
solution of a field problem is then a grid of orthogonal equipoten
tial and stream lines. The plotting of this grid (field plotting) 
may be automated.

The use of conducting liquids for three-dimensional field ana
logs, such as in electrolytic tanks, is explained by the need to 
have access to any point within a region to measure the potential 
with a probe. Instead of an electrolyte, the conducting material 
may be a colloidal mass.

Field simulation advantageously utilizes the property of field 
symmetry. If the field is symmetrical, only part of it, bounded 
by the symmetry axes, need be simulated.

Among the advantages of continuous-type field analogs are 
simplicity, a relatively low cost, and the possibility of measuring 
the sought function at any point within the simulated field. On 
the negative side are variations in the properties of the conduct
ing material, dependence on ambient conditions, and a limited 
range of applications. In fact, they are only suitable to solve 
problems governed by Laplace’s equation and, though to a lower 
degree of accuracy, by Poisson’s equation. An example of Soviet- 
made commercial continuous-type field analogs is the EGDA 
series using several grades of resistance paper.

1.3.3. Rqsistance-network method. This method is based on the 
formal similarity between Kirchhoff’s law equations for resistance 
networks and the equations resulting from the approximation of
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the partial differential equations describing field problems with 
a set of finite-difference equations.

Suppose we want to solve a problem involving a stationary 
uniform field governed by Laplace’s equation in two dimensions

d2T 
dx2 (1.29)

where T =  temperature 
x and y =  coordinates of a thermal field 

To solve the problem by the resistance network method, 
Eq. (1.29) is approximated by finite differences.

A2r
a*j (1.30)

The first difference, AT, is the difference in value of the function 
(the temperature T) between two adjacent points a and b of the

(a) (b) (c)

F ig .  1.6

field (Fig. 1.6a):
ATa =  Ta- T b

The second difference is the difference of the first differences 
between two adjacent line segments, ab and be:

A27’ =  ATa -  ATb =  {Ta -  Tb) -  (Tb- Tc) =  Ta +  TC- 2Tb 

Ax =  Ay =  h, ATt =  Ti — T0, AT2 =  T0 — Ta
at3= t 3—t 0, at4= t 0—t 4

For
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we have
A 2TX =  A r ,  -  A r 2 =  ( f ,  -  To) -  ( r 0 -  T2) 
t f Ty  =  A T ,  -  A r 4 =  ( r 3 -  To) -  (To -  T<)

Then Eq. (1.30) takes the form
7'i +  7’2 +  7’3+ 7 '4 =  4r0 U.31)

that is, the differential equation, Eq. (1.29), describing the field 
may be approximated by an algebraic equation, Eq. (1.31).

The resistance-network method of solution proceeds as follows. 
The continuous field to be simulated is discretized, that is, re
placed by an array of discretely spaced elements (elementary 
parallelepipeds for a three-dimensional field, areas for a two- 
dimensional field, and segments for a one-dimensional field), 
referred to as a finite-difference grid. Suppose the original con
tinuous field is in two dimensions and has the shape shown in 
Fig. 1.66. We divide it into eight elementary areas, 1 through 8. 
For each area, an equivalent network of resistors is then con
structed, with a dynamic behaviour described by the finite-diffe
rence equation of the original field. For example, if the dynamic 
behaviour of the original field is governed by Laplace’s equation, 
Eq. (1.29), its finite-difference approximation will have the form 
of Eq. (1.31), and each node of the two-dimensional field will 
be simulated by the resistance-network junction shown in 
Fig. 1 .6c. This network junction is described by

V, +  V2+ F 3+K 4 =  4K0 (1.32)
If the dynamic behaviour of the field is governed by Poisson’s 
equation

I d*<p r (  * 
dx2 +  dy2 — F (x > y>

its finite-difference approximation will be
<Pi +  q>2 +  <P3 +  <P< =  4<Po +  h2F(x, y) (1.33)

and the respective resistance-network junction answering 
Eq. (1.33) will be as shown in Fig. 1.6d, and its behaviour wilT 
be described by

' (F, +  V2 +  V3 +  V<] q =  4V0<7 +  /(*, y) h2
for R ^  r and q =  1/r.

If the process within a field is governed by Fourier’s equation

J ?  +  W  =  F{X’ »• '>
its model will be governed by an equation of the form

d'V r  dV
dx2 ■*" dy2 —  W o  dt
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As a rule, in resistance-network simulation the left-hand side, 
of Eq. (1.32) is presented in finite-difference form and the right- 
hand side in differential form (as a capacitance-charging circuit). 
The typical resistance-network junction for such a field is shown 
In Fig. 1.6e.

The resistance-network junctions derived as explained, above, 
are interconnected in the same manner as the nodal points of 
the original field, to form a resistance-network analog. Such an 
analog of a Laplacian field appears in Fig. 1.6/. Then, the resi
stance network is excited at its boundaries to simulate boundary

W (b)

conditions with suitable voltage sources in the case of a Dirichlet 
problem or with suitable current sources in the case of a Neumann

firoblem. If the field being solved is nonstationary or, which is 
he same, the sought variable is varying with time and position, 

Initial conditions must be simulated in the resistance network 
prior to solving the problem, with suitable voltage sources con
nected to all junction points of the analog, according to the ini
tial values of the function. The solution is obtained by measuring 
and recording the voltages appearing at the junctions of the net
work. These voltages are then proportional to the potentials at 
the corresponding nodal points in the original field.

Resistarfee-network simulation is more versatile than that with 
continuous-type analogs. Apart from Laplacian fields, it is ap
plicable also to problems described by Poisson’s, Fourier’s, wave 
and other equations. The parameters of resistance-network models
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can readily be varied because all analog elements are made 
adjustable.

In the Soviet Union, several types of resistance-network ana
logs, called electric-network integrators, are available commer
cially (3H-12, 3H-22, YCM, etc.). They may be set up to solve 
either a specific field problem or several types of problems. An 
elementary resistance network of a general-purpose integrator 
for two-dimensional fields has the form shown in Fig. 1.7a. The 
circuit can readily be modified with switches Swl and Sw2, to 
obtain analogs for fields governed by Laplace’s, Fourier’s and 
other equations. The resistors and capacitors that make up the 
analog can be adjusted in value to reflect discontinuities

in the fields under study, and 
to approximate field boundaries 
because the conductance bet
ween two neighbouring junc
tion points simulates the di
stance between the analogous 
nodal points of the original 
field. This distance (known as 
the grid size) can then conve
niently be varied (as shown in 
Fig. 1.76) by varying the con
ductances. The resistances on 
the boundary N of the region 
being simulated are found by 
interpolation from the relation * 1 2

D _P Mb n __  n kbKb.v — K cb . Kb.h — K-rf

where R =  resistance of network elements within the region 
Rb. v =  resistance on the vertical boundary 
Rb. h =  resistance on the horizontal boundary

Generalized block-diagram of an electric-network integrator. 
Referring to Fig. 1.8, which is a generalized block-diagram, an 
electric-network integrator is made up of:

(1) An electric network, that is, an interconnection of a certain 
number of general-purpose discrete-type analog elements.

(2) A boundary-condition block, which is an assemblage of 
voltage and current sources, both fixed and functional. Boundary 
conditions of the first kind are simulated by directly applying 
appropriate voltages to the respective junction points on the 
boundaries from a voltage divider. Boundary conditions of the 
second kind are simulated by applying voltages to points on the 
boundaries- via capacitors offering a higher impedance than the 
rest of the circuit. Boundary conditions of the third kind are

Network 
discharge block

General purpose disc- rete -element analognetwork
dounda 
ru con - 
actions

Initial
condi-,
tions

Analog sw itc h in g  
elem en ts

Boundary
condition
block

In itia l
condition
block

o
c:
<§

Instru
ments
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simulated by setting appropriate voltages across a divider and 
resistances on the boundary.

(3) An initial condition block, which is a voltage source usually 
employed in solving nonstationary problems.

(4) A control block to coordinate operation of all other units. 
It is built around a logic circuit mechanized with digital com
puting elements.

(5) Instruments.
(6) A network spark-gap block.

(7) Switching elements.
Some machines include an iterator, a device which controls 

the progress of solution in time and causes the analog to iterate 
the procedure repeatedly.

Figure 1.9 shows the circuit of a Type 3H-12 electric-network 
Integrator designed to study stationary fields which are governed 
by Laplace’s homogeneous differential equation

d2<f , n
dy1 u

or, more generally,
(1-34)
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under boundary conditions of the first, second and third kind, 
where A\(x, y) and A2(x,y) are coefficients which are functions 
of the x, y coordinates, and also by Poisson’s nonhomogeneous 
differential equations of the form

with the function <p set to zero on the region boundary and under 
boundary conditions of the second kind.

The resistor network, RN, consists of 940 variable resistors (jn 
the form of resistance boxes) adjustable from 0 to 1000 ohms 
within the network region and from 0 to 10,000 ohms on the boun
dary. Boundary conditions are simulated by a circuit, BCC, in
corporating an autotransformer divider, and initial conditions in 
the solution of Poisson’s equations by a circuit, ICC, made up of 
an inductive source divider, SD, and a set of fixed capacitances, 
SFC, each equal to 0.02 pF and connected to each junction point 
in the network.

The electric-network integrator operates on a. c. supply at com
mercial frequency. The elements are interconnected in any desired 
way by flexible cords on a patch board. The potentials at the junc
tion points are measured or recorded with a meter M, or a recor
der. The accuracy of the integrator is 0.1 to 2%.

Nonstationary fields described by, say, Fourier’s equation of 
the form

under specified boundary and initial conditions may be simulated 
on a Type 9H-22 electric-network integrator operating on direct 
current. The integrator has an electric network consisting of 
450 variable resistors, a variable-capacitance box (adjustable 
from 0 to 5.55 pF), an initial- and boundary-condition unit, a 
display unit (oscilloscope), and an iterator. The latter enables 
the solution procedure to be iterated repeatedly for recording, be
cause the transients are of short duration. The accuracy ranges 
from 1 to 5%.

The capabilities of the 3H-12 and the 3H-22 are combined in 
the 3H-31. The 3IT-41 can simulate three-dimensional Laplacian 
fields under boundary conditions of the second kind. The YCM-t 
simulates* field problems described by elliptic and parabolic dif
ferential equations, and also by fourth-order equations in a three- 
coordinate system. The 3H-C is a special-purpose machine to si-

or
S - + £ - f t e * »

£ [ > . ( * ,  +  y ) -%%■]=f i x ,  y )

(1.35)
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mulate processes in petroleum-bearing strata; its network has
13,000 junction points.

In recent years, much headway has been made in the develop
ment of mixed computing systems, such as the SATURN which 
incorporates an automatic electric-network analog machine and 
a general-purpose digital computer linked together by an inter
face. In addition to linear differential equations, such computing 
systems are capable of solving nonlinear partial differential 
equations in which the coefficients of the derivatives are depen
dent on position, time and the function itself (nonstationary pro
blems in a three-dimensional region), that is

■ k[A^ x> y> z> V’ Q T t i r l + w l ^ ' y' z* <p> *> * • ]

+  - ^ [ a 3(*, y ,  2, q>, y .  2, <p, <)-§?■

under various boundary and initial conditions. In solving these 
problems, use is made of special methods for time discretization 
(for example, Liebmann’s method), owing to which a nonlinear 
problem can be reduced to a linear one at each iteration. Resi
stances for the network are set, boundary and initial conditions 
are applied, results are measured and recorded, data are exchang
ed and all other operations are carried out automatically.

3 -3525



Chapter II

Computing Elements

2.1. General

2.1.1. Scale factors. In analog computation, the magnitude of 
each dependent variable of a problem is represented by some 
physical quantity, sometimes called the machine‘variable (a vol
tage V, a current i, or a displacement /), in a computing element. 
The constant relating the number of units of the simulated quan
tity, called a problem variable, to one unit of the machine variable 
is called the amplitude scale factor, M, written as

units 
volt ’ My g units 

Voui volt ’ Mx x_ units 
/ mm (2.1)

To improve the accuracy of simulation, it is sought in choosing 
scale factors to utilize the entire range of values that the machine 
variables can take, that is,

M * > - \ K T T -*  M y > \ r 4r  ■ ••• <2-2>I v in Imax 9 I v out Iraax

2.1.2. Scaling equations. The relations between the input and 
output scale factors are expressed by scaling equations. Taking 
the simulation of a function z — xy by an electric multiplier in 
which

Voui =  kVxV 2 (2.3)
where Vi oc x, V2 y, and V0ut x  z are the input and output 
voltages, the scaling equation will have the form

M, =  j M xMy (2.4)

It is obtained by substituting in Eq. (2.3) the voltages expressed 
in terms of the variables and scale factors according to Eq. (2.1) 
and by comparing the resultant expression with the specified 
function. Any two scale factors may be selected with relative 
freedom to satisfy the condition, Eq. (2.2), the third will then 
be decided by Eq. (2.4).

In analog computation, the original mathematical equations are 
modified into machine equations by means of scale factors (see 
Chap. III). Very often, the independent variable in these problems 
is time, /. Computer time, x, is related to problem time by the 
equation

t =  Mti
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where Mt is the time scale factor. For =  1 , t =  t , and the 
computer is said to be operating on a real-time scale, that is, at 
the same rate as the process being simulated. A value of Mt

Sweater than unity indicates that tne computer operates faster 
han the actual system. A value of Af( smaller than unity indi

cates that the computer operates more slowly than the actual 
system.

2.2. Basic Elements of Computing Circuits
2.2.1. Potentiometers. These devices may be classed in several 

ways. According to the relation between the displacement of the 
wiper (or slider) and the output voltage, potentiometers are divid
ed into linear and nonlinear.
According to construction, 
potentiometers may be con
tinuous-wound and sectiona- 
lized. Sectionalized potentio
meters have not found any 
appreciable use in computing 
circuits because of limited 
accuracy and relatively com
plex design.

Consider a continuously- 
wound linear potentiometer.
In the absence of loading (Fig. 2.1a), the output voltage is 
defined as

V°0Ut =  ̂ V o (2.5)

(a)
>' Vo *

Us. 
-cnH

J r  Voet

<*)

where rx =  potentiometer setting (or dial reading) proportional 
to the independent variable 

R =  total resistance of the potentiometer 
Vo=excitation voltage

Since
rx =*kix

then
Vlat =  ̂ j ± x  =  Cx

or, in words, the output voltaee is a linear function of x.
If it is loaded (which is always the case in practical circuits), 

the output voltage of the potentiometer is given by

out. loaded= (2.6)

where i =  current around the circuit
Rtq =  equivalent resistance equal to the potentiometer sett-

3*
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ing, rx, and the load resistance, RL, connected in pa
rallel

Rt =  total resistance 
Substituting Req =  rxRLl(rx ■+■ RL) and Rt — R — rx -f- Req in 

the above expression gives
rxRL

V out. loaded —  r tR  _  r  V +

on setting
rx/R — p and RfRL =  a 

and dividing by RRl, we get
11  5__ w
v out. loaded a p (j _  p) 4 . | r 0

V0 (2.7)

(2.8)

The response curves of a potentiometer, in the absence of load
ing and with the load resistance connected across the output ter
minals, are shown in Fig. 2.1b. The error in output voltage due 
to loading (the loading correction) is defined as

Wout
r out. loaded - v out ap2( l - p )  

a(J(l — (J)+ 1 (2.9)

In practical circuits, it is usual to have a ^  0.1 to 0.01 for 
bVout <  0.02, and 0 •< 1; therefore,

a p ( l - p ) « l
and Eq. (2.9) may be simplified as

bVout *  — ap2 (1 — P) (2.10)
On differentiating this expression with respect to p and equating 
the derivative to zero, we find that the error will be a maximum 
at p =  0.7. Substituting this value in Eq. (2.10) yields

{bVout)mx*0A5R/RL (2.11)

Using Eq. (2.11), one can select parameters for a loaded linear 
potentiometer from the specified loading correction or find the 
loading correction from the values of R and Rl selected by other 
considerations.

Several methods exist to reduce the effect of loading (for 
example, insertion of a buffer amplifier between the potentiometer 
and its load, provision of a. shaped-card or tapered compensating 
potentiometer in series with R, etc.).

2.2.2. Synchro resolvers. Synchro (or induction) resolvers ge
nerate a voltage which is a specified function of the angular 
position of the rotor. Ordinarily, the stator and the rotor has each 
two coils ..at right angles to each other. Computing circuits use 
sine-cosine synchro resolvers, linear synchro resolvers, and scal
ing synchro resolvers.
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Consider the operating principle of a sine-cosine synchro re
solver whose circuit is shown in the diagram of Fig. 2.2a. A field 
winding, /, energized with an alternating voltage, Vf, sets up 
a magnetic flux, O, which cuts the rotor windings, 3 and 4. When 
the rotor takes up a position such that a  =  0, the emfs induced 
in the rotor windings will respectively be £ i =  0 and E2 =  
=  £max. In the absence of loading, and with the rotor taking up

Fig. 2.2

a position such that a ¥= 0, the peak values of the emfs will be 
defined as

Ei =  £ maxSina =  /nFf s in a =  wjwi) Vf sin a (2.12)
E2 =  Emaxcosa =  mV f cosa =  (w2/wl) Vf cos a (2.13)

where m =  w2/w\ is the turns ratio (w2 standing for the secon
dary and W\ for the primary turns; in sine-cosine synchro resol
vers, m ranges from 0.1 to 1), and £max is the peak value of the 
emf induced in the rotor winding when it is at right angles to 
the flux O.

With loads, Z\ and z2, connected across the output terminals, 
currents begin to flow in the rotor windings, giving rise to ad
ditional magnetic fluxes. 0 3 and O4, which are at right angles 
to windings 3 and 4 (Fig. 2.2b). Resolving <D3 and <D4 along and 
across thp rotor axis gives the total values of the longitudinal 
and transverse components

=  +
o , = Oj' _  <d;'
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Their interaction with the main magnetic flux <I> in the field 
winding affects the output emfs differently. <Dj does not practically 
affect the output emfs because it is made good by an increase in 
the current through the field winding. In contrast, <Dj, on cutting 
the rotor windings, induces in them parasitic emfs which distort 
the waveforms of both Ei and E2. A variety of methods are in use 
to compensate for the effect of <Dj, notably primary and secondary 
balancing. Then <Dj =  constant and Oj =  0 for any value of a.

Primary balancing consists in that a compensating winding, 2, 
is put on the stator at right angles to the field winding. Its im
pedance z3 is equal in magnitude to the internal resistance of the 
voltage source, Vf. Since the internal resistance of the source is 
small, the compensating winding is usually short-circuited. In 
sine-cosine resolvers with primary balancing, d>( is balanced out 
by the magnetic flux set up by winding 2, which is equal in mag
nitude but opposite in sense to <D|. With secondary balancing, 
the rotor windings are assumed to be identical and Z\ =  z2. Then 
0 3 =  <X>4, Ot =  0, and Oj =  constant for any value of a. As often 
as not, primary and secondary balancing is combined to effect 
an almost complete compensation of 0{.

Interconnection of the stator and rotor windings of one or se
veral sine-cosine synchro resolvers produces computing circuits 
to perform linear transformations, coordinate conversion, multi
plication and some other operations.

The circuit of a linear synchro resolver with primary balancing 
is shown in Fig. 2.2c, for which

(2.H)

where m =  w2]w\ as before (for linear synchro resolvers, m =  
=  0.565).

In the range of a  =  ±60°, the relationship is linear very nearly
E =  kVt a

where t  is a proportionality factor (k =  0.0635 deg-1 =  
=  0.364 rad">).

Holding the rotor of a sine-cosine synchro resolver stalled at 
some value of a  produces a scaling synchro resolver, because with 
a  held constant, Et =  ktVf and E2 — k2Vf, where k\ and k2 are 
constant.

The circuit shown in Fig. 2.3a may be used to convert the 
rectangular (Cartesian) coordinates x and y into polar coordi
nates, p and 6 (that is, to compute a vector from its rectangular 
components). The equations governing the conversion are

0=arctan(p/x)
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Energizing the stator windings with voltages Vx oc x and 
Vv oc y sets up a total flux (Fig. 2.3b) defined as

(D =  V<I>2* +  <Kv = k ^ V 2x + V l

where d>* =  kVx and Q>y =  kVy are the mutually perpendicular 
magnetic fluxes produced by windings 2 and /.

At a #  <p» that is, when rotor winding 4 is not aligned with the 
direction of the flux (I), an error signal, AF, is generated, which 
actuates the associated servo system. The servo motor then moves

the rotor into a position where a  =  q> and AV =  0. Then win
ding 4 will be parallel with, and winding 3 perpendicular to, the 
flux <D and

V ^ k & ^ k k t ^ V l + V l  (2.15)
a =  <p =  arc tan (Ky/F,) (2.16)

From comparison of Eqs. (2.15) and (2.16) with the expressions 
for p and 0, it can readily be noted that, when energized with 
Vx oc x and Vy oc y, the above circuit generates V oc p and 
a =  0.

Conversely, from comparison of Eqs. (2.12) and (2.13) with 
the expressions for x (x =  p cos 0) and y (y — p sin 0), it is an 
easy niatjter to see that an ordinary sine-cosine synchro resolver 
(see Fig. 2.2a) may be used to obtain the polar to rectangular 
transformation. Then, Et will be proportional to y and to x, 
if £ max is proportional to p and a  =  0.
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2.2.3. Tachometer generators. A tachometer (or rate) generator 
is a precision electromechanical component resembling a small 
motor and having an output voltage proportional to the rotational 
speed of its shaft. Rate generators nave found extensive use as 
basic computing elements in electromechanical differential analy
zers, integrators, and similar machines.

Tachometer generators may be d. c. or a. c., according to the 
output emf generated. D. c. rate generators may be separately 
excited or permanent-magnet excited. In each case they have 
a commutator. The field winding of a separately excited rate

Fig. 2.4

generator (Fig. 2.4a) is energized with a direct voltage, V/. As 
the armature revolves in the magnetic field due to the field wind
ing at an angular speed ©„, an emf is induced in the armature 
winding, defined (in the absence of loading) as

ero ~  ~  hfaV f {da/dt) (2.17)
where kT0 — proportionality factor (the tachometer generator 

constant)
a =  angular position of the armature relative to its re

ference position
From Eq. (2.17) it follows that a tachometer generator can 

perform differentiation.
In the absence of loading, the response of a tachometer gene

rator, eTo =  f ((oa) > is linear (Fig. 2.4b). With the load resistance, 
Rl , connected across the output terminals of the rate generator, 
the response ceases to be linear when ©„ exceeds a certain range 
of values. This is because, on traversing the armature circuit, the 
load current iL gives rise to an armature-reaction magnetic flux 
defined as

Qa-r — HtJOi
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which interacts with the main excitation flux to reduce it in mag
nitude and to distort the linear response. The greater the load 
resistance, RL, the wider the range over which the response is 
linear. Several methods are used to reduce armature reaction, 
such as an increase in RL, an increase in the air gap between the 
armature and stator, putting'a series compensating winding on 
the stator, etc.

Temperature compensation (that is, compensation for the com
plementary error due to changes in the resistance of the stator 
winding with variations in temperature) is provided by placing 
a ballast resistor, Rb, in series with the field winding, with a 
value considerably exceeding that of the latter. Then the current 
In the excitation circuit and, as a consequence, the magnetic 
flux will mainly be determined by the value of R b and will be 
less dependent on temperature variations.

Proper selection of materials for magnetic-circuit punchings, 
commutator bars and brushes goes a long way towards improv
ing the accuracy of rate generators. The ripple in eTG due to the 
commutator can be smoothened by placing a filter in the armature 
circuit and increasing the number of sections (at least to 20-25) 
In the winding.

D. c. tachometer generators with permanent-magnet excitation 
have not practically found use in computing circuits because of 
Instabilities in their magnetic characteristics. Yet, they are often 
employed in servo systems as regenerative or degenerative feed
back elements.

Because they use no commutator, a. c. tachometer generators 
are much simpler to make and are more reliable in use. They may 
lie of any one of two types: synchronous and induction. In syn
chronous tachometer generators, the armature is a permanent 
magnet with several pairs of poles, and the output winding is 
dropped in slots in the stator. Unfortunately, they suffer from 
several drawbacks (the frequency of the output emf is dependent 
on the angular speed of the armature, the phase is independent 
of the sense of armature rotation), which limit their utility.

In contrast, induction tachometer generators are widely used 
in various computing circuits. An induction tachometer generator 
(Fig. 2.4c) has two mutually perpendicular windings in the stator 
(field winding / energized with a single-phase alternating vol
tage, Vj, and output winding 2) and a short-circuited rotor, or 
armature, which is usually fabricated as a thin-walled aluminium 
or phosphor-bronze cup (hence the name ‘drag-cup’ rotor) to 
reduce thtf' moment of inertia and the ripple in the output emf. 
The field winding gives rise to a pulsating magnetic flux, d>. At 
„)a =  0, eTc =  0. because winding 2 is parallel with the direction 
of the flux <I). When the armature revolves in the magnetic field.
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currents are induced in it, forming an alternating magnetic flux, 
Oi, at right angles to the flux 0 . As a result, a sinusoidal emf is 
induced in the output winding, proportional to co0:

e TO ~  — k(i>a _

Its frequency is equal to that of the excitation voltage, and its 
phase undergoes a reversal each time the direction of armature 
rotation is reversed. With an appropriate selection of materials 
and careful manufacture, the response can be maintained linear 
over a sufficiently wide range and the accuracy can be kept to 
within 0.1 %.

2.2.4. Operational amplifiers. These are high-gain direct-coupled 
(d. c.) amplifiers with feedback. They are widely used in electron
ic analog computers to perform the basic linear operations of 
multiplication by a constant (scaling), summation, sign inversion, 
integration and the more complex operations.

Among the special requirements that an operational amplifier 
as an element of an analog computer should meet are the follo
wing: it should have an odd number of stages to simplify negative 
feedback, a high gain without feedback (40,000 to 100,000 or 
more), a high input and a low output impedance, a negligible 
d. c. drift, a sufficiently wide bandwidth, an unbalanced circuit 
configuration to simplify the cascading of several operational am
plifiers, and an output voltage essentially linear within the range 
of interest. As a rule, operational amplifiers have three stages, 
use a large amount of negative voltage feedback, and operate on 
stabilized power supplies.

Operational Amplifier as a Computing Device
A generalized block diagram of an operational amplifier com- 
ete with input and feedback circuit components appears in

Fig. 2.5. Referring to the 
diagram, the Vi(p)'s are in
put voltages (where i —
=  1, 2..........n), the ii(p)’s
and ( 'o (p)’s  are the currents 
in the input and feedback 
circuits, respectively, the 
Zi(p)'s are the input impe
dances, the Zo(p) and ze(p) 
are the feedback impedance 

and the grid-circuit impedance, respectively, and k is the gain of 
the amplifier without feedback. At high values of k and z» and 
a limited value of Voul, the grid current, ig(p), may practically be 
neglected, that is, »*(p)«  0. Then the grid voltage, Ve(p), at the

ME> -JifP/

Fig. 2.5
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summing junction, 2, will likewise be zero very nearly, because 
of which the summing junction is said to be at virtual earth 
potential. In operational notation, the currents for the summing 
point may be described as

«i (P) +  i2 (?) +  • •• +  in (p) =  h (P) +  ig (p) « *o (P) (2.18)
In terms of voltages and impedances, the currents may be writ
ten as

Vt ( p ) - V g {p) Vi ( p ) - V g (p) , VK( p ) - V g (p)
*.(/>) +  zAP) +  +  *«.(/>)

Substituting

in Eq. (2.19) gives
V , ( p ) ■ V A p )
Z\ (p). ‘r  Zj (p)

V g ( p ) - V o u A p )  
Zo (p)

v g(p)----- v 0ui(p)/k

+  ••• + '& S ' + V ou, ( p) { t [i 7Tp)

+ i
zAp) f  . . .

1
Zn(p)

(2.19)

(2.20)

(2.21)

At high values of k,

i r  1 I 1 I I * I
* Lzi (p) ^  z2 (p) ^  ^  z„(p) ̂

and
V - 0 » — * f f i v M - g f a v M -

--TTvl^OZo(p)J

zo(p) u
’ • z„(p) V*V>)

(2.22)

It is seen from Eq. (2.22) that at high values of k the output 
voltage and, as a consequence, the accuracy of the operational 
amplifier is independent of its circuit parameters and is solely 
decided by the precision and stability of the impedances, z<(p) 
andzo(p).

The ratio
w(p) =  z0(p)/z, (p)

Is called the transfer function of the operational amplifier with 
respect to the ith input.

The operational amplifier may perform various mathematical 
operation#, according as Zo(p) and z<(p) are resistive, capacitive 
or inductive impedances ana according to the connections of the 
amplifier components. Some of the most important applications 
of the operational amplifier are discussed below.
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(1) The operational amplifier as a summer. With n inputs 
and with pure resistances in the input and feedback circuits, we 
have

zi P = R i ,  Zoip) =  Ro
Then

n

(2-23)/-i
As is seen, the output is the negative sum of the input voltages, 
each multiplied by a constant which is the ratio of the feedback 
resistance to the particular input resistance. At Ri =  Rz =  . . .  
• • • =  R n  =  R t

n

Voui------(2.24)
<-i

while at R — Ro

Voui------ (2.25)

(2) The operational amplifier as a scaler. Assuming that n —
— 1, z t ( p ) = R u  z0(p ) =Ro  and Vt (p) — Vin, we have

Voui------$ v ln =  a v in (2.26)

that is, the operational amplifier multiplies the input variable by 
a constant, an operation for which in this context it is convenient 
to use a special name, scaling, and the unit which does this is 
called a scaler.

(3) The operational amplifier as a differentiator. With n =  1 
and by using a capacitor C as the input impedance and a resistor 
R0 as the feedback impedance, we have

=  Zo(p) =  Ro, V i ( p ) =V ln(p)
whence

Voui (P) =  -  1 ^ -  V,„ (p) =  -  pRoCVin (P) 

and, on recovering the original time function,

Voui =  - R o C (2.27)

(4) The operational amplifier as an integrator and a summing 
integrator. Given n — 1, V\(p)— K<„(p), Z\(p) =  Ru and Zo(p) =
— 1 IpC, vfre get

Vout (P) =  — pp^c ^ ,n W
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Or, on recovering the original time function,
t

v <**=s- - i t c  \ v '*dt (2-28>0
With n inputs, z<(p) =  Rt and z0(p) =  1 IpC,

Vout (p)=  p y ! -^ c ^
i-i

and, on recovering the original time function,

v~ > — i z * W '  i2m>
0 i—1

that is, the operational amplifier integrates a sum of input vol
tages, Vt.

According to Eqs. (2.24), (2.27) and (2.28), the static gain of 
an operational amplifier connected as a summer, a differentiator 
and an integrator respectively is: k,i =  Ro/R (with respect to 
the ith input), kd — RoC, kint =  1/RiC.

An operational amplifier may be adapted to perform some other 
operations and represent linear and nonlinear functional relation
ships by choice of resistors, capacitors, and inductors and their 
combinations as input and output impedances. Some of the most 
commonly used computing circuits built around an operational 
amplifier are listed in Table 2.1.

Valve Operational Amplifiers
The circuit of a widely used three-stage operational amplifier 

with parametric drift compensation is shown in Fig. 2.6. A major 
drawback of this type of amplifier is drift, that is, slow variations 
with thne in output voltage for zero input voltage. It is mainly 
caused by instabilities in circuit parameters, variations in supply 
(anode, bias and filament) voltages, degradation of cathode emis
sion, and grid currents. Since these variations are rather slow, 
the drift voltage is a low-frequency component.

For purposes of analysis, drift is usually referred to input. Then 
the drift emf can be defined as

ea =  VJk
where Vi is the drift component in output voltage.

The magnitude of drift is most of all affected by the first stage. 
A number of special circuit configurations have been developed 
for the first stage to compensate for drift by suitable choice of 
its parameters (hence, the name ‘parametric compensation’). Most



Table 2.1
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often, resort is made to cathode drift compensation (see the first 
stage in the diagram of Fig. 2.6). The left-hand section of a dual 
triode provides amplification, and the right-hand section compen
sates for drift caused by variations in filament voltage and ca
thode emission current. These factors may be replaced with an 
equivalent voltage source, e*, in the cathode circuit. The objective 
of compensation is to hold the stage output voltage, V0uu con
stant The condition for complete drift compensation can then be 
written as

A/al =  0, zal =  constant (2.30)
Suppose, es increases. This will bring about an increase in cathode 
current, t*. and also in i„\ and iat, and also in the voltage drop

across the cathode resistance, /?* =  Ri +  #2 arid across Rt. As 
a result, the potential at point A connected to the grid of valve 
V2 with respect to the cathode will decrease, and so will the cur
rent t02 by an amount A(’o2. By suitable selection of the circuit pa
rameters one obtains

toa2— a/*
or, in words, the change in cathode current is fully compensated 
for. The condition, Eq. (2.30), is satisfied when

R2 — Rldlh ~  U8m2
where 112 =  amplification factor of the valve V2 

Sm2 transconductance of the same valve 
The Sfecbnd amplifier stage uses a low-power pentode (such 

as a Soviet-made 62K8), and the third is built around a power 
beam tetrode (a 6113). Output voltage is set to zero with a 
potentiometer, P2. In contrast to the first two stages, the cathode
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of the power beam tetrode is connected to a — 190V source, so 
that an output voltage of both polarities may be obtained as the 
sign of V,„ is reversed. The networks CI/R9 and C2/R6 stabilize 
amplifier operation.

The overall gain without feedback is 40,000 to 50,000. Drift is 
reduced to 1-3 mV over 10 min at unity gain and to 120 mV 
over 100 s when the amplifier is connected as an integrator with 
a time constant x =  RC =  1. In the latter case, the integration 
time is kept down to practically not over 200 s with sufficient 
accuracy.

A much better way to reduce drift is to use what is known as 
chopper stabilization (i. e., to chop, that is, convert the d. c. signal

to be amplified into a.c.). In such an arrangement (Fig. 2.7) 
there is an auxiliary a. c. amplifier inherently drift free. In a 
combination with filters, FI and F2, a chopper (acting as a mo
dulator), Af, and a rectifier (acting as a demodulator), DEM, the 
a. c. amplifier, ACA, forms an auxiliary driftless d. c. amplifier, 
often called a chopper amplifier (labelled CHOPAMP in the dia
gram). The combination of the main amplifier DC A and the 
chopper amplifier is usually spoken of as either a chopper-stabiliz
ed d. c. amplifier or a drift-corrected amplifier.

The a. f. input signal (together with the error), Vx, is applied 
to and boosted by both amplifiers, DC A and CHOPAMP. Of the 
two voltages, V\ and applied to the input of the main d. c. 
amplifier, V2 is amplified more, because V2 =  k\Vx »  V\. In 
other words, it appears as if there is a series connection of two 
amplifiers, DCA and CHOPAMP, with an overall gain equal to

fe =  (l +  kx)k0fV ktk0
As is seen, the chopper amplifier reduces the error in output vol
tage due to drift by a factor of (1 - f  k\). The symbol e in the 
diagram represents stray pick-up, hum, etc.
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Should the frequency of the input signal rise to values falling 
outside the bandwidth of the chopper amplifier, its gain will 
drastically decrease to a point where the chopper amplifier 
actually ceases contributing to the performance of the entire cir
cuit. Then the arrangement reduces to a conventional d. c. am
plifier with k =  ko.

*0

As an example. Fig. 2.8 shows the circuit of a Soviet-made type 
y-1 chopper-stabilized d. c. amplifier, used in the MH-14 analog 
computer. The input signal is applied to the grid of valve VI 
in the first stage of the main d. c. amplifier and also, via a filter, 
R7/R8/C6, to the modulator (which is a polarized relay, with its 
armature returned to earth and its stationary contact connected 
to the input of the auxiliary a. c. amplifier) which converts the 
d. c. signal to be amplified to a. c. The chopped signal is then 
boosted by the auxiliary a. c. amplifier (using half the valve V4 
and the valve V5), demodulated by a half-wave crystal-diode 
rectifier, or demodulator, smoothed by a filter, R5/C5, with a high

4—3525
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time constant, and applied to the second input of the valve VI 
in the first stage of the d. c. amplifier connected as a summer. 
The output stage of the d. c. amplifier uses two series-connected 
triodes, which fact secures a considerable economy in power 
supply. The networks Cl/Rl, C2/R2, C3/R3 and C4/R4 provide 
the requisite signal shaping. The chopper amplifier, CHOPAMP, 
inverts the sign of the input signal owing to choice of phases 
for the supply voltages of the modulator, Af, and the demodulator, 
DEM. The voltage applied to the polarized relay is limited by 
a silicon diode, D l, so as to extend the service life of the relay 
contacts. Output voltage is set to zero by applying to the second 
stage of the chopper amplifier a voltage whose magnitude and 
phase can be set by a divider. Should a trouble or an abnormal 
condition occur in the chopper-stabilized d. c. amplifier, a neon 
lamp, NL, will illuminate, and a circuit will operate to automati
cally disable the operational amplifier.

The overall gain of a type y-1 operational amplifier is k — 
=  15 X  103 at 100 Hz (V<„) and k =  103 at 500 Hz for Vout =  
=  ±100 V. At zero frequency, k0 =  20 X 10s to 25 X  10s, and 
ki =  2 or 3 X  103. Drift is e*. <n =  0.2 mV over 8 hours in ope
ration as an amplifier and e<j. <„ =  10 mV over 100 s in operation 
as an integrator for Vin =  0 and RC =  1 s. In integration, the 
time constant, t  =  RC, may be set anywhere between 0.01 and 
10 s.

Transistor Operational Amplifiers
Despite their limitations (variations in parameters with tempe

rature, limited linear range of Vout, marked spread in parameters 
between units, low input impedance, low power output etc.), 
transistors have recently been gaining ground in circuits for 
computer elements, including operational amplifiers. Transistor 
circuits show longer service life, better reliability, low power 
drain, small size and weight, and freedom from filament or heater 
supplies.

The choice of a transistor amplifier circuit is to a marked de
gree determined by the requirements for accuracy and the type 
of the transfer function to be implemented. The fact that the 
transistor parameters are temperature-sensitive entails a consi
derable d. c. drift in transistor amplifiers and poses a number of 
difficulties in the synthesis of direct-coupled stages and input- 
output circuits.

As with valve amplifiers, transistor circuits widely use voltage 
feedback iand conductive interstage coupling. An increase in in
put impedance is obtained by placing at the amplifier input an 
emitter follower which has a high input and a low output impe
dance. As often as not, the first amplifier stage uses compound-
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connected transistors (Fig. 2.9). The transistors, T1 and 12, are 
of the silicon junction type; they are less sensitive to temperature 
than germanium devices. In this circuit configuration the base 
current of T2 is the emitter current of 7T; this arrangement re
sults in a greater gain in comparison with the usual Configu
ration.

D. c. drift in transistor amplifiers may be reduced in any one 
of several ways. Most commonly this is done by setting up the

first stage with two transistors having a common emitter load 
resistor (similar to cathode drift compensation used in valve 
amplifiers), series and shunt balancing circuits. Sometimes, the 
first stage of a transistor amplifier uses a valve, also as a way 
of reducing temperature-induced drift. The output stages must 
have a low output impedance but a considerable load current. The 
simplest form of an output stage might be an emitter follower. 
Unfortunately, it cannot secure a sufficient dynamic range for 
output voltage because the emitter-to-collector voltage is limited 
to a rather low value. As will be recalled, the dynamic range of 
an amplifier is the ratio of changes in output voltage Vout max to

4*
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drift Vd referred to input, or
d = V out mi jJV d

For valve amplifiers, d =  10® to 107; for transistor amplifiers, 
such as the Soviet-made type yi1T-20M, d = 1 .5 X 1 0 ®  for 
Vout max =  30 V and Vd =  2 mV.

Also, the supply voltage of an emitter follower rises with in
creasing load. This is why an emitter follower is used as the 
output stage In applications where a broad bandwidth is not 
important and output load is low.

Any one of several circuits may be used to obtain high power 
output in combination with a broad bandwidth and a sufficient 
dynamic range; one of these output circuits is shown in Fig. 2.9. 
As is seen, the output stage uses P-N-P transistors, T4 and T5. 
As long as the collector of T4 is held at a negative potential, Vc, 
diode D4 is in the OFF state. The emitter follower built around 
transistor T5 is conducting and operating only into the load re
sistor, #11, which is at the same time the emitter bias resistor. 
No power is dissipated across #11. Transistor T4 is OFF, and 
Vout <  0. As Vc rises above zero, diode D4 becomes conducting, 
the base and emitter of T5 are shorted together, and the tran
sistor is driven to cut-off. However, T4 is turned ON, and Vout >  
>  0. Thus, the transistors in the output stage operate in turn, 
as the input signal changes sign. This arrangement is often cal
led an economy circuit because power dissipation is halved. The 
Zener diodes, D3 and D5, in the emitter lead of T4 and the col
lector lead of T5, respectively, drop part of supply voltage so 
that the power taken by the transistors will not exceed a preset 
level. Resistors #9 and #10 form a divider which fixes the voltage 
applied to the collector of T5. Capacitor C3 and resistor #7 make 
up a local feedback circuit to prevent self-oscillation.

As a rule, transistor operational amplifiers are built as chopper- 
stabilized d. c. amplifiers as explained earlier, that is, with two 
parallel channels, an a. f. amplifier channel (incorporating a 
chopper amplifier (chopamp) and a d. c. amplifier. One such am
plifier is shown in the diagram of Fig. 2.9. Designated yTIT-20M, 
it is used in the MH-10 computer. It is not unlike the Y-l (or 
ynT-10) valve amplifier. The first stage of the d. c. amplifier uses 
N-P-N transistors T1 and T2 which make up a compound-con
nected transistor. The transistors operate at a low collector vol
tage (about 1 V) and a low collector current (about 1 mA) due to 
the high value of the collector resistor, #3, thereby minimizing 
drift in the first stage. Parasitic oscillation is prevented by local 
negative feedback (capacitor C2 and resistor #2). Interstage 
coupling uses both dividers and Zener diodes. This improves tern-
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perature compensation without any loss in gain. The second stage 
uses a type f i t02 transistor, 73, connected in a conventional cir
cuit which uses, however, Zener diodes, D1 and D2, to stabilize the 
collector voltage. The second and third stages of the d. c. ampli
fier are direct-coupled. The third (output) stage is an emitter fol
lower arranged into the economy circuit examined above; it deli
vers an output voltage of ± 30  V at an output current of 10 mA\ 
When the output voltage is in positive polarity, transistor 74 is 
conducting; when the output voltage is in negative polarity, tran
sistor 75 is conducting. The chopper amplifier (chopamp) incorpo
rates a low-pass filter, R16/R17/C4, a transistor modulator, an a. c. 
amplifier, a demodulator, and a smoothing filter, R12/R13/C5.

The modulator circuit uses a silicon transistor, 76, connected 
in the reverse direction (that is, with the emitter and collector 
leads exchanged) to reduce drift and enhance accuracy of the 
modulator. The excitation (carrier) signal is applied to the base 
of 76 via diode Z?6 as a train of positive pulses following at a 
frequency of 500 Hz from a separate oscillator. Transistor 76 is 
conducting when a positive pulse exists at its base, and is not 
conducting where there is no positive pulse at the base; that is, 
the circuit operates as a chopper. In comparison with an electro
mechanical chopper, the transistor circuit is more reliable, needs 
no frequent adjustments, and has a wider pass band for a. f. 
signals.

The a. c. amplifier is built around transistors 77 through 7T0 
and uses potentiometers for interstage coupling. As in tne d. c. 
amplifier, the first stage is a compound-connected transistor cir
cuit based on transistors 77 and 78. Strong negative direct-cur
rent feedback is placed around the chopper amplifier (chopamp) 
via resistors /?14 and /?15 and capacitor C6, in order to stabilize 
the operating conditions of the transistors, especially against tem
perature variations. The low-pass filter, /?15/C6, eliminates nega
tive feedback at the operating (carrier) frequency. As in the Y-l 
amplifier (see Fig. 2.8), the demodulator is an ordinary half-wave 
rectifier circuit using diodes D7 and D3 and resistors R29 and 
R30. Past the demodulator, the signal is smoothened by a filter 
R13/C5, and applied to the input of the d. c. amplifier. Since the 
d. c. amplifier and the a. c. amplifier have each three stages, their 
gain factors, ko and ki, are negative. The overall gain is likewise 
negative, k —  k0k t <. 0, because the gain of the demodulator is 
negative. This is accomplished by arranging for the transistor 76 
in the ipgdulator and the diodes D7 and D8 in the demodulator 
to turn off during different half-cycles of the carrier — that is, 
the modulator and the demodulator operate in anti-phase. The 
gain of the ynT -20M  operational amplifier is k  =  5 X 1 0 3,
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8 X  103 and 4 X JO6 at 100 Hz, 10 Hz and d. c., respectively, at 
t =  +35° to —50 °C. Drift voltage is ej =  3 mV over the tem
perature range from 20 to 50 °C. Power drain is 1.3 W.

2.3. Summing Networks

2.3.1. General. Summing networks (or summers) add together 
variables algebraically

n
2 =  Z

Z — kJ^X,
I-1

where the a<’s are the constant coefficients of the summation 
terms Xi s, and k is a proportionality factor.

(a) (b)

Fig. 2.10

Summing networks may be based on various physical princip
les.

2.3.2. Bridge summing networks. These may use either rheo
stats or potentiometers. In a rheostat summing network, the arm 
resistances may be changed independently of one another, while 
in the potentiometer type a change in one of the resistances 
brings about a corresponding change in the resistance of an 
adjacent arm.

A servo-operated rheostat summing network is shown in 
Fig. 2.10a. When the rheostat arms are set to their initial po
sitions, fon example r\ — rs =  . . .  =  rn =  0, the circuit is at 
balance (AV =  0), described by an equation of the form

RlbRi — R‘2bR2 (2.31)
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where Rib and R2b are the ballast resistors included to avoid a 
short circuit or a heavy current at low values of r and rt. When 
the variables to be added together are set in as the displacements 
of the contact arms or resistances, the rj’s, the balance of the 
bridge is upset, and an error signal, AF, appears across the op
posite pair of bridge junctions. This error signal activates the 
associated servo system incorporating a rotary amplifier, RA, 
and a servo motor, SM, which moves the contact arm of the 
rheostat, Rt, until the circuit takes up a new state of balance. 
The new state of balance may be described by an equation of 
the form

(r + /?i»)/?3 =  [(r| +  r2+  . . .  +  r„) + /?2»1 

whence, recalling Eq. (2.31), we get

r =  { R M g r  (2.32)
Thus, for r( oc x{ we have n

If the origin be placed at the centre taps of the resistors Ru, the 
circuit can be utilized to add together alternating quantities.

A potentiometer summing network is shown in Fig. 2.10b. As 
is seen, it has a twin potentiometer, Pi, the two halves of which 
are connected in adjacent arms of a bridge circuit. The wipers 
of the two halves are moved the same distance. After the variabl
es, Xi and *2. to be added are set in and the servo system has 
moved the wipers to a new state of balance, it can be described 
by an equation of the form

( f \ +  r  2) (^ 3  —  r 3> —  [(^ 2  —  ^2) "I" ( R i  r l)]  r 3
whence

r3=  «TTT?T(r, +  f2)=fe(r, +  r*) (233)
If ri oc xi and r2 oc x2, then

r3 oc 2 =  x, +  *2

As compared with rheostat networks, the potentiometer type has 
a sensitivity twice as great.

Bridge summing networks may handle both a. c. and d. c. sig
nals and show an accuracy of up to 0.05% of the range.

2.3.3.’Current summation. Current summation is based on 
Kirchhoff’s current law (KCL) for voltage sources connected in 
parallel. An elementary summing network for a number n of 
input voltages Vt is shown in Fig. 2.11a.
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The current relation for point A is

io — /| +  *2 4- • • • +  in (2.34)
By expressing the currents in terms of voltages, Vi, input resi
stances, R{, and the load resistance, RL, we get after some mani
pulation

out - £ V i ^ k i V ,
<-l

and for R, =  Ri =  . . .  =  R„ — R

(235)L i - 1
The value of V0u, is seen to be a function of the load resistance 
and the number of terms, n. These limitations may be avoided by

placing an amplifier with strong negative feedback at the output 
(Fig. 2.11t>). This circuit has been examined -in Sec. 2.2 (see 
Fig. 2.5). The expression derived for this case, Eq. (2.23), con
tains neither RL nor n, but the number of inputs to the summing 
amplifier is limited by the error. Putting in Eq. (2.21) Vi(p) =  
=  Vu Zi(p) =  Ru and z0(p) =  R0, we get

t  V,IR, +  Fou, [(i/fc t  UR, +  URo) +  W o ]— 0

whence

W R i )  V,

\ /k

nJ__
Ro/R, + 1) + 1

V  out (2.36)
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The fractional error is 

W o u t  =
K u t - v out

v°  *v out
=  1 -  Voul/Vlut (2.37)

where V%ut is defined by Eq. (2.36) and Vau< by Eq. (2.23). Sub
stituting (2.36) and (2.23) in (2.37), we obtain after simple 
manipulation

6 ^ b< =  - 1 / * ( | )  W + l ) (2.38)

With 6Vou< specified in advance and for the selected values 
of Ro and Rit it is possible to determine the value of k that 
will satisfy the specified accu
racy. From Eq. (2.38) it is seen 
that fiVc* is a function of the 
number of terms. For /?< =  R, 
we have

£  Ro/Ri^nRo/R

This is the reason why in prac
tical summing amplifiers it is 
usual to select n ^  6. This cir
cuit is widely used in analog 
computing elements.

2.3.4. Voltage summation. In 
contrast to current summation,
the sources of emf in voltage summation are connected in series 
(Fig. 2.12). The voltages proportional to the variables to be ad
ded, Vi (i =  1, 2, . . . ,  n), are set in with linear potentiometers, 
Pit energized from independent sources of emf, £<.

If the output of the circuit is coupled to a load resistance, RL, 
which may, in the general case, be variable, the output voltage 
will be described as

Fig. 2.12

Vout^iR,
K, +  Kg+  ... +V n RR.

eq- r\ +  r9 +
or

+ rn +  RRJ{R + RI)  R + Rl

Vo „, =  ■n£ (2.39)
<-i «-i

^ - ( * / # t + l )  +  l

where is the equivalent resistance of the parallel connection 
of R and RL, and c is a proportionality factor.
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To avoid the effect of r< and Rl on V0utt their values must be 
selected to satisfy the condition such that

n
£  rt max <  R and R <  RLi—i

Then

Vou, «  2 > ,
i- 1

fn adding together a. c. voltages, they are set in by trans
formers, in which case the frequency and phase of the unknown 
voltages must be the same.

2.4. Differentiators and Integrators
2.4.1. General. Differentiators and integrators produce an out

put proportional to the derivative or the integral of a function

LU CJ

Fig. 2.13

with respect to time or any other independent variable, respecti
vely. In mechanical differentiators and integrators the indepen
dent variable may be any. For electromechanical and electrical 
devices this is only time, although they may take a derivative 
or an integral with respect to an arbitrary argument, using some 
implicit computational techniques, such as the relation

z =  dy/dx =  % $ r =  y'/x' (2.40)

which may be implemented by two differentiators with time as 
argument, and a divider.

Where the order of several derivatives has to be raised or 
lowered, resort is made to repeated differentiation and integration, 
using several differentiators or integrators connected in cascade.
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By exchanging inputs and outputs, a differentiator may be con
verted to an integrator and back (the property of reciprocity).

2.4.2. Differentiation and integration by means of taebo-gene
rators. With time as the independent variable, differentiation can 
be accomplished by a conventional tacho-generator circuit (see 
Sec. 2.2).

For differentiation of a function, y =  f(x), with respect to an. 
arbitrary independent variable, x, use is made of an arrangement 
of two tacho-generators (Fig. 2.13). The function y and the argu
ment x are set in as the angular positions, qpi and q>2, of the 
armatures of the tacho-generators, TGI and TG2, having identical 
characteristics. The voltage Vz taken from the wiper of a poten
tiometer, P, and the emf, e\, are applied in opposition. At Vz #  
#  eu an error signal, & V = V Z — eit exists, which causes the 
servo system to minimize the error. As a result, a state of equi
librium is reached in which

V. =  ey
that is,

AF =  0 (2.41)
and the circuit is in a steady state. The emf’s generated by the 
tacho-generators are defined by

et =  kTQVf dyjdt  (2.42)
e2 =  kTQVf dffz/dt (2.43)

where kTo is the tacho-generator constant. The output voltage of 
the linear potentiometer is given by

Vz =  (rJR)e2 =  - ^ j p - r z d<f2/dt (2.44)

Substituting (2.44) and (2.42) in (2.41) and putting <pi =  k\y 
and q>2 =  k2x, we get a relation from which rz is defined as

rz =  (k[R/ki) {dy/dx) =  k dy/dx (2.45)
that is, the derivative is reproduced as a resistance setting rt 
of the potentiometer (the dial setting).

A function can be integrated with respect to time by the circuit 
of Fig. 2.14a. The function y =  f(t) is set in as the voltage V =  
=  y(t),  taken from a functional generator. For steady-state
conditions,

V — ejQ
or

_ tr AK — V —- Cj-q =  0
The output emf of the tacho-generator is given as

era — kraY t dtf/dt

(2.46)
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Substituting the expressions for V and eTo in Eq. (2.46), we 
obtain

kxy(f)*=kTQVfdvldt
On integrating under zero initial conditions of <j> and t and then 
determining the angle q>, we get

• t t
<f =  T h V- \ y ( f ) d t  =  k \ y ( t ) d t  (2.47)

T0 t o o
that is, the integral is obtained as the angular position of the 
tacho-generator armature.

So that a function can be integrated with respect to an arbitrary 
argument, the integrator should contain two tacho-generators 
(Fig. 2.146). Then ex and Vv will be defined as

ex^kroVfdtfi/dt
and

Vy =  ryejR — (ry/R) kTQVf dyjd*
Substituting these expressions in the steady-state condition 
(Vv =  ex) and putting r„ =  kxy(x) and q>2 =  k3x, we get

^.y(x)dx=^d<fl

By integrating this expression at <p® =  0 and x° =  0 we obtain
X  X

qhs= - ^ 1 \y(x)dx =  k^y(x)dx  (2.48)
0 0

A major limitation of tacho-generator differentiators and inte
grators is that they include lag elements because of which they 
cannot be applied to fast-changing functions. Through a proper
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selection of circuit parameters and the use of elements with a 
low time lag, the error may be reduced to 0.1 %.

2.4.3. Electrical and electronic differentiators and integrators. 
Differentiation and integration utilize the transients occurring in 
passive /?C-networks, that is, a capacitance and a resistance in 
series. In differentiation, the output is picked off the resistor; in 
integration this is done from the capacitor.

RC-networks
For a differentiating /?C-network (Fig. 2.15a), the relation bet

ween voltages in operational notation in the absence of loading

Fig. 2.15

may be described as
V,n(p) =  Vc (p) +  V0Ut(p)

On the basis of the equality
V c (p) =  ( \ l p C ) l ( p )

for zero initial conditions we get
Vin (P) =  (1 IpC) i (p) +  i (p) R =  i (p) (1 IpC +  R) (2.49)

Multiplying (2.49) through by R and recalling that
i(p)R =  V0Ut(p)

we obtain a differential equation describing the behaviour of an 
/?C-network

pRCV0Ut (p) +  Vout (p) =  pRCVln (p) (2.50)
The first term in the above equation is an error. For a linear 
input voltage, Fln (0  =  kt, we obtain a differential equation with 
a constant right-hand side

pRCVout (p) +  Voui (p) =  kRC 
the solution for which (in terms of time functions) has the form 

Vout= RC {dVJdt)  (1 -  e-'"*) (2.51)
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Graphically, the plot of (2.51) is an exponential curve 
(Fig. 2.156) which asymptotically approaches a horizontal stra
ight line, Vout — kRC. The time constant, x =  RC (where R is 
in ohms, C in farads and x in seconds), describes the rate of 
the transients. The fractional error is

6Voui =  V°ut~ V°ut =  e-mc  (2.52)
Vout

Hence, the observation time, t0b, at the end of which the error 
will not exceed a specified limit value, (6V0U<)um. is defined as

t0b =  RC In (fiF0u/)||m (2.53)

As t =  RC decreases, bV0ut decreases too; that is, the circuit 
gives a faster response. At the same time, however, Vout decreas
es, and the accuracy is impaired. This is why in each particular 
case the circuit parameters R and C must be matched to strike 
a balance between these conflicting factors.

For an integrating /?C-network (Fig. 2.15c) in the absence of 
loading and under zero initial conditions, we have
Vln(p) =  VR( p ) + V c (p) =  i(p)R

+  (1/pC) i (p) =  i (p) (R - f  1 IpC) (2.54)
Since

i(p) =  Vt«(p)-Vput(£l  (255)

then, on substituting the expression for i(p) in (2.54), we obtain 
a differential equation

Vou, (P) =  (1 IpRC) Vin (p) -  (1 IpRC) Voat (p) (2.56)

where the first term on the right-hand side is the sought integral 
and the second is an error. From the equation the output voltage 
is found to be

v out(p) =  T + W K,n(p) (2,57)
Thus, the transfer function of an integrating /?C-network is

^ )==7 t W

At Vtn =  constant, the solution (in terms of original time functi
ons) for Eq. (2.57) has the form

Vout =  Vin( \ - e r ^ )  (2.58)
J

By expanding the function exp(—t/r) into a Maclaurin series 
and limiting ourselves to the expansion terms of at most order
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two, we get
exp ( -  t/x) =  f(t) =  f ( 0) +  —  V (0) +  ■§■ f" (0) =  1 -  t/x +  fi/2x2 

Then,
Vout =  V,n(tlx)-(Vin/ 2 ) m

where the first term indicates that the output voltage is linear, 
and the second term is an absolute error, &V0Ut> which rises with 
time, thereby setting a limit to the maximum time of integration. 
This is why the circuit in question is used where the time of in
tegration is small (for example, in pulse circuits) and no strin
gent requirements for accuracy exist.

Differentiating and Integrating Operational Amplifiers

The passive /?C-networks discussed above suffer from a number 
of drawbacks (low V 0ut in comparison with V{n, the effect of 
loading on accuracy, a limited time of integration) which preclude

their widespread use as computer elements. Stability and accuracy 
may be enhanced by providing an amplifier with strong feedback 
at the output of an #C-network, a combination (already examined 
in brief) known as an operational amplifier (often abbreviated 
to ‘opamp’).

In a differentiating opamp (Fig. 2.16a) there is a capacitor, 
C, at the input, and a resistor, R ,  in the feedback circuit. As has 
already been shown (see Sec. 2.2), the output voltage of such 
an opamp (for t’c =  0 and a high gain, k) is given by

V  out=  p R o C V  iB (p)
or in terms of original time functions

Vou, =  -RoCdV,n/dt
A differentiating opamp, however, tends to accentuate the noise 

present in all electrical circuits, and it is therefore used but
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seldom in analog computers. Yet, it is indispensable in some 
applications, such as where integration is performed with respect 
to an arbitrary variable xf implicitly, using the relation

X t

\ f  (x)dx=  $ f (*)4 f  dt 
0 0

The integrator widely used in analog computers is the inte
grating opamp (shown by the solid lines in Fig. 2.166). It de
serves a closer examination.

Given a high input impedance and t'c »  0, we have

or

Substituting

gives

i ( p )  =  i o (p )

Vm (P ) ~  Vt (P )  
R p C  I F ,  ( p ) - V o u i ( p ) ]

Vi (p) =  -Vout(p)/k

Vout(p \ l + p R C ( k + l ) ] * = - k V in(p)

(2.59)

(2.60)
which is an equation describing a pure lag element with a gain k 
and a time constant x' =  RC(k + 1 ) .

The transfer function

may
w { p ) = V 0ut ( p ) /V i n  (p)  =

be rewritten as

k
1+pRC ( k + \ )

V o u t  ( p )  =  -
_______ I_______ v,„(p)

(2.61)

Since k is high, it may be assumed that 1/Ar »  0, whence 
V0Ul(p) =  - ( l /pR C )V ,n(p) 

or, in terms of original time functions,
t

Vout =  - l / R c \  Vindt (2.62)
o

Let us determine the fundamental error of integration. When 
the signal applied to the input of an integrating opamp is a step 
function, Vin =  constant, the solution for Eq. (2.60) has the form

Vout =  kVin {1 -  exp [ -  t/RC (k +  1)1} «  kVin [1 -  exp ( -  t/kRC))
where k »• 1. By expanding the function exp (—t/kRC) into a 
Maclaurin series and discarding all expansion terms above the 
second order, we get

exp(— t/kRC) =  1 — 1 +  2 (kRCf **
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Then,
1 7    i ____________ VIn
Vout— RC 2 k(RC)* (2.63)

The second term in (2.63) is the absolute error of integration, 
A Vout- The fractional error is

_ Wout 1t v  out-
where

vout  I 2 kRC t (2.64)

V,nVout max — ~RC~ ̂
From Eq. (2.64) it follows that the error increases with in

creasing time of integration. The error may be reduced by in
creasing the gain k and the time constant RC. Suppose, for exam
ple, that the percent error is specified to be 6F0ut =  0.2% over 
the integration time t <[100 s for x =  RC =  1 s. From Eq. (2.64), 
the desired value of k is found to be

 ̂^  5mln —
100

m,n — 2RC 6Voui max “  2 x  1 X 0.002 ~  25,000
It is usual to choose k — 40,000 to 50,000.

By rewriting Eq. (2.57) as
Vout(p)(l +  pRC)=*Vln(p) (2.65)

and comparing Eqs. (2.65) and (2.60) it is an easy matter to 
note that the time constant of an integrating opamp is (A-|- 1) 
times that of a passive integrating /?C-network. In other words, 
integration may be carried on for an appreciably longer time 
(practically, Imax =  150 to 200 s). On the other hand, the error 
rises at a rate which is l/(k +  1) that of the error in an RC-net
work. The maximum time of integration is given by

tmux =  2RC(k+  l ) 6F0Unim
Prior to integration, the initial conditions must be set as a 

voltage V%ut at / =  0. For this purpose, the resistor R is brought 
out of circuit and an auxiliary charging circuit containing R\ and 
Ro (shown by the dashed line in the diagram of Fig. 2.165) is 
brought in. As a result, we obtain the circuit of an amplifier with 
pure lag, containing Ri at input and Ro and C in the feedback 
circuit. On setting V°tn =  constant the output voltage will obey the 
exponential law

=  — | f V l i l - e - " * * )

With time, exp(—t/R0C) tends to zero and Vout to 

V°out =  -  -^7 1 ^ =  constant

5—3525
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Thus, V°{n charges C to practically V%ut, because this potential 
is applied to one plate of C while the other plate is returned to 
the summing junction A held at a virtually ground potential. 
Pressure on the “Start” button removes the auxiliary charging 
circuit, R is connected to the input, and the usual operation of 
integration is commenced. An integrating opamp can deliver 
a high output voltage mainly limited by the maximum allowable 
error.

An integrating opamp can integrate signals over a sufficiently 
wide range of frequencies. Owing to its high input and relatively 
low output impedance, an integrating opamp can readily be mat* 
ched to other circuits.

2.5. Function Generators
2.5.1. General. Nonlinear functions of one or several indepen

dent variables are implemented by devices known as function 
generators. Consider function generators whose output is a funct
ion of one independent variable, most widely used in analog 
computers. In an electric function generator the output voltage 
proportional to a specified function y — f(x) is given by

V0ut =  F(V,n)

Function generators may utilize widely differing physical prin
ciples. According to application, all function generators may be 
divided into two broad classes:

(1) general-purpose function generators which can handle a 
wide range of functions with only minor changes in the configu
ration of the same basic circuit;

(2) special-purpose function generators specifically designed 
to generate a particular function. The use of special-purpose 
function generators is warranted in cases where a desired funct
ion cannot be generated by a general-purpose function generator 
(for example, a characteristic with a considerable slope, such as 
backlash, gap, etc.) or a special-purpose function generator is 
simpler to synthesize.

A desired function may be implemented either with theoretical 
accuracy or approximately. In a function generator showing theo
retical accuracy, errors are mainly determined by inaccuracies in 
the circuit components, wiring and assembly (function generators 
using induction resolvers, photoformers, functional potentiometers, 
etc.). In (unction generators with approximation, most widely 
used because of simplicity, reliability and economy, a function is 
reproduced by circuits utilizing various methods of approximation 
(among them are diode function generators, shaped-card poten-
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tiometers, and the like). In most cases, they yield more accurate 
results over the range involved than the former type.

2.5.2. Approximation of functions. Functions may be approximat
ed in any one of several ways. Those widely used in connection 
with function generators are piecewise-linear approximation, step 
approximation and curvilinear approximation. Of these methods, 
piecewise-linear approximation has found the most widespread 
use.

With piecewise-linear approximation of a function (Fig. 2.17a), 
the curve y =  f(x) is approximated by a series of straight line 
segments y =  q>(x) which touch the desired curve at several

(*)

points. For a function to be piecewise linearly approximable, it 
must satisfy the following conditions:

(a) it must be univalued over the specified range of values 
for x;

(b) it must be continuous;
(c) it must have a continuous first derivative.

Within each straight-line segment, the error of approximation 
must not exceed a predetermined limit, e.

The manner in which a convex curve can in most cases be ap
proximated with straight-line segments is shown in Fig. 2.17ft. The 
approximating segments are inscribed into a “tube” formed by 
the given curve and the parallel lines within the distance e of 
the curve. When the nodes of approximation are located on the 
desired curve f(x), the length of an approximating segment is 
given by „

A*-=V8e/i£m« (2.66)
where «/*max is the maximum value of the second derivative of 
the function in the interval xk ^  x ^  xk+i.
5*
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Let the abscissae of approximation nodes be designated as
x0, Xi........... x„, the initial value for x =  0 as y0, the tilt of the

^straight-line segments to the axis of abscissae as ao, ai, . . . ,  a„_i. 
Then the ordinate within each segment will be changing as fol
lows:

y =  y<> +  (x — *o)tancto, x0< x < x ,  
y =  yo +  (*1 — *o) tan cto +  (x — x,) tan a,, x, <  x < x2 (2.67)

y — yo +  tan Oo (x — x0) +  (tan a, — tan cto) (x — x,)
if tan aox is added to and subtracted from Eq. (2.67).

For the nth segment, the value of the function is given by
y =  yo +  tan ao (x — x0) +  (tan a, — tan ao) (x — x,)

+  (tan aj — tan a,) (x — x2) - f  . . .  +  (tana„ — tana„_,)(x — x„)
For x0 =  0, the approximating broken line will be defined by 
an equation of the form

where k =  tan ao, =  tan a* — tan a*_i (» =  1, 2......... n)

where xt inU is the value of x at the beginning of each segment.
Equation (2.68) gives the value of the approximating function 

for any value of x, if the nodes of approximation are chosen ac
cording to Eq. (2.66).

If a function to be approximated has been defined analytically, 
the second derivative y ' \  can be found by differentiation. For 
this purpose, the entire range of values of the function is broken 
into intervals of monotonic variations in its second derivative, 
and within each interval approximation commences at a point 
corresponding to y£max. Using the value of y*max thus found 
and the limit of error, e, one then finds hk from Eq. (2.66). Next, 
y£_x is found at the end of the segment and hk-i, etc.

When a function is defined graphically or in tabular form, it 
can simply be approximated by a grapho-analytical method.

With step (piecewise-constant) approximation, a desired funct
ion is approximated by a staircase curve in which the straight- 
line segments of each step are parallel to the axes of coordinates.

2.5.3. Tapped linear potentiometers. In piecewise-linear approxi
mation, a function of a single variable, y =  f(x), can be generat

or

n
y =  y0 +  k x +  £  bi(x — xi)

/ — I
(2.68)
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ed by a tapped linear potentiometer (Fig. 2.18). As a rule, the 
wiper of a tapped linear potentiometer is servo-driven across the 
arc of a circle.

To find the values for the padding resistors to be connected to 
the various taps on the potentiometer, we shall introduce the fol
lowing notation:

x,’s (t =  1, 2, . . . ,  n) are the abscissae of nodes b, c and d\ 
ti s are the resistances of the padding resistors;
Ri s and R are the resistances of the padded segments and the 

total resistance of a linear 
potentiometer;

req. i s are the resistances 
of the padders, rit connected 
in parallel with Ri within the 
respective segments;

Ro is the fixed resistance 
corresponding to the function 
y =  yo =  f(xo);

li's and / are the lengths 
of the individual segments 
and the total length of the 
potentiometer;

AV.’s are the voltage 
drops across the potentiome
ter segments, li's.

Let the function to be 
piecewise-linearly approxi
mated have the form

V0u, =  f(x)
Then the voltage for each particular value of x will be defined as

FOUl ==:: y/My
where My is the scale factor. After approximation nodes are de
termined, the values of x{, /„ AFi =  Vt — F<_| and AF0 =  V — F0 
are found. The values of V, R, / and the limiting current, t'nm, are 
specified in advance or selected from design or other considera
tions. The values of Ri and Ro are given by

Ri — (I ill) R, Ro =  Aiy/iim (2.69)

and the equivalent resistances, req. it are determined from
req.i =  riRi/(ri + R t)

whence
I'i f e q . i R i f t R i  ?eq. i) (2.70)



70 Part One. Analog Computers

Since the current i is the same through all parts of the poten
tiometer, we may write

i =  W i/req. { =  V/req (2.71)
where req is the total equivalent resistance of the tapped potentio
meter given by

n

r e q — j L  r »q. i

and defined from considerations of the maximum power drain by
R0 +  req =  V2JPilm 

From Eq. (2.71), we have
req.i — (rtq/V) AKj (2.72)

where req, V and AV< are as already defined. Substituting the 
expression for req. i in Eq. (2.70) and knowing /?< from Eq. (2.69), 
we obtain the values of the padding resistors, r<.

Fig. 2.19

Tapped linear potentiometers can approximate nonmonotonic 
functions of constant or alternating sign. As a first step, the 
function is broken down into intervals within which the function 
is monotonic (that is, the first derivative has a constant sign). 
As a rule, up to fifteen taps are provided. The total resistance 
is up to 30 kilohms. In designing a tapped-potentiometer function 
generator, allowance must be made for the loading error. If out
put load is considerable, an isolation amplifier will have to be 
provided. Tapped-potentiometer function generators are simple 
to align, draw little power, and secure sufficient accuracy (0.2%).

2.5.4. Diode function generators. These function generators 
widely used in analog computers utilize piecewise-linear appro
ximation.
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Diode function generators may use any one of several "diode 
packages”, namely two-terminal, three-terminal, and three-ter
minal with a diode at virtual ground potential. The argument is 
set as an input voltage, V<„. For the purpose of analysis, it is 
assumed that the diode resistance is zero very nearly, R& «  0.

Two-terminal diode packages have not found practical use 
because they require a floating source of voltage reference, £ re/, . 
which fact complicates their connection into circuit.

A three-terminal diode package (Fig. 2.19a), ordinarily used 
in general-purpose diode function generators, includes a voltage 
divider with two inputs (Vin and £«./)• The setting of the divider 
locates the breakpoint (F /B=F®B), that is the instant when the 
diode is rendered conducting or non-conducting, while the setting 
of a potentiometer, P, controls the slope of the conduction line, a. 
For Ef*f <  0 and Vin =  0, we find that VA <  0, that is, the 
diode is OFF. As Vin is raised, VA rises but remains negative 
as far as the breakpoint where Vin =  FJn='(/?,//?2) £ ref for which 
VM =  0. At Vtn >  the current through the diode is i =  
=  ii — i2 (with fld =  0). By replacing currents with voltages, 
we obtain

Va/Rl
VA +  B„t

whence
„  l

A # ,(! /* ,-H /flJ +  l
The output voltage will be

„  -(*i/**> f]
v<mt — p v A—  /? i ( 1 / /? 2 + 1 / /? i ) +  i (2.73)

where p =  r/RL.
The slope of the diode characteristic (Fig. 2.196) is defined as

a =  tan-1 Fq ut
v tn - v ° ln

________p
^ ( l / ^ + l / ^ + l

If /?» =  0 and r =  RL (that is, p =  1), the slope, a, is a maxi
mum

am»x “  tan-1 p =  45°
As is seen, the slope of a three-terminal diode package is limited, 
which is a serious disadvantage.

In a package with a diode returned to virtual ground potential 
(Fig. 2.49$), there is no load resistor. The diode cathode is coupled 
directly to an amplifier at the summing junction (at virtual 
ground potential), 2. Both the slope, a, and the location of the 
breakpoint, F<»,are adjusted with the same divider, /?■//?*. As
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long as Vtn ^  V°tn, the diode is OFF, but it is rendered conducting 
as soon as exceeds V°in, when VA =  0. At that instant, the 
point A is returned to virtual ground potential via the diode, and 
the circuit reduces to a conventional summing amplifier with two 
inputs K,„ and —Eref. If Vin keeps rising, the potential at point A 
will not change, remaining equal to VA =  Fs. The output voltage 
of the amplifier is given as

< 2 - 7 4 >

By differentiating it with respect to Vin and discarding the ” 
sign, we get

dK out/dV int— tan o =  R(JR\ 
whence the slope of the diode characteristics is

a =  tan-1/?o/#i
As R0 -*• oo, the slope is close to ji/2. Because of this, functions 
with a considerable slope can be approximated by this diode cir
cuit. The circuit with a diode returned to virtual ground potential 
is simpler, but it is less flexible because it has no separate adjust
ments for the breakpoint and the slope. This is why such a 
function generator is ordinarily used to generate functions not 
involving adjustments.

The diodes in the above circuits may be valves or semiconductor 
devices. The reverse resistance of a crystal diode is a finite 
quantity, and so when a negative potential difference is applied 
to the diode, a reverse current of a few tens of microamperes 
flows through it. To minimize the error due to the reverse current, 
it is customary to place an additional diode, Dlt in the function 
generator circuit.

Any one of two operating modes may be chosen for a diode 
function generator, namely:

(a) mode A (Fig. 2.20 a and b), where the diode remains OFF 
as long as Vin =  0 and turns on when Vi„ has risen to a pre
determined value, V°tn. This circuit configuration is employed to 
approximate functions whose first derivative is decreasing in 
absolute value;

(b) mode B (Fig. 2.20 c and d), where the diode is conducting 
as long as Fjn =  0 and turns off when Vin has risen to a preset 
value, V°in. This arrangement is employed in cases where the 
first derivative of the function is increasing in magnitude.

In Fig. 2.20, the values of Vi„ and Eref in parentheses apply to 
a diode connected in the reverse direction (shown by the dotted 
lines in the figure). In the plots, they are represented by the 
dotted segments.
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If the function to be approximated is nonmonotonic, both circuit 
configurations can be used in a diode function generator.

All diode function generators may be divided into general- 
purpose and special-purpose.

Fig. 2.20

General-purpose Diode Function Generator

It approximates nonlinear functions of one independent varia
ble, y =  f(x), by piecewise-linear approximation. In analog com
puters, it is used as a nonlinearity. It simulates the relationship 
between<?vpltages, similar to’ that described by the equation of 
piecewise-linear approximation, Eq. (2.68):

V'orf == V'o +  kVin +  t  b, (V/n -  Vln. ,) (2.75)
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where Vo is the initial value of output voltage at Vin =  0, VJn. t 
is the input voltage at the start of each approximating segment, 
and k =  tan a0. For Vin ^  Vin. *

bt =  0
and for Vin >  V{n. it

bt — tan at — tan a/_|
The voltages and the machine variables are related as

Vout y/My, Vq l / o / M y ,  Vin —  x/Mx, Vin. i — xjMx,
The general-purpose function generator shown in Fig. 2.21 in

corporates elements mechanizing each term on the right-hand

side of Eq. (2.75). The initial voltage, Vo, is set by the potentio
meter P0, the term kVin by another potentiometer, P\. The terms 
of the summation, Vi =  bf(V{n — Vin. t) are instrumented by 
biased diode circuits of Types A and B. The switches, Swt  ( t =  
=  1, 2, . . . ,  n), apply Vin and Eref in appropriate polarity to the 
dividers, Rit.

The breakpoint, V in. i, is adjusted with the contact arms of the 
dividers, Ru, and the slope, a, of the line segments (that is, the 
coefficient b{) with the slope potentiometers, Rsi. The desired 
characteristics of the diodes in the various quadrants can be ob
tained by appropriately setting the switches Sw( and connecting 
the diodes £)4 to the dividers Ru in various ways. From the slope 
potentiometers, Rti, the voltages are taken to the inputs of a 
summing amplifier, Sj4. The gain for the signal applied to a 
particular input can be adjusted by varying the value of Rt with 
Rfi, held constant. By suitably adjusting the value of /?/*, it is
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possible to adjust the gain for signals applied to all inputs. This 
arrangement provides a convenient device for adjustment of the 
slope and scale factors.

In a very simple and efficient way, a desired function can be 
piecewise-linearly approximated by a graphical-analytical method. 
The first step is to plot the function V0ut — f ( V i n )  on a sheet 
of profile paper, representing the function y =  f(x) within the 
specified range of values of x. The scale factors are found by the 
equations

M y  =  ym&x/V out max 
=  Xmtx/ V in m«x

The values of Mx and My are chosen such that the error of 
the graphical representation will not exceed 0.03 to 0.05% and 
be less than the average error of approximation.

The next step is to construct the straight-line segments used 
for approximation, starting with the initial segment. The values 
of Vo, V in . i  and V0ut. < (the coordinates of nodal points), the 
slope a< and the quadrants for each diode circuit are then found 
from the plot. All of these data are entered in a set-up chart on 
the basis of which the nonlinearity unit of the analog computer 
is patched. The approximation procedure is arranged to secure the 
specified accuracy with a minimum number n of straight-line seg
ments, to simplify the circuit of the diode function generator. As 
a rule, the number n is chosen to be equal to or less than 20.

General-purpose diode function generators may also use diodes 
returned to virtual ground potential. For example, in the MH-14 
analog computer, the general-purpose nonlinearity unit contains 
20 such circuits built around silicon diodes.

Special-purpose Diode Function Generators
Simple functions of the form y =  x2, y =  x3, y =  sin x, etc., 

and also high-slope- functions, such as typical nonlinearities 
encountered in automatic control systems (dead bands, backlash, 
stiction, etc.), can readily be approximated by comparatively 
simple special-purpose circuits which are combinations of diode 
networks (with a diode returned to virtual ground potential) and 
d. c. amplifiers. The diode networks, which may be Type A and/or 
Type B, are connected in parallel either at the input or in the 
feedback path or in both. As examples, Fig. 2.22 shows special- 
purpose function generators incorporating Type A diode networks 
to implement functions with increasing and decreasing derivativ
es. In the circuit of Fig. 2.22a, the diodes, Dt (i =  1, 2, . . . ,  n), 
remain OFF as long as — 0. With increasing F<n, the diodes 
consecutively turn ON and bring more and more resistors in the
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parallel input circuit. As a result, the gain of the opamp rises 
with each approximation step, thereby simulating a function with 
an increasing derivative. In the circuit of Fig. 2.226, the diode 
networks are placed in the feedback path of the amplifier. As Vin 
rises, the diodes turn ON consecutively, and the overall resistance 
of the feedback circuit and, as a consequence, the gain of the 
amplifier goes down.

Diode function generators coupled with d. c. amplifiers have 
found use in automatic control systems to implement various cha
racteristics. Consider some of such circuits.

On-off (relay) response and Coulomb friction (voltage limit
ing) can convenierftly be mechanized with the circuit of

Fig. 2.22

Fig. 2.23a. At Vin — 0, the diodes D1 and D2 are held at cut-off 
with voltages + E  and — E. As a result, V0ut — 0 and VB =  0. 
At small positive values of Vin, the diodes remain in the OFF 
state, and the circuit is a conventional amplifier for which

Vou, =  -(Ro/Rl)V in
that is, the output voltage is a linear function of the input vol
tage (Fig. 2.23b). At Voui= \ — £ | ,  the diode D1 turns on, and 
the summing junction 2 accepts voltages from the two inputs, 
Vin and Eref, via the resistors R1 and rl, and the resistance of 
the feedback path (for Rdi «  0 and Rm «  0) becomes

Rfb — RorM  "I" ô)
As a result,, the gain is drastically reduced, and the output vol
tage is defined as

r - — ( i  ^ + 7T £ '<0 “  -  <2-76)
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By setting r0 C  Ro and r t -C Rt, we get

Vout  «  I (r0/r) Erei I =  constant

that is, Vout remains practically unchanged with a further in
crease in Vtn■

Vout is limited at Vi„ < 0  in a similar way. Setting Ro =  oo, 
for Vin =  0 we have

Vout == I ( ro/r) Eref I

that is, even a small signal at the input will cause the output 
voltage to rise to its maximum value, F0u i= |d : £ | ,  and to 
remain unchanged afterwards despite any increase in Vtn 
(Fig. 2:23c). This is a simulation of on-off (relay) response and 
Coulomb friction.

The behaviour of an element having a dead zone can be simu
lated bv the circuit of Fig. 2.23d. At 0 ^  Vin < | £ | ,  the diodes
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D1 and D2 are OFF, and Vout =  0. At Vin^ \ —E\, the diode 
D2 turns on, and Vout varies linearly (Fig. 2.23c). Similar events 
occur when Vin is less than zero. The interval ab on the charac
teristic curve is called a dead zone or band.

The behaviour of an element with backlash or hysteresis 
(Fig. 2.23/) can be simulated by the circuit of Fig. 2.23 g. At 
0 <  V in <  |— E |, both diodes are OFF, and Vout =  0. When Vin 
becomes equal to | — E\, the diode D2 turns on (at point /no), and 
now the output voltage behaves as a linear function of the input 
voltage (m0mi):

Vout =  ~  (C1/C2) Vin

A decrease in will cause the voltage Vet across capacitor 
Cl to turn off the diode D2. As a result, the charge accumulated 
by the capacitors Cl and C2 will remain unchanged and, as a 
consequence, the output voltage will remain constant (interval 
qitnii) until the diode D1 is turned on by the negative input vol
tage

I F(„| =  | VinmiX — 2E\

(point m2), when its anode and cathode come by the same po
tential.

The further change in Vin will cause the capacitors Cl and C2 
to re-charge. Starting at the instant when F<n — —E (point 
m3), the events will be repeated all qyer again, but in the re
verse sequence (m3m4m5mo). The other amplifier, Amp2, is used 
for slope adjustment.

The above circuit may well be used to simulate magnetic 
hysteresis approximately.

Instead of conventional valves and crystal diodes, function 
generators may use silicon Zener diodes with a characteristic 
shown in Fig. 2.24a, which need no reference voltage for their 
operation. A major distinction of Zener diodes from ordinary 
crystal diodes is that their resistance is very high (anywhere 
between 10 and 20 megohms) at —VBd <. Vz <  0 (where Vbd 
is the breakdown voltage), and is extremely low at V<„ <  — VBd 
(of the order of 10 to 30 ohms). In the latter case the characterist
ic shows what is known as the Zener knee which marks the onset 
of an electric (reversible) breakdown and a sharp break from 
non-conduction to conduction. The forward part of the characte
ristic (relating the forward voltage and forward current) has a 
similar shape. To minimize the effect of the forward characterist
ic, it is u^ual to connect a Zener diode back to back with a 
conventional diode (Fig. 2.24b).

Figure 2.24c shows the circuit of a three-terminal diode function 
generator using a Zener diode. As already explained, the Zener
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diode shows a sharp break to conduction when the input voltage 
becomes

where Fbd is the breakdown voltage as before. As is seen, the 
position of the Zener knee can readily be adjusted by varying the 
values of Ri and R2. In the conducting state, the function gene
rator shows a linear response, i =  f(Vin).

Function generators using Zener diodes are arranged in about 
the same circuit configurations as function generators using con
ventional diodes, but are more economical.

2.5.5. Time function generators using stepping switches. In a
very simple manner, a stepping switch can be set up in a circuit 
which can approximate time-varying functions, for example, the 
variable coefficients, a(t),  of equations by 'piecewise-constant 
(staircase) approximation.

The stepping-switch function generator of Fig. 2.25a consists 
of a two-section voltage divider, VD (with a hundred resistors of 
value r in each section), and a stepping switch, SS, with a hund
red contact bars. The voltage divider reproduces the ordinates of 
the function, and the stepping switch provides a time base. The 
finger of the stepping switch moves across the bank of contact 
bars at a certain fixed rate maintained by a clock generator and 
determining the duration of time intervals.

(a)

(c)
Fig. 2.24
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The contact bars of the stepping switch are connected to the 
respective taps on the voltage divider by means of patch cords 
inserted into the appropriate voltage-divider and stepping-switch 
sockets on a patch board. As a rule, the x-axis is divided into 
100 increments, and the (/-axis into 200 ( ± 100) increments 
(Fig. 2.256). The maximum value of the function (coefficient)

(o) (b)

should not exceed unity. The voltages, V, simulating the ordinates 
of the function a(t) =  f(t), are derived from the condition

a(t)/a(t) mtx= V / V atx (2.77)
whence

F =  a (f) Fm(X =  100a (t)
Because

Fm.*=100V
then

a(f)m. , =  1

The accuracy with which functions varying in slope can be 
approximated is enhanced by using time intervals which decrease 
with increasing slope.

2.5.6. Shaped-potentiometer function generator. A given non
linear function can be approximated by a continuously-wound po
tentiometer in several ways. One of the most commonly used 
techniques is that based on shaped-card (or simply, shaped) or 
tapered potentiometers.

As its name implies, a shaped-card potentiometer (Fig. 2.26) 
has its continuous resistance element wound on a card shaped so 
that the output voltage, V0ut, is proportional to a specified mathe-
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matical function, y =  f(x). The independent variable, x, is set 
by the position of the slider.

The design of a shaped-card potentiometer reduces mainly to 
finding an equation to describe the shape of the card, h =  F(x). 
Let the slider move from a position, x, by a distance Ax — d
where d is the wire diameter. 
Then the resistance will change 
by

A R =  (drx/dx) Ax — (drjdx ) d
Defining the change of resistan-
ce as

rx =  R t f  (x)
where R t is the total resistance 
of the potentiometer, we get

*R =  Rtd[df(x)/dx]
The turn length may be 

found from any one of two re
lations:
/, =  Atf/po =  (Rtdfp0) [df (x)/dx)

(2.78)
or, leaving out the wire diameter,

/, « 2 (/i-f&)
where p0 is the resistance per unit length of wire, and b is the 
thickness of the card.

From Eqs. (2.78) and (2.79), we have
h — Rtd/2Po [df (x)/dx\ - b  =  F(x) (2.80)

Fig. 2.26

(2.79)

The total resistance, Rt, is found to satisfy the requirement for 
the maximum power dissipation, Pum

R t  ^  Vo/Plltn

After the material for the resistance element has been selected 
(which may be constantan, manganin or Ni-Cr wire), the wire 
diameter d  is determined to satisfy the requirement for the maxi
mum safe current density, A/um (which should be 2 or 3 A/mm3):

r f > 2 V F a/«/?<A/..m
As a rulet 4  — 0-05 to 0.5 mm. The values of po are taken from 
tables, 'and the total length, L, of the resistance element is 
decided by construction considerations. The thickness of the card 
is b =  0.3 to 2 mm, its minimum height L i .  =  2 or 3 mm, and 
its maximum height /tmax =  50 to 60 mm.

6—3525
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A disadvantage of shaped-card potentiometers is that the angle 
of slope, a, of the card is limited (20° to 30°) because of which 
they cannot approximate fast-varying functions. Furthermore, an 
increase in a (that is, in the rate of resistance change) complicat
es the winding operation and leads to some other difficulties.

Where a function shows an irregular behaviour (for example, 
it may tend to zero or infinity for certain values of the indepen
dent variable) so that the card has to be given an unusual shape, 
special measures need to be taken to maintain normal operation 
of the function generator.

2.5.7. Cathode-ray tube function generators. Of all CRT function 
generators, the most commonly used type is the photoformer.

A simplified circuit of a practical photoformer is shown in 
Fig. 2.27.

Referring to Fig. 2.27, at / is a mask prepared as a plot of 
the function y — J(x) desired, and the area below the curve is 
made opaque. The vertical position of the electron beam is made 
to follow the edge of the mask by a feedback servo system which 
is a combination of an optical focusing system, 2, a photo-cell, 3, 
an amplifier, 4, a vertical deflection unit, VDU, and the vertical 
deflection plates. The positive bias voltage, Vbias, at the input to 
the summing amplifier, SA, tends to move the electron beam up
wards, while the output voltage of the photo-cell, Vpc, tends to 
move it downwards. If the beam is below the edge of the mask, 
then Vpe =  0, and Vbias is free to move it upwards. As soon as 
the beam Spot appears above the edge, the photo-cell generates 
a voltage, Vpe ¥* 0, with the result that a voltage

V =  k(VtlaJ- V J
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appears across the amplifier output (where k is the gain of the 
summing amplifier).

As the beam spot keeps moving upwards, its area expands, and 
Vpe rises until it becomes equal in its effect to Vbias- At that 
instant the beam will be positioned on the edge of the mask, 
thereby giving the value of y corresponding to a given value of x. 
Since y is proportional to V, its value is picked off as voltage.

The horizontal displacement of the beam is produced by the 
input voltage adjusted to be proportional to x and applied to 
the horizontal deflection plates via the time-base unit, TBU.

Due to the joint action of the two voltages, the beam is thus 
constrained to follow the curve on the mask, thereby reproducing 
the function desired.

If use is made of a linear time-base, LTB, the result will be 
Vout — The horizontal shift of the coordinate origin is ob
tained with a potentiometer, PI, and the vertical shift, by adjust
ment Of Vbiat-

As a matter of convenience, a single mask may be replaced with 
a folding screen made up of narrow rectangular strips, each being 
a plot of a different function. As a further refinement which 
avoids the limit set to the range of values of x by the CRT face, 
the electron beam may be held stationary, and a perforated 
transparent film on which the desired function is plotted may be 
moved past the beam spot. As the film is moved along the Ox-axis, 
a special mechanism causes the beam to move up and down in 
a vertical slit (along the O^-axis) or to stay on the opaque curve 
of the plot, thereby reproducing the function.

CRT function generators are versatile, have a fast response, 
and show satisfactory accuracy (down to 1%).

2.5.8. Special-purpose function generators. A variety of non
linear functions can with sufficient approximation be generated 
by special-purpose circuits of fairly simple configuration based 
on linear potentiometers, nonlinear valves, thyristors, etc. As a 
rule, the desired function is approximated by the interpolation 
method. The circuit parameters of the function generator are 
chosen such that the functional relationship they generate has 
common nodal points with the desired function, while the diffe
rence (error) at other points is within predetermined limits.

An example of a special-purpose function generator is the 
circuit shown in Fig. 2.28a, using a loaded linear potentiometer. 
For this circuit we may write

UoutlVm =  ap/(a +  P - P 2)
where a =  R d R  and p =  r/R. With the value of a  varied bet
ween 0 and 1, a series of curves, V0uilVin =  f(P), of different 
slope (shown by the solid lines in Fig. 2.28b) are generated.
6!
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With decreasing values of r, the output is produced as a series 
of curves shown by the dotted lines (for the same values of slope). 
If RL be connected as shown by the dotted lines, a further series 
of curves can be generated for both increasing and decreasing 
values of r. Through the use of one or several linear potentiome
ters in a variety of combinations with a load resistor, a fairly 
wide class of functions can be approximated. The circuit configu
rations used may include bridge arrangements.

In the case of valves used as function generators, the basis of 
operation is a nonlinear voltage transfer characteristic, such as

ia =  f(Vg). An example of such a function generator applicable 
to functions of the form y =  x2 within a certain range of values 
is a Soviet-made type 6C5 triode.

Recently, varistors, two-electrode semiconductor devices with 
a voltage-dependent nonlinear resistance, have found wide use in 
computing circuits. One of the varieties of varistors is fabricated 
from thyrite, a silicon-carbide (SiC) ceramic material usually 
made into discs 15 mm in diameter and 1.5 to 2 mm thick, to 
which a metal deposit is applied to provide electric contact. The 
resistance of a varistor is given as

J Rv =  V*/i
wnere i is the current through the varistor due to a voltage V 
applied across its contacts , and p is the nonlinearity factor (for
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SiC varistors p == 1 to 3.5, with V ranging from zero to 100 V). 
According to values of p, varistors may show quadratic, cubic 
and other transfer characteristics over a relatively narrow range. 
To extend the range of values for V over which a desired transfer 
characteristic can be obtained, suitably matched linear potentio
meters may be connected in parallel or series with varistors.

A circuit generating the functions Vout =  kV2t„ =  kV)n =  . . .  =  
—kV"n (for p =  2, 3, . . . , n )  is shown in Fig. 2.28c. Resistors Rl 
and R2 reduce power dissipation across the varistor and stabilize 
operation of the circuit. A thermistor may be placed in series 
with R2 or in the feedback path in order to minimize temperature- 
change effects on the varistor.

2.6. Function Multipliers-Dividers
2.6.1. General. A function multiplier and a function divider 

produce an output which is a function of (a) the product of two 
variables and (b) the quotient of two variables, respectively, that 
is, z =  f(x, y), Qr expressing the variables in terms of voltages:

V0ut =  kVxV„ (2.81)
Vout =  klVx/Vy (2.82)

where Vx and Vy are the input voltages proportional to x and y.
All function multipliers-dividers may be classed into two 

groups: (a) explicit, that is, those providing multiplication or 
division directly and (b) implicit, that is, those in which the 
operations of multiplication and division are replaced with other 
mathematical operations, such as

quarter-square:
x y = ^  [(* +  y f  — {x — yf\

logarithmic:
In xy — In x -J- In y

trigonometric:
xy =  Y  (cos (a —b) — cos (a -+- 6)]

where x =  sin a and y =  sin b for |x, y \ <  1
integrating:

x y = ^ x d y +  J ydx , etc.

Practical circuits are usually based on Eq. (2.83). As a rule, 
division is performed by a multiplier through implicit computation 
(inverse multiplication). This can be done in any one of two ways.

(1) A function generator, FG, generating a quantity which is

(2.83)

(2.84)

(2.85)

(2.86)
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the reciprocal of one of the terms is placed at one of the inputs to 
a function multiplier, FM (Fig. 2.29a). The output voltage of the 
entire circuit will then be

V0Ut =  k,kl (l/Vx)Vy =  cVy/Vx
where c is a proportionality factor.

(2) A multiplier is placed in the feedback path of a high-gain 
d.c. amplifier (Fig. 2.296). Then it may be assumed that i, =  0,

Fig. 2.29

and we may write
(Vy -  Ve)/R +  (I/, -  Vg)/Ro =  0 (2.87)

Substituting
Ve =  — Voutlk 
V^aVxVout 

in Eq. (2.87), we get after simple manipulations

VyRo +  Vout [ 1  {Ro +  R) +  /?aF,] =  0

In the limit of high gain values, the first term in the brackets 
may be neglected, in which case

Vout------(Ro/Ra) (Vy/Vx) -------cVu/Vx (2.88)
2.6.2. Potentiometer multipliers-dividers. Two or more alternat

ing quantities can be multiplied together by a circuit composed 
of several stages of grounded-centre-tap linear potentiometers. 
One such circuit to multiply together two variables, x and y , is 
shown in Fig. 2.30a. For the voltage Vx at the output of the 
potentiometer Pi to be linear, it is important that /?j »  Ri. Then

Vx =  V0(rx/Ri) =  V0(<fi/<timtx) 
where rx =  the setting of the potentiometer P\ proportional 

to x
q>i and <p( „,(x =  the current and maximum shaft positions of the 

j potentiometer (if x and y  are set as shaft po
sitions)

The output voltage of the circuit will then be
V0ttt =  Vx (ry/R2) =  (Vo/RiR2) rxr„
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or
Vout == V x (̂ 2/̂ 21711 x) == Voq'iq^'Plrrux^max (2 .89)

Thus, when q>i and <p2 are set to be proportional to x and y, V0ut 
will be proportional to the product

z — cxy
In the above arrangement, the value of Vout is affected by 

variations in the supply voltage, Vo- Besides, when several va-

Fig. 2.30

riables are multiplied together, the resistance of the potentiometer 
in the last stage may be very high because

Rn >  >  . . .  »  R2 »  /?,
where n is the number of stages. These factors give rise to an 
error. Variations in Vo may be counteracted by applying V0ut to 
a null-indicator which also accepts Vz picked off the slider of a 
potentiometer, PS (shown by the dotted lines in Fig. 2.30a). As 
long as the slider is positioned so that Vout =  Vz, its position will 
be proportional to the product xy.

The above circuit can readily be converted to a servo multi
plier-divider by applying the difference (or error) voltage, AV =  
=  Vout — V*. to a servo amplifier which controls a servo motor 
coupled to the slider of the potentiometer PS. Apart from multi
plication, the circuit can be used for division, squaring, and ex
traction of. the square root (for x =  y), with the inputs and out
puts apfrrbpriately interchanged.

A servo potentiometer multiplier-divider is shown in Fig. 2.306 
where the variables to be multiplied together are set as voltages, 
Vx and Vv. After the variables are set, the servo system positions
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the sliders of the potentiometers PI and P2 to rx. When all 
transients die out,

AV =  Vx- V ' x =  0 (2.90)
Since

V'x =  (rx/Rt)Vo
then, on finding rx and substituting it in the expression for Vout, 
we get

Vout =  (rx/R2) Vy =  (RjR2Vo) VxVv =  kVxVv (2.91)
2.6.3. Time-division multipliers-dividers. The basic principle of 

time-division multiplication consists in determining the average

Fig. 2.31

amplitude of a voltage consisting of a tfain of rectangular pul
ses and proportional to the product of two input variables, one 
being made proportional to the ratio of pulse duration to pulse 
period and the other to the pulse height.

A simplified circuit of a time-division multiplier is shown in 
Fig. 2.31a. A square-wave generator, SWG, converts the input 
voltage, Vx, into a wave of rectangular pulses with a duration, 
t, proportional to Vx, and with a period T held constant. Then the 
ratio of pulse duration of pulse repetition period (pulse duty 
factor) will be

kd =  j!T =  kxVx
An amplitude modulator, AM, which accepts pulses from the 

SWG and also the voltage Vy proportional to the other variable, 
modulates the pulses in height (Fig. 2.31b) so that

' V =  k2V„
The average value of voltage across the output of the smoothing 
filter, F, is represented by the area under a pulse over the
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period T:
v 0ttl. av =  Vx/T =  k,k2VxVy =  kVxVy

The circuit of a practical time-division electronic multiplier- 
divider with feedback is shown in Fig. 2.31c. It incorporates a 
d. c. amplifier, DCA, a gate generator, GG, a ramp generator. RG, 
and an electronic switch Sie>l, which form between them a channel 
which converts Vx and Vo to the gain of a scaling amplifier, SA. 
Vx and Vo are compared, and their difference, AV =  Vo — Vx X  
X (V o ^  V») is boosted by the d.c. amplifier and applied to the 
gate which also accepts triangular pulses from the ramp gene
rator. The gate generator is essentially a bistable multivibrator. 
Its output is a train of rectangular gating pulses whose duty 
factor (pulse duration to pulse period ratio) is given by

*d =  T/r =  * , V , / V 0

These pulses cause the electronic switches Swl and Sw2 to close 
and open periodically, thereby controlling the average conductance 
of the input circuit in the scaling amplifier, SA, according to 
x/T. When the input to SA is Vy, then (after smoothing by the fil
ter F) its output voltage will be

Vout =  k2 (x/T) V y =  k ( V x Vy/Vo)  (2.92)

For Vo held constant, the device operates as a multiplier. If, on 
the other hand, V0 =/= constant, both multiplication and division 
can be provided. The sign of V out is matched by a suitable circuit 
as the polarity of V* and V v is reversed.

The accuracy of a time-division electronic multiplier-divider of 
the type shown in Fig. 2.31c (which is, incidentally, used in the 
Soviet-made MH-14 analog computer) is of the order of 0.15% 
at a gating-pulse repetition frequency, of 5 kHz and 0.3% at a 
gating-pulse frequency of 10 kHz. Among the demerits of time- 
division multipliers-dividers are circuit complexity, a limited 
bandwidth and, as a consequence, a considerable time lag due to 
the need to provide an output filter.

2.6.4. AM and FM multipliers. The bandwidth can markedly be 
extended in comparison with that of time-division multipliers 
through the use of amplitude and frequency modulation. Modu
lation is applied twice: one of the variables modulates the carrier 
in, say, amplitude, and the other in frequency. In fact, the same 
or different forms of modulation may be used, giving rise to 
AM-AM'/'AM-FM or FM-FM multipliers.

In an AM-AM multiplier (Fig. 2.32a), a carrier frequency, at 
a constant amplitude, Vc, generated by a harmonic oscillator, H O ,  
is fed to an amplitude modulator, AMI, which also accepts the
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voltage, Vx, representing one of the variables, x. The modulated 
voltage is then

Vi =  kiVx sin©/
Together with Vv representing the other variable, V\ is then appli
ed to a second amplitude modulator, AM2, whose output vol
tage is

V2 =  k2ViVy — kik2VxVy sin ©/
After it is rectified by a detector, D, and smoothed by a filter, F, 
the average d. c. voltage at the output of the multiplier is

V0Ut =  kVxVy
An AM-FM multiplier in block diagram form is shown in 

Fig. 2.326. One of the variables represented by Vx is used .to

Fig. 2.32

modulate the carrier frequency, ©, of a sinusoidal voltage, Vu 
through a frequency modulator, FM. The other variable represent
ed by Vy modulates the carrier amplitude through an amplitude 
modulator, AM. The amplitude modulator may be an r. f. ampli
fier whose gain is proportional to Vv. The average output voltage 
will be

Fout av s== k\A(i> =  kVxVy
where

and
V x oc ©

V y CCA

2.6.5. Hallreffect multiplier. This type of multiplier uses a Hall 
generator, a thin wafer of a semiconductor material (such as 
indium arsenate or indium antimonate) arranged to be at right 
angles to a magnetic field of induction B (Fig. 2.33a). If a cur
rent, t, be passed through the wafer, a Hall voltage, VH, will be 
set up between points m and n, defined as

VH =  kH(iB/h) (2.93)
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where kH is the Hall constant (cm3 A-Is- '), and h is the wafer 
thickness (cm).

If i is set to be proportional to Vy and B to VXy the Hall gene
rator can readily be used to multiply together the two voltages

V„ =  CVXVy
where c is a constant.

The circuit of a practical feedback Hall-effect multiplier is 
shown in Fig. 2.336. It uses two Hall generators, HG1 and HG2. 
The second Hall generator is placed in the air gap of the same 
magnetic circuit and is energized with a reference voltage, Vq. 
D. c. amplifiers, DCAl and DCA2, convert Vx and Vv representing 
the variables to be multiplied together, into currents, ix and iv.

which should Be sufficiently high (tens or even hundreds of milli- 
amperes) for the first Hall generator to deliver an output vol
tage of a few tens of millivolts. The current ix energizes the coil 
L of the magnetic circuit, and the.current iv flows through the 
first Hall generator, HG 1. The Hall voltage, Vm, generated by 
the second Hall generator, HG2, is applied to the first d. c. 
amplifier to be compared with Vx. As a result, the amplifier out
put voltage is

Vi------k(Vx- V H2)
which is impressed on the magnetic-circuit coil to set up a field 
of an induction defined as

B =  CiV i =  c\k (V x — kmioB/h) (2.94)
where c( =  constant of proportionality

Vtfi***kH2ioB/h according to Eq. (2.93)
On finding B from Eq. (2.94) and noting that h  <  Cikka2io, we 

get
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The Hall voltage picked off HG1 may be defined as

VHi =  km -T- KHI
kH\l0

i  V  =  —  V Vl y r x — / v x v y

where iv == c2Vy and ka\ =  kH2- 
The output voltage of the multiplier is

Vout =  ~  (Ro/R) Vhi =  -  (c2Ro/iR) VxVv= -  cVxVy (2.95)
Although Hall generators have a broad bandwidth (of the 

order of 1012 radians/s), the presence of amplifiers and an elec
tromagnet in the circuit imposes stringent limitations. The accu
racy of the circuit is up to 1%.

2.6.6. Crossed-fields electron-beam multiplier. This device ope
rates on the crossed fields in a cathode-ray tube, and is illustrat
ed in Fig. 2.34a. Voltages proportional to x and y, that is, V* 
and Vy, are applied to the horizontal-deflection amplifier, X-amp, 
and the axial-coil amplifier, ■ AC-amp, respectively whence the 
amplified Vx is applied to the horizontal deflection plates, 2, 
and the amplified Vy to the axial coil, 3, around the neck of the 
cathode-ray tube. At Vx =  0, the concentric magnetic field due 
to Vv holds the beam aligned with the axis of the CRT (Ax =  0 
and by — 0). At Vtt =  0 (the concentric magnetic field is B =  0), 
Vx gives the electron beam a component of velocity directed along 
the Ox axis. In the presence of both Vx and V'v. the cross product 
of horizontal velocity and concentric magnetic field deflects the 
beam along both the Ox and Oz axes the deflection along the Oz 
axis (vertically) being proportional to the product xy. This ver
tical deflection is detected by error detectors and converted to a 
voltage by a‘ feedback circuit to keep the beam horizontal as fol
lows.

In deflecting vertically, the beam strikes either an “up” deflect
ion sensor, DS1, or a “down” deflection sensor, DS2, separated
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by an opaque screen, 4. The sensor signal is then applied to a 
differential amplifier, DAmp, which feeds its voltage to the ver
tical deflection plates, /, so as to cause the beam to deflect in 
the opposite direction until a balance struck between the deflection 
forces.

The total vertical deflection of the beam (Fig. 2.34b) is
Az =  Az, — Az2 =  cxVxVy — c2V0Ut (2.96)

where Azi = - vertical beam deflection with Vx and Vy applied 
C|, c2 =  constants of proportionality 

Az2 =  vertical beam deflection due to Vout
Since

V out =  c3kbz  (2.97)
where k is the gain of the differential amplifier and c3 is a con
stant of proportionality, then, substituting (2.96) in (2.97) gives:

Vout =  T + S  «  ^  V*V* (2-98)

assuming that c3c3k »  1. With Vout applied to plates 2, Vx to 
plates /, and Vv to the concentric magnetic field coil, 3, the 
circuit will carry out the operation of division

V0ut =  CVx/Vy
Since it uses no lag elements, the circuit has a high speed of 

response and a satisfactory frequency response (up to 20 kHz 
for Vx and up to 3 kHz for Vy). The multiplication error may be 
reduced down to 0.5 or 1%. A disadvantage of this type of multi
plier is an elaborate circuitry.

2.6.7. Quarter-square multipliers. This type of multiplier imple
ments a relation of the form given by Eq. (2.83). The main dif
ferences in mechanizing this equation are due to differences in 
the circuits used to instrument the terms (x + y ) J and (x — y )3, 
that is, squaring circuits, in schematic form, one of the simplest 
and most commonly used quarter-square multipliers is shown in 
Fig. 2.35a. It mechanizes the relationship

V„ut =  c {  l ( V x +  Vy? -  (Vx -  Vy?\ =  CVxVy (2.99)

where Vx is proportional to x, V y to y, V oui to z, and c is a 
constant of proportionality 

The applied voltages are added together algebraically by four 
simple tw<Hnput current summing networks (see Fig. 2.11a).
The first two summing networks form ±  —^ —-  , and the re-

y  _y
maining two form ±  —-  • For any combination of values and
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signs of Vx and Vy, one of the first two summing networks will 
deliver a positive half-sum, and one of the second pair will put 
out a negative half-sum. The circuit of Fig. 2.35a applies to 
a case where Vx >  Vv, and the diodes 01 and 03 are conducting. 
The positive half-sum is applied via 01 (or 02) to a squarer, SQI,

(a )

two squarers are connected to the summing junction of an output 
amplifier. As a result, the output amplifier (a summer) delivers 
Vout defined by Eq. (2.99).

The squarers are usually diode function generators approxi
mating a parabola located in the 1st and 3rd quadrants 
(Fig. 2.356).

The circuit of squarer I using crystal diodes clamped to virtual 
ground potential is shown in Fig. 2.35c. As the squarer input, 
Vin. Sq, proportional to (K *+ Vy)/2 rises to a certain value, Vin. <, 
all the n diodes of the squarer are rendered conducting. Each time 
a diode is turned on, the total resistance of the squarer goes 
down, and the slope of the curve ii — f(Vx -f  Vy) increases. As



Ch. / / .  Computing Elements 95

a result, a current begins to flow, given by

=  T (Vx+ V y ? = C xVln.
Similarly, the current, t'2, clue to the second squarer, SQII, will be

f2 =  T  {Vx - V y f
The frequency response of the quarter-square multiplier discussed 
above is mainly decided by the capabilities of operational ampli
fiers (from a few hundred to a few thousand hertz). The per cent 
error may be reduced to 0.6 to 0.8%. The approximation error of 
the squarers is 0.1 to 0.15%.

I E M

Replacement of crystal diodes with silicon-carbide varistors 
having a square-law volt-ampere characteristic produces more 
compact and economical multipliers.

2.6.8. Coefficient-setting potentiometers. In analog computers, 
an a. c. input voltage is most often multiplied by a constant 
positive coefficient, a  ^  1, on a resistive voltage divider, or po
tentiometer (Fig. 2.36). Stages I and II of the divider have each 
eleven identical resistors. Stage III is a linear potentiometer. The 
resistances are chosen to satisfy the conditions

r3 =  2r2
r2 =  0.2r.

The equivalent resistances between the arms of stages I and II 
respectively are

rtq2 =  2r2r3/(2r2 - f  r3) =  2r22r2/(2r2 - f  2r2) =  r2
^<,1 =  2 ^ 1 0 ^ 2 ^ +  I0r2) =  2r,0.2r,10/(2rl -|- 10X0.2/-,) =  /-!
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Thus, actually, that is, with allowance for the loading by the 
succeeding stages, stage I and stage II have each ten (and not 
eleven) resistors, rx and r2. Then Vi =  0.1Vf„ and Vn — 0.01 Vin, 
irrespective of the dial settings. The voltage at the divider out
put is then

Vout =  Vl +  V2 +  V3 =  0.1 Vtnti{ +  0.1 V &  +  (r/r3) Vn (2.100)
Substituting the expressions for Vi and Vn in (2.100) gives

Vout =  (0 .In, +  0.01n2 +  0.01a) Vin =  aVin (2.101)

where a is the constant coefficient the value of which can be 
read on the dial, nt and n2 are the outputs of decadic stages I 
and II (n, =  0 through 9), and a =  r/rs can be varied continu
ously from zero to unity.



Chapter III

Synthesis of Analog Differential Analyzers

3.1. Development of a Block Diagram for 
a Differential Analyzer

3.1.1. General. A differential analyzer, that is, a computer in* 
tended to solve ordinary differential equations, is a mathematical 
model implemented with an assemblage of functional elements 
interconnected in a manner dictated by the ordinary differential 
equation (or a system of such equations) to be solved, of the 
form

where the coefficients a0, au . . . ,  a„, ai} may be constant or va
riable.

The dynamic behaviour of the model must be such as to be 
described by similar equations. The dependent and independent 
variables of the prototype system (mathematical variables) are 
related to the respective variables within the computer (machine 
variables) by scale factors. The solution is displayed as continual
ly varying voltages representing the output variables. In solving 
differential equations, use is made of the transient response of 
the analogs. Therefore, the computer set-up must be arranged so 
that the transient times will be sufficient for accurate measure
ments and convenience in investigations.

In electronic differential analyzers, the main building blocks 
are operational amplifiers. Also, there are devices to set constant 
and variable coefficients, nonlinear function generators, control 
elements, etc.

Differential analyzers may be linear, that is, machines solving 
linear differential equations (such as the Soviet-made HriT-4, 
HriT-5 or MIIT-11), or nonlinear, that is, machines solving non
linear differential equations (such as the Soviet-made MH-7, 
MH-10, and MH-14). As will be shown in Chap. IV, differential 
analyzers can also solve algebraic and transcendental equations 
and systems. In such application, use is made of the steady-state 
response of the analogs, and it is sought to minimize their tran
sient time.

3.1.2. Developing a block diagram for the solution of ordinary 
differential equations. In principle, the block diagram of a diffe-
7—3525
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rential analyzer may be based on two methods used in solving 
ordinary differential equations: by increasing and by decreasing 
the order of the derivative.

Solution by increasing the order of the derivative. Let there 
be a second-order linear differential equation

°o “jjf +  -37- +  /  (0 (3-3)

It may be re-written for the sought variable x as

* =  +  (3.4)

As Is seen, solving this equation is mainly based on the ope
ration of differentiation. Assuming x to be known, we draw up a

(a)

block diagram summarizing the computer units necessary to per
form the mathematical operations involved in the solution of the 
equation (Fig. 3.1a). From the block diagram it is seen that the 
computer equipment needed includes two differentiators (that is, 
as many asjis the order of the highest derivative), a summer, a 
coefficient-setting unit, and an excitation, f(t), generator.

The derivative order elevation method involving the use of dif
ferentiators is seldom used because the differentiators are sen-
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sitive to input noise where the instantaneous values of the 
derivative are generated.

Solution by decreasing the order of the derivative. Let there 
be the same equation, Eq. (3.3). Now the equation is'to be solved 
for the highest derivative:

<m >

Assuming that the highest derivative is known, the sought 
function x can be generated by multiple integration, carrying out 
integration as many times as is the order of the highest deriva
tive. Accordingly, the block diagram should include integrators 
(Fig. 3.16). From the integrators, the output voltages are routed 
via additional computing elements (sign inverters, scalers, coef
ficient setting units, ana the like) to a summer which together 
with a source of excitation, f(t), generates the right-hand side of 
Eq. (3.5), that is, the highest derivative, which is applied to the 
first integrator.

Both methods have the same count of computing elements. Yet, 
the latter has found a wider use because integrators are less sen
sitive to noise and secure therefore a higher accuracy. Differen
tiators may be added to the analog computer in some special 
cases, such as when it is necessary to simulate lead elements in 
a prototype system, notably in automatic control systems.

According to the manner in which the computing elements are 
interconnected and problems are set up on analog computers, 
they may be classed into committed and uncommitted machines.

Committed analog computers (those with computing networks 
and control circuits built into the patchbay) are based on a set 
of first-order differential equations of the form

4 ^  +  011*1+ 012*2+  ••• +  alnxn ~ b J l  (t)

4r + a *'Xi + a»** + ••• + a2»*»==*,2 M*)

gf +  a„,x, +  a«j*2 +  . . .  +  annxn — bnf „ (t) 
or, in general form,

. - ^  +  £ « i /* /  =  M (0 ( * - * .  2> •••.  «> (3-6>
- r- ' /- i

Any differential equation or a set of equations to be solved on 
a committed analog computer must be reduced to the form of 
Eq. (3.6).

7
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By solving each equation in the set, (3.6), for the derivative, 
we get

=  bifi (0 — aijXf (3.7)
/- i

Thus, the same block diagram applies to the computer solution 
of each equation in the set, (3.7).

A general block diagram for the solution of Eq. (3.7) on a 
committed analog computer appears in Fig. 3.2. As is seen, the 
computer equipment needed for the solution includes summers.

*Xt-Xf *Xn~Xg

Fig. 3.2

integrators, sign inverters and devices to set the constant coef
ficients an and b{. With committed analog computers (such as the 
Soviet-made WIT-4, 3JIH-6, and 3JIH-14) a problem set-up pro
cedure reduces to setting the coefficients of the system being in
tegrated according to a coefficient matrix, setting initial con
ditions, and applying external excitations, because the computing 
elements are connected permanently.

A differential equation of the nth order may be reduced to the 
form of Eq. (3.6) in the following manner. Let there be a third- 
order differential equation

+  +  +  (3-8)
By setting

x — xu d x jd t= x 2, and dx2/d t= x 3 (3.9)

it can be seqn that Eqs. (3.9) are the first equations of a system, 
and the third can be evaluated from Eq. (3.8), because

dxjdt =  d3xrfdP
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As a result, Eq. (3.8) can be reduced to a set of equations of the 
form

+  Ox, — lx 2 +  0x3 =  0 /, (t )

-^j- +  0x, +  0x2 — lx3 =  0/2(/) (3.10)

where
<*11 =  0 , a, 2— 1, <*i3 =  0, b , =  0

floj == 0, #22 — 0, #23 — 1, — 0

< * 3 1  — O ja o ,  <*32—  <*/<*0, <*33 — < * l / < * 0 »  f*3— l/<*0

Although problem-programming on a committed analog com
puter is an easy matter, the machine lacks in flexibility because 
its elements are connected once and for all. Moreover, since such 
a machine contains all the elements to simulate all terms of a 
set of n equations, while practical problems usually involve in
complete differential equations, a sizeable proportion of computer 
hardware remains unused, that is, the computer contains a super
fluous count of elements. This is why committed analog com
puters have found limited use.

Uncommitted computers permit changes in interconnections bet
ween otherwise not connected elements according to any equation 
or set of equations that may come up for solution. This principle 
underlies the design of the Soviet-made HTIT-5, MFIT-9, MH-7 
and MH-14 analog computers.

Uncommitted analog computers can solve equations in both 
their differential and integral forms. In comparison with fixed 
committed analog computers, they offer a wider range of values 
for the equation coefficients. Since the computing elements are 
elected and interconnected to suit a particular equation or set 

ot equations, a higher level of utilization is achieved than with 
fixed-setup machines. With the same count of computer units, 
they can solve differential equations of higher orders. If in ad
dition to linear elements, an uncommitted machine includes non
linear qrijts (such as function generators, multipliers-dividers, 
etc.), ft will be able to handle nonlinear differential equations of 
various complexity. Owing to their flexibility, versatility, economy 
and other advantages, uncommitted analog computers are used 
most.
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3.2. Main Units of Differential Analyzers
3.2.1. Design and purpose. As a rule, a differential analyzer 

essentially incorporates the units shown in the accompanying 
block diagram (Fig. 3.3).

(1) The operational amplifier block, opamp, is a combination of 
an operational (drift-corrected) amplifier and an assortment of 
input and feedback resistors and a feedback capacitor. Through 
an appropriate selection of input and feedback resistors, the opamp 
may be arranged to operate as a summer, a scaler, or a sign 
inverter. By switching the capacitor into the feedback path, the

F ig . 3 .3

opamp is turned into a nearly perfect integrator. The resistors 
and capacitor are brought in and out of circuit with toggle swit
ches arranged on the front panel. Often, a terminal is provided on 
the front panel for connecting additional input resistors of other 
values than those included with the opamp.

Opamps may be general-purpose, that is, capable of being set 
to solve any of the prescribed operations, such as the opamp unit 
in the Soviet-made HI1T-5 analog computer, or special-purpose, 
that is, settable to provide a particular operation. Examples are 
integrating, scaling and other opamps in the Soviet-made MnT-9, 
MH-7 and MH-14 analog computers. When an opamp is set to 
operate as an integrator, initial conditions are introduced by a 
separate circuit.

(2) The variable coefficient network reproduces plots of coef
ficients by piecewise-constant (step) approximation (as has been 
shown in Chap. II in connection with function generators). Some 
machines (for example, the Soviet-made MH-7) have no such net
works. The maximum value of a variable coefficient is unity.
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(3) The constant coefficient network is usually a resistive vol
tage divider or potentiometer, because of which the maximum 
value of a constant coefficient is amax =  1 • Often, the network 
takes the form of a multi-decade potentiometer (like that discus
sed in Sec. 2.6). In cases where the constant coefficient must be 
a >  1, with concurrent integration, use may be made of the 
expression

ct| =  ka/T (3.11)
where k — gain of the opamp

a <  1 =  coefficient supplied by a constant-coefficient setting 
network

T =  RC =  time constant of the integrator

For example, the coefficient a< =  45.3 may be expressed as 
at =  10X0.453/0.1

which can be generated by the circuit of Fig. 3.4a. At low values 
of the coefficient, this expression can be replaced with a product, 
ai — ka, or with a quotient, a< =  a/T. Then the network will 
contain two elements, namely, a constant coefficient network and 
a scaler, or a constant coefficient network and an integrator. In 
summing amplifiers, when setting a  >  1, the constant coefficient 
network is often connected in series with the input and feedback 
resistors (Fig. 3.46).

(4) Thfyfunctional elements are included to generate functions 
of one or several independent variables. They may be general* 
purpose and special-purpose. General-purpose functional elements 
are available in two principal types, one, to generate a function 

of an independent variable (nonlinear elements) and the other,
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function multipliers. An example of the former is a general-pur
pose diode function generator which generates functions by piece- 
wise-linear approximation (see Sec. 2.5). A product generator is 
most often a quarter squares multipliers (see Sec. 2.6). As often 
as not, a block of nonlinear elements is built as an attachment to 
an analog computer. A special-purpose nonlinear element may be 
adapted to generate a particular function, say, a quadratic func
tion, or to simulate dead zone, saturation, etc. Before a problem 
run, general-purpose nonlinear elements are set up according to 
the function to be generated.

(5) The control panel, as its name implies, provides a means 
to monitor and control the analog computer in operation. As a 
rule, the control circuit is built into a console with a panel car
rying switches, knobs or buttons to balance (adjust to zero) the 
d. c. amplifiers and to check them for d. c. drift, to apply initial 
conditions and external excitations. The control circuit includes 
means to protect against, and actuate alarms in the case of, mal
functions. In the course of a problem run, it coordinates operation 
of the various units (starts the machine, terminates the solution, 
resets the circuits, re-runs the problem, etc.). Moreover, the con
trol circuit provides interfacing with test equipment to monitor 
the progress of solution.

(6) The display is in effect a collection of end instruments 
(voltmeters, oscilloscopes, recorders and the like) the purpose of 
which is to present the results in a form comprehensible to the 
operator.

(7) Power supplies should meet stringent stability requirements 
especially for the opamps which are particularly sensitive to va
riations in supply voltages. As a rule, power supplies are built 
into self-contained units (such as the Soviet-made 3CB-1M and 
3CB-6) each of which provides all the feed voltages the associat
ed analog computer may need. For example, the 3CB-1M furni
shes d. c. voltages of +350 V, —190 V and + 75  V, and also an 
a. c. voltage of 6.3 V for HI1T-4, HI1T-5 and MI1T-9 analog 
computers.

3.2.2. Operating and checking controls. Initial conditions may 
be introduced in any one of two methods (Fig. 3.5).

(1) One method consists in charging the integrator capacitors 
to the machine values of initial conditions. This method is pre
dominant (see Sec. 2.4). Placing switch Su>2 to position 1 connects 
a resistor, R, to the input and a parallel combination of R0 and C 
in the feedback circuit of the integrator, thereby causing it to 
operate as a lag element. The capacitor accumulates a charge 
proportional to the initial-condition voltage. A disadvantage of 
this arrangement is that the initial-condition voltage, Vi.c, takes 
some time to reach its steady-state value. The transient time can
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be reduced by bringing down Ro and by placing Cl across /?1.
(2) The other method consists in that at the start of a problem 

run the output of each integrator is coupled to a summer and a 
voltage pulse is applied to its input, with an amplitude equal 
to the machine value of initial conditions appropriate to that 
integrator (Fig. 3.56). This method sets initial conditions in a 
minimum time and is especially applicable to repetitive computers. 
However, it involves the use of an additional number of summing 
amplifiers.

The opamps of an analog computer are checked for d. c. drift 
and adjusted to zero (or balanced) by means of balancing cir
cuits, such as shown in Fig. 3.6a. The outputs of all opamps are

connected to the terminals of a switch, Sa>l, and this connects 
them in turn to a voltmeter. The voltmeter is of a multi-range 
variety with ranges selectable with another switch. As the first 
step, the output voltage of an opamp is measured on a coarse 
range, then on a fine one. Balancing, or zero adjustment, is done 
with the potentiometers which adjust the grid bias for the second 
stages of the d. c. amplifiers.

Should the output voltage of an opamp exceed ±100 V because 
of a malfunction during a problem run, a suitable circuit 
(Fig. 3.66) will turn on a neon tube to indicate' an overload 
condition and energize a pilot relay, Relv. The latter will cause 
operation of a group of control relays, and these will disconnect 
the opamps, from their input circuits, thereby halting the problem 
run untinfre cause of the overload is corrected.

The function generators operating by piecewise-linear approxi
mation are set up as explained in Sec. 2.5. A plot of the desired 
function, y =  f(x), is approximated by straight-line segments on
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the Vout, y»n coordinates to a predetermined accuracy (Fig. 3.6c). 
Conversion from the y, x to the Vout, Vin coordinates is made on 
the basis of the relations

x = M xVln 
y ~  •MyV out

where Mx and Mv are the scale factors. The V0ut =  F(Vin) plot 
is then presented in tabular form (Table 3.1) which gives the 
initial value of the function (for F<n =  0), the quadrants of each 
straight-line segment, and the values of and V0ut (or all 
node points. The quadrants in which the diode function generators

Fig. 3.6

are to operate are defined by shifting the coordinate system to 
node points 2, 3, 4, 5 and 6, so that the origin of coordinates is 
located at the beginning of a given straight-line segment, and the 
abscissa, ± x , is in the direction of the preceding straight-line 
segment. In Fig. 3.6c, the quadrants are labelled by Roman 
numerals at each straight-line segment. The slope of each seg
ment is fixed by the ordinate of the tip of each segment 
(that of the initial segment by the ordinate V0U(i, that of 
the first by V0utt, etc.) and is set by adjusting V0uti+i (for each 
t'th segment) at the generator output for each Vin — Vin *+i, with 
the aid of potentiometers.

3.3. Problem Preparation for a Differential Analyzer
I

A differential equation or a set of such equations can be prepar
ed for solution by an electronic analog computer in any one of 
several ways. The methods most common at present are based
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on conversion to machine equations, termwise scaling, and pro
blem scaling by re-arrangement of the computer set-up.

Table 3.1

Function form ....................................../  (0) =

Nos. P a r t i c u l a r s hVtn
D io d e  p a c k a g e .  N o.

I 2 3 4 5 6 n*l ft

1 Quadrant I IV IV

Sign of Vtn + + + +

2 Constraint on X 
(Vtn-1)

Vtnx Vim Vmt

3a Line segment slope 
(tip coordinates), 
Vtn

Vmx Vint Vmt Vtn*

3b Same, Vout Vouti V OUt2 Voa<3 Vouti

The procedure involving conversion of the problem equations 
into machine equations is carried out in the following steps:

(1) The original system of differential equations is re-arranged 
to make it suitable for computer solution.

(2) The computer units required to perform the specified mathe
matical operations, to supply the necessary excitations and to 
display the desired outputs are next summarized in a block dia
gram which is then streamlined to obtain an optimum set-up.

(3) Machine equations are drawn up, scale factors relating each 
variable of the prototype system and a corresponding variable 
within the computer are selected, the gains of the various comput
er units are determined, initial conditions and other appropriate 
parameters of the machine are determined.

Example ,̂ Let the behaviour of the prototype system be described 
by a third-order differential equation of the form

00 " S ’ +  a‘ 1IF +  +  a** “  f W =  0 (3.12)
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Fig. 3.7

Solving it for the highest derivative yields
J ll .  — _  d2x dx a± , l , 
dfi a0 dt* a0 dt ^ x  +  ~£ I (3 1 3 >

A block diagram (Fig. 3.7) for the computer solution of this 
equation can be developed, using the derivative-order reduction 
method (in which the differential equation is solved in its inte
gral equivalent form). The response of the computer set-up will 
be described by an equation analogous to Eq. (3.13), but the 
variables will be in the form of voltages. This will be a machine 
equation.

The machine equation analogous to the original one can be 
derived as follows. To begin with, an equation is written to relate
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the input and output machine variables for each unit in the com
puter set-up (Pig. 3.7a). As a result, we obtain a set of as many 
equations as there are computer units in the set-up, that is

* 1  =  “  [ * 11*6  +  * 1 2 * 3  +  * 1 3 * 5  +  * 1 5F M l  

* 2  —  —  ^ " * 2 1 * 1 ,  * 3 =  —  ^ * 3 1 * 2 ,  * 4 = =  ^  * 4 1 * 3  • ^3

* 5 =  —  * 6 1 * 4 ,  * 6  =  —  * 6 1 * 2

where Xu X6 =  voltages (machine variabl
es) at the outputs of the 
computer units 

t = machine time 
*111 *i2» *i3» *i4» *21. *311 *4i, *6i, *61 =  transfer functions of the

computer units
The set of equations, Eq. (3.14), can be reduced to a single 

equation of order n (in our example, third order), written for the 
machine variable X4 which represents x. To do this, we express 
the machine variables Xx, Xit X3, Xs and Xe in terms of X4:

* 3 ------- P * 4 /*41
* 2  — — p*3/  *31 =  — P**4/*31*41
*1 =  ~  P*2/*21 =  ~  P 3*4/*21*31*41 (3.15)
* 5 --------*51*4
* 6 ------ * 6 .P 2*4 /* 3 .* 4 1

Substituting the above expressions in the first line of 
Eqs. (3.14) gives

- T & - ------ [ - * « * « & - * »  ■ £ -  * ' » «  +  k“F « ]  <3- '«>
By recovering the original time functions, we obtain a machine 

equation of the form

*11*21*61 *12*21*31 — *13*2l*3l*41*51*4+ *14*21*31*41^(T)

(3.17)
The scale factors are found from the relations

MXt- x J X t, Mf =  f (t)/F (/), Mt =  t/x
or

X4 =  x/Mx, F(t) =  f  (t)/Mf, x =  t/Mf (3.18)
assuming that the variables take maximum values.

The transfer functions of the computer units are found by com
paring the machine equation, Eq. (3.17), with the original equat-
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ion, Eq. (3.13). Such a comparison is legitimate, however, only 
if both equations contain the same variables. Substituting the re
lations of Eq. (3.18) in Eq. (3.17) gives
d3 x 
dt3

d3x
M ,  d t2 dx

Aff d t

Ml
X 1̂4̂ 21̂ 31̂ 41 Mx

M,M3t f(t) (3.19)

Equation (3.19) will be identical with Eq. (3.13) on the condition 
that

k  M f  =  Cli/(lQt f t l2 ^ 2 1 ^ 3 l/A f  t —  O^Oq

ft13̂ 21 ^ 3 1 ^ 4 1 ^ 5 1 / =  113/ao; k n k 2 \k s \k i \M x/M fM t  =  1/flo  (3 .20)

Because in Eq. (3.20) the number of unknown transfer functions 
exceeds that of equations, some of the transfer functions are chos
en arbitrarily from other considerations, and the remainder from 
Eqs. (3.20). The transfer functions for some of the various opamp 
connections are as follows: 

k{ =  —1 IpRC for an opamp connected as an integrator 
ki s s  —pRC for an opamp connected as a differentiator 
ft, =  —Ro/R for an opamp connected as a scaler 
ft<no =  —1 for an opamp connected as a sign inverter 
Using the appropriate transfer function, all the circuit para

meters can readily be found by a simple calculation. For example, 
if the second computer unit is to operate as an integrator, its 
transfer function will be

f tji —  1 I p R C

Then, assuming the transfer function to be equal to unity and 
choosing C =  1 \ iF  =  KH F, the input resistor R  will be 10® 
ohms. A similar procedure can be followed in finding circuit 
parameters for other computer units.

The machine initial conditions and external excitations are 
calculated on the basis of the scaling equations, Eqs. (3.18). Let, 
in our example, the initial conditions and external excitations be 
specified as

(dx/d/)0= (d 2x/d/2)o = 0  
x0=  1 

f (f)o=constant =  C 
Using Eqs. (3.18), we obtain

Xi (o) =  x<JMx 
F { i ) o  =  f { t W f =  CIMt
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Consider a modification of the above procedure. Let the proto* 
type system now be described by a set of linear differential 
equations of the form

dx jd t= a,,*, +  a,2*2 +  a,,*, +  btft (/)
dxjdt =  Oj, x, +  022*2 +  <*23*3 +  b2f2 (t) (3.21)

* dxjdt =  Oj|*| +  032*2 "f" a33*3 "t" bJs (t)
subject to initial conditions

*1 (0) =  ot, *2(0) =  02, *3(0) =  0a (3.22)
The scale factors relating the mathematical and machine variabl-
05 31*0

MX{ =  xt/Xlt M,t = f i {t)IFi (t), =  (3.23)

where i =  1, 2, 3.
Substituting the expressions for x, and ft(t) from (3.23) Into 

(3.21) and re-writing each equation for the derivatives dXJdt, 
we obtain a set of machine differential equations (for t — x and 
Mt =  1):

dXJdx =  o„ * , +  o,2 ̂ L X 2 +  al i ^ - X 9^ b i- ^ F i (x)
*l *l *l

dX2/dx =  a2l^ X l + 022*2 + aa^ * 3-f  b2-^ -F 2(x) (3.24)
”<1 *1

dXJdx =  a3, wXl X; -j- a32 ■/* *2 +  <*33*3 +  3̂ m ' Ps(t )'x, X,
If / t, the coefficients of X, and Ft(x) will include Af*. The 
machine values of initial conditions are

Xi w — at/Mxf (1= 1 , 2, 3)
The scale factors are chosen to satisfy the conditions

Afjr, Xt Imax/X1 nuX (3.25)

Afy>lMOIm.*/^(*)».x 
By substituting the expressions for MX{ and Mft in (3.24), we 
find the numerical values of the constant coefficients Ai} of the 
machine variables. As a result, the set of machine equations, 
Eqs. (3.24), can now be given the form

dXJdx =  AnXx +  ,4,2*2 +  A,j*3 +  B,F, (t)
dXJdx =  A2,* , +  ,4 22*2 +  ^23*3 +  B2F2 (t) (3.26)
dXJdx =  A3,* , +  ^32*2 +  Am* 3 +  B f 3 (t)
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where Au =  alu A22 =  a22, A3S =  a33, Ai, =  at,(Mx /M Xl), Bt =  
=  bt (MfllMXl) (1=1,  2, 3).

Finally a block diagram for the computer solution of Eq. (3.26) 
is developed.

The procedures for problem preparation and scaling discussed 
above become rather cumbersome when it comes to systems of 
nonlinear differential equations. Nor do they allow transfer 
functions for the various computer units to be chosen with allo
wance for the range of changes in the intermediate variables. 
Furthermore, the operator cannot directly monitor the behaviour 
of the prototype system because the computer solves a machine 
equation which is superficially unrecognizable as an alternative 
formulation of the original problem. This is why the procedures 
presented above are limited to relatively simple differential equati
ons and systems.

With termwise scaling, the scale factors and transfer functions 
are found separately for each of the computer units. Thus, the 
integral ^

z =  k ^ x d t
o

is mechanized by an integrating opamp for which the input-out
put relation has the form ^

Voui =  ( \ / R C ) \ v lndt
o

Using the appropriate scale factors, the problem and machine 
variables may be related as

Vin — x/Mx 
V0Ut =  zlMz

Substituting these expressions for Vln and Vout in the previous 
relation and comparing the resultant expression with z =  f(t), 
we obtain

Mz =  RC (MJk)
On the basis of this relation, we can determine the time constant 
RC or one of the scale factors, Af« or Mz, if the other two terms 
are known or chosen from some other considerations.

A similar procedure may be applied to any other computer 
units. Sometimes, conversion to machine equations and termwise 
scaling are used simultaneously.

Problem preparation based on problem scaling through re-ar
rangements in the computer block diagram consists in the fol-
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lowing. Let the prototype system be described by a differential 
equation of the form

(Pyfdf +  tfi dy/dt +  a2y =  f (t)
The initial conditions are

y —yo 
dy/dt =  (dy/dt)0

The first step is to draw up a block diagram for computer solution 
on the assumption that all scale factors are equal to unity (see 
Fig. 3.76). As is seen, there are two loops, namely:

(1) a summer, the first integrator, and a scaler;
(2) a summer, two integrators, a sign inverter, and a scaler.
At any point on these loops, the scale factors can be adjusted

to any desired value, provided the loop gain remains unchanged. 
For example, if the output of the first integrator need be 5dyldt, 
the gain at all succeeding points on both loops must be set to 
0.2. Then the block diagram will be modified to take the form 
shown in Fig. 3.7c. The initial conditions will then be

y = y o  
dy/dt =  5 (dy/dt)0

3.4. Problem Solving on an Electronic Differential Analyzer
3.4.1. General steps in problem solving. In brief, the steps in

volved in problem solving on a differential analyzer are as fol
lows:

(1) The problem is set up on the machine. The gains are adjust
ed for the various computer units.

(2) The problem is given a check run. The range of output 
voltage is determined for each computer unit. The scale factors 
and gains are adjusted as may be required.

(3) The problem solution is verified.
(4) The data comprising the solution of the problem are record

ed and processed.
A problem is set up on a computer according to the block dia

gram as follows:
(a) the opamps specified in the block diagram are selected and 

connected to handle appropriate operations;
(b) the opamps thus selected are checked for d. c. drift and 

balanced, if necessary;
(c) the vpriable-coefficient potentiometers are set;
(d) thfr Constant coefficients are set;
(e) the computer units are interconnected according to the com

puter set-up diagram by means of plugs and cords either on a 
patch board (as is done on the Soviet-made MH-7 and MnT-9
8—3525
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analog computers) or directly through sockets on the front panels 
of the units;

(f) external excitations are applied as voltages from indepen
dent sources. These voltages should be identical with the actual 
excitation in the physical problem in waveform, amplitude, fre
quency and phase;

(g) initial conditions are applied to the integrators as explained 
in Sec. 3.2. The necessary connections are made at one terminal 
only (the other is automatically returned to ground). The nu
merical values of the initial voltages are set with a voltmeter;

(h) the computer is started by pressing the START button on 
the control panel. In the course of the check run, the output vol
tages of the various units and of the computer as a whole are 
measured or recorded, and the scale factors and gains are revis
ed and improved as may be necessary. Matters related to the 
verification of the problem solution will be taken up later.

3.4.2. Function generation by solution of auxiliary differential 
equations. A variety of functions may be mechanized with stan
dard computing units (integrators, summers, scalers and sign 
inverters) by integrating auxiliary differential equations.

The method boils down to the following. A given function is 
differentiated repeatedly until a differential equation is derived 
whose solution is the specified function and which may be imple
mented without any special-purpose function generators. The 
equation thus derived is called the auxiliary (or characteristic) 
equation. Then a block diagram is drawn up for the computer 
solution of the auxiliary differential equation. All the operations 
involved in this solution (integration, addition, scaling, or sign 
inversion) can be implemented with a complement of standard 
opamps connected as integrators, summers, scalers and sign in
verters.

Example 1. A function, x =  sin at, is to be implemented. By 
differentiating this function, we get

dx/dt =  a cos at

This is not a characteristic equation because a function generator 
is needed to implement the function cos at. By differentiating 
again, we obtain

d2x/dt2 =  — a2 sin at =  — a2x
or

d2x/dt2+  a2x =  0 (3.27)
i

Equation (3.27) is characteristic, because under initial con
ditions

t — 0, x0 — 0, (dx/dt)o =  a
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its solution is the specified function. The relevant computer set-up 
for solution of Eq. (3.27) .appears in Fig. 3.8a.

Example 2. The desired function is specified as a polynomial 
of degree three:

x — a0 +  axt - f  a2t2 +  a3t3 (3.28)

+x

c (a) c

By differentiating Eq. (3.28) twice, we obtain the characteristic 
equation

d2x/dti =  2a2 +  6ait (3.29)
whose solution under initial conditions

t =  0, jc =  a0> dx/dt =  a,
is the polynomial, Eq. (3.28). The computer set-up for solution 
of Eq. (3.29) is given in Fig. 3.86.

3.4.3. Solution of nonlinear equations on electronic analog com
puters. Nonlinear differential equations occur in many fields of 
science and technology, notably in the study of automatic control 
systems, hypersonic flight (where nonlinearity in aerodynamic 
characteristics must be taken into account), thermal engineering, 
etc. Since, a rigorous theory for solving nonlinear problems is 
still lackirig, their computer solution gains special importance.

As with solving linear differential equations on a computer, the 
general steps as regards nonlinear equations are re-arrangement 
of the nonlinear differential equation into a form suitable for
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computer solution, setting up the problem on the machine, pro
blem solution, and solution readout.

Preparation of a nonlinear differential equation is carried out 
to a similar program as with linear equations, but it includes 
some additional steps because of the need for function generators 
to simulate the specified nonlinearities. Nonlinear functions may 
be generated in any one of the ways explained earlier, namely 
by solving auxiliary differential equations, through the use of 
general-purpose function and product generators, or with a comp
lement of standard highly specialized nonlinear elements.

.3.4.4. Accuracy of solution and solution checks. As already 
noted, the accuracy of analog computers is limited and depends 
on a number of factors, such as spread in circuit parameters, in
accuracies in assembly, wiring or measurements, external influen
ces, etc. Many of the errors are random, which fact necessitates 
application of probability theory to error analysis.

Errors may affect an analog computer in several ways. In some 
cases errors may bring about a qualitative change in problem. 
solving; in others, they may affect reproducibility (repeatability 
of solution) if the computer is sensitive to even small changes in 
initial conditions and external excitations. These difficulties in
crease still more when an analog computer is used for a study 
into error-sensitive engineering systems.

To obtain the utmost in accuracy from a given analog comput
er, it is essential, before a problem is set up, to revise and im
prove the computer set-up in order to minimize the number of 
units used, to check and adjust all opamps for d.c. drift, and 
to verify that all computing units do the mathematical operations 
prescribed.

After a problem has been set up on the computer, a d. c. drift 
check must be applied to the wnole set-up. In a fairly simple 
manner, this can be done as follows: (a) with a system of homo
geneous differential equations, the equations are set up, but 
initial conditions are not applied; the solution must be zero;
(b) with a system of nonhomogeneous differential equations, ini
tial conditions are not applied and sources of external excitations 
are disconnected; the solution must likewise be zero.

Practically, a zero solution will not be obtained in each of the 
two cases, but the deviation from zero must not exceed a few 
tenths of a volt.

If a problem is stated as a system of linear differential equa
tions of the form dX[/dt =  ^   ............ ^

J dx2/d/ =  / 2(x1, x2, . . . ,  xn)

dxnfdt =  fn(*,, at2, . . . ,  x„)
(3.30)
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subject to initial conditions
x i (0) — *jo, -*r2 (0) =  ATao, . . . .  *n(0) =  *„o

the accuracy of problem solving may be checked as follows. To 
begin with, instead of the specified equations, one solves an 
auxiliary system of the form

d x jd t  =  / , ( * , ,  x2, *„) — / , (x,or20, xn0)

dxjdt =  fj (*,, x2, x„) — f2(x 10, x20, *n0) (3.31)

d x jd t  =  f n (xl, x2...........x„) — f n \xio, Xjo, • • • ,  *no)

whose solution is
* 1 = * 10, ^ 2  =  ̂ 2 0 .............xn =  xn0

The amount by which the solution differs from the above values 
will give the degree of accuracy obtained.

The accuracy of the solution can be assessed through analysis 
of the error equations, but the practical, realization of this pro
cedure is far from easy. Ordinarily, resort is made to a number 
of indirect methods of error estimation, such as repeated runs of 
the same problem and a comparison of the solutions obtained on 
the same computer, a comparison of the solutions from several 
computers, a comparison of computer solution with a theoretical 
one, solving of test problems, etc.



Chapter IV

Algebraic and Transcendental Equation Solvers

4.1. Special-purpose Algebraic Equation Solvers

4.1.1. General. Any algebraic equation may be written as a 
polynomial of degree n:

/(x) =  a „ x " - f . . .  - f  a,x +  a<> =  0 (4.1)
or

2  0;** — 0 (-0

where the a ts are real coefficients.
Transcendental equations (that is, those which involve non- 

algebraic operations on. the unknown variable, such as taking a 
logarithm, finding trigonometric functions, etc.) are likewise often 
met with in practice.

A system of n nonhomogeneous algebraic equations (6< ^  0) 
may have the form

<*11*1 +  012*2 +  ••• "I" a\nxn — — 0

021*1 +  022*2 +  . . .  + 0 2„x„ —62= 0  (4.2)

On 1*1 +  0n2*2 +  • . . +  OnnXn — bn =  0
or n

^  atlXj — bt =  0 (< =  1 ,2 .........n) (4.3)

Algebraic and transcendental equations and their systems may 
be solved on electronic simulators and on special-purpose equat
ion solvers based on a variety of methods (root-adjustment, scan
ning, iteration, etc.).

According to the roots sought, the special-purpose equation 
solvers for algebraic and transcendental equations may be classed 
into two groups as follows:

(a) adjuster-type equation solvers which find one or several 
roots of an equation or a set of equations;

(b) polynomial evaluators which find real and complex roots 
for algebraic equations and their systems.

4.1.2. Adjuster-type equation solvers. With this method, which 
calls for a very simple computer set-up, the equation (or the
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system of equations) to be solved is specified implicitly

/(*) =  o (4.4)
Fi(x,, x2.........*rt) =  0 ( / =  1, 2...........n) (4.5)

The procedure consists in trying several values of x consecutively 
until a value is found such that the function f(x) vanishes. The 
computer set-up must ensure rapid convergence and short tran
sients.

The circuit of a practical adjuster-type equation solver is shown 
in Fig. 4.1. Initially, the function generator, FG, accepts an arbit
rary value of x which is different from the root of the equation.

(a) (b)

In response, the function generator generates a function, f(t). 
A comparator, Comp, matches it with zero and generates an error 
signal, e =  /(*) — 0. Boosted in power and voltage by an ampli
fier, Amp, the error signal is applied to an actuator, Act (say, a 
servo motor) which operates according to the sign of the error 
signal so as to change the value of x and minimize the error 
signal to zero, e =  /(*) — 0. The value of x existing at the input 
to the function generator at that instant will be the root of the 
equation being solved.

Some of the elements shown in the diagram of Fig. 4.1 may 
be omitted, according to the physical quantities chosen to repre
sent x and e. For example, there may be neither a comparator nor 
an amplifier, if x is a voltage and if the signal f(x) carries 
enough'tptfwer.

Figure 4.16 is a block diagram of a servo-operated feedback 
equation solver designed to solve systems of linear algebraic 
equations of the form of Eq. (4.2). When arbitrary values of 
xu x2.........xn are set in the solver, the comparators, Compu form
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difference signals, t t =  £  anX, — blt which are applied to a
l-1

closed-loop servo, and this operates to balance the circuit (ci =  
=  62 =  . . .  =  e„ =  0). The steady-state values of the Xi s (t =  
=  I, 2, . . . .  n) will be the roots of the system. The comparators 
and the actuators may be interconnected in a variety of ways. 
With the interconnections shown in Fig. 4.16, a parallel-feedback 
solver results. If, on the other hand, Comp\ is connected to Act2, 
and Compi to Act\, a cross-coupled solver is obtained. A form 
of interconnections is chosen so as to secure a maximum sensiti
vity of the solver to feedback and to satisfy the stability criterion.

An equation solver for a system of nonlinear algebraic and 
transcendental equations is built along similar lines but it is ex
tended to include function generators to implement nonlinear 
functions.

4.1.3. Polynomial evaluators. These analog computers are de
signed to solve algebraic equations of the form of Eq. (4.1) which, 
may, in the general case, have both real and complex coefficients 
a,- and- roots x<.

The solution of an algebraic equation obtained as a complex 
number may be written in algebraic, exponential or trigonometric 
form:

* =  a +  /P (4.6)
x =  p exp (/0) (4.7)
x =  p (cos 0 +  / sin 0) (4.8)

The polynomial evaluator operates to find the values of a and p 
(or p and 0) for the root x that will satisfy the polynomial, 
Eq. (4.1). Since any system of algebraic equations can always be 
reduced to a single algebraic equation of degree at most n — 
=  rt|/i2 • • • «n, where the n,’s are the degrees of the equations 
in the system (i =  1, 2........... n), polynomial evaluators are usu
ally set up to solve a single equation.

The root-searching procedure consists in transforming the po
lynomial, Eq. (4.1), by substituting (4.6), (4.7), (4.8) for the 
variable x. As a result, a complex equation of the form

A +  /fl =  0 (4.9)
is obtained where A is the real part and B is the imaginary part 
which is a function of a and fj or of p and 0. The value of x 
will be a root of the equation, Eq. (4.1), if it causes the real and 
imaginary parts of (4.9) to vanish simultaneously, that is,

A =  0 
B =  0 (4.10)



Ch. IV. Algebraic and Transcendental Equation Solvers 121

The system of equations, Eq. (4.10), can be implemented with 
a set-up similar to that shown in Fig. 4.2. A computing unit, 
CU, when fed the values of coordinates from a coordinate-setting 
unit, CSU, and the coefficients ait evaluates the real and imagin
ary parts, A and B, of the function, and these are plotted one

(a) (b) (c) (d)

against the other on a plotter, P, which shows when a zero of 
the polynomial, A =  0, B =  0, has been found. The set-up should 
be an Qpsn-loop one, because with a closed-loop (feedback) ar
rangement, the coefficients at tend to upset the stability of the 
system. The coordinates may be set manually or automatically, 
and the roots are determined by the scanning technique. In the 
scanning technique, the computer sweeps the complex plane by
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varying the x{’s in a predetermined manner and locates the points 
where the polynomial vanishes.

Among the scanning patterns to be considered here are linear 
scanning (Fig. 4.26), spiral scanning (Fig. 4.2c) and circular 
scanning (Fig. 4.2d). In linear scanning the complex plane is 
swept along horizontal and vertical straight lines. In spiral 
scanning the path is a spiral (if <dp <  coe) or radials (if <op »  coe). 
In circular scanning, p is held constant during each scan and 
only the angle 0 is varied, so that a family of concentric circles 
is obtained, which bracket the individual roots. By narrowing the 
brackets, the roots may be isolated.

In most cases, polynomial evaluators utilize the trigonometric 
presentation of (4.8). Substituting it in (4.1) gives
a„p" (cos 0 +  / sin 0)" +  (cos 0 +  / sin 0)"~1 +  . . .

. . .  - fa ,p (c o s0 -f/s in 0 ) +  ao =  O (4.11)
or
[a„p"cosn0 +  o„-iprt-,cos(n— 1) 0 +  . . .  - f a 0]

+  i sin nd 4- On- iPn~‘ sin (n — 1) 0 +  . . .  +  a,p sin 0] *=* 0
In a more concise form,

n n
lla ip1 cos/0 +  j ajp'sintO^O<-o fsb

or
A +  jB =  0 

that is, we have obtained Eq. (4.9) in which

A =  Fi(p, 0) =  ^ a ip 'c o s /0

n
B =  F2(p, 0 )=  £  a.p'sint‘0

By equating A and B to zero, we obtain a system of equations 
of the form of Eq. (4.10):

/ M p .  e ) = o

F2(p, 0) =  O (4.12)

The above system, Eq. (4.12), can be implemented with a poly
nomial evaluator built around a cathode-ray tube as shown in 
the block diagram of Fig. 4.2d. An analog computer. Comp, 
incorporating function generators F< and FG<, scalers SC< and 
SC't, and summers Hi and H2, accepts the coefficients a( and the 
coordinates p and 0 and generates the functions F1 (p, 0) and 
F2(p, 0). The flow of computation leading to A and B is clear
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from reference to the block diagram. The coordinate converter, 
CC, converts the polar (p, 0) coordinates to the cartesian (Vx, Vv) 
coordinates, which are applied to the horizontal and vertical de
flection plates of the CRT, causing the electron beam to sweep 
the complex plane (the CRT screen) in a predetermined manner. 
The null detector, ND, senses the deviations of the functions A 
and B from zero and controls the switch appropriately. As 
long as A #  0 and B #  0, the switch Sw is closed, an inhibit 
signal is applied to the CRT grid. At the instants when A =  0 
and B =  0, the switch opens, the inhibit signal is removed, and 
the beam reaches the screen to produce a light spot on it. The 
location of the light spot defines the root of the polynomial. The 
values of p and 6 that satisfy the equation may be noted in 
several ways. One is to. note the settings of the elements that 
set p and 0 at the instants when the functions A and B vanish 
simultaneously. With a CRT screen of long afterglow, the operator 
can conveniently watch the location of, and changes in, the roots. 
This feature is of special value in the analysis of automatic con
trol systems for the purpose of system evaluation and optimi
zation.

4.2. Techniques for Solving Linear Algebraic Equations 
on Electronic Analog Computers

4.2.1. Solution by root adjustment. Let there be a system of 
equations of the form of (4.2)

«ii*i +  « +  . . .  +  ainxn — b{ =  0
aZlx\ “I" a22*2 "4* . . .  “I" a2nxn ~~ b2 =  0

a n\x \ “I" a n2x 2 ~4 • • • ”4  Q-nnx n bn —  0 
which has a unique solution if the determinant D ^  0. It is as
sumed that the coefficients an (i = 1, 2, . . . . ,  n) are non-zero and 
greater than other coefficients in magnitude. To set up the system 
on the computer, it is transformed as

*i =  dn*i +  d,2*2+  ••• +  «i
x2 =̂ ^21*1 4  2̂2̂ 2 *4* • • • ”4 d2nXn *4“ ®2 (4.13)

xn3dnlxl +  dn2X2 *4 • • • “4 dnnxn *4 &n 
where. 4 lv*= d22=  . . .  =  dnn= 0 a,i

d u = ——J- (i is the No. of an equation 
au

and j is the No. of a term 
in each equation)
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The problem is then solved by adjusting the x<’s so as to satisfy 
Eq. (4.13). In solving Eq. (4.13), the computer will be stable if 
it contains an odd number of operational amplifiers. This will 
be the case if all coefficients of the variables above the principal 
diagonal are positive and those below the diagonal are negative.

A computer set-up with an odd number of opamps to solve a 
system of three equations of the form

X 1 — ^11*1 — ^12*2 — <f|3*3 “I" e\
*2 =  "b d2\X\ "t* 2̂2*2 — <̂ 23*3 "t* ®2
*3---- b 3̂1*1 +  +  (£33X3 -f  £3

is shown in Fig. 4.3. Here, du — ds2 =  ds$ — 0.

If the gains over all closed loops of the computer set-up are 
less than unity, an even number of opamps may be used.

4.2.2. Solution by transformation into a set of differential equat
ions (the characteristic equation method). The given set of al
gebraic equations

^ a „ X j — bt =  0 ( / =  1 ,2 .........n) (4.14)

is transformed into a set of ordinary differential (characteristic) 
equations of the form

£  aitxt — b( =  dxi/dt (4.15)
/-I

The process will be a damped one, and the system will be stable 
if the derivatives tend to zero for t-*- 00 that is, if

Urn x, (t) =  xtt + 00

The stability criterion is satisfied if all roots of the respective 
characteristic equation have negative real parts. In other words, 
after all transients die out, the steady-state values of the variabl
es xt satisfy Eq. (4.14), and it can be solved by the set-up for
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Eq. (4.15), in the ordinary manner. Otherwise the computer set-up 
yields unstable transient solutions *i(/), . . . .  xn(t).

If it is not known in advance which sign the real parts of the 
roots of the characteristic equation will have, special methods 
may have to be employed in transforming the system, Eq. (4.15), 
so as to obtain stable solutions.

4.2.3. Iteration (successive-approximation) method. The simple 
iteration method consists in that the system, Eq. (4.2), is trans
formed into a set, Eq. (4.13). Starting with arbitrary values, x f\  
for the variables and substituting them in Eq. (4.13), we obtain 
the first approximation

+  . . .  +
4» =  <V ?’ +  V f +  . . .  + V t f ’ +  «2 (4-16)

n̂2*20) (n-l)Xn-l en
The values, thus found are again substituted in the system, 
Eq. (4.13), to give a second approximation, etc. The process is 
repeated until the necessary degree of accuracy is obtained. The 
process will converge if the system, Eq. (4.2), satisfies one of the 
following inequalities

in which all terms vanish at i — /. The computer set-up suitable 
to implement simple iteration is the same as for solving by root 
adjustment.

A more refined technique is the Gauss-Seidel iteration method. 
With this method, a system of algebraic equations is written as

£<*</*/ — 6, =  e, ( /— l, 2.........n) (4.18)

For the values of the x<’s which are not the roots of the equation
n

'Tl a lix l +  b h e ^ O

The left-hand side of the computer set-up shown in Fig. 4.4 has 
implemented the system, Eq. (4.18), if the null detectors, NDit 
read zero, that is. if ei = .e j  =  . . .  =  e„ =  0. At that instant,
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the system (4.18) reduces to (4.3), and the values of x\, x3, . . .  
. . . ,  xn will be the roots of the equations.

4.2.4. Minimization method. Instead of adjusting one variable 
to make the error in one equation zero, as is done in the Gauss* 
Seidel method, the minimization method requires that all variables 
be adjusted simultaneously so that the sum of the absolute values 
of all errors, e<, be reduced to zero. For arbitrary values *<, this 
sum, or the error function is

. E l e , l = Z  !> < /* /-& <
i - 1 / - I  / « = !

(4.19)

When the e<’s vanish simultaneously, that is, ei =  62 =  . . .  =  
=  e„ =  0, the values of x{ will be the roots of the system, 
Eq. (4.2).

A complete computer set-up to solve Eq. (4.19) by the minimi
zation method appears in Fig. 4.4. Since the summing junction 
of the output amplifier is at virtual ground potential, a chain of 
diodes and sign inverters will only pass the positive values of e< 
to its input. The values of the input voltages xt are set in various 
combinations in a sequence of iterative steps, until the output 
voltage of the summing amplifier, 2s, is minimized to zero. This 
is an indication that

E l e , |  =  0
i-1

When this occurs, the input voltages will be proportional to the 
sought rooti xt. The value of Vout is displayed by a suitable meter. 
The computer set-up based on the minimization technique mark
edly simplifies the operator’s duty.



Part Two 
Electronic Digital Computers

Chapter V
Mathematical Basis of Digital Computers

5.1. General

5.1.1. Structure and basic parameters. In contrast to analog 
computers, digital machines operate on quantities represented as 
numbers. This Part will be concerned with program-controlled 
digital computers which differ from other digital machines in that
(1) they have a large-capacity memory or storage, and data are 
read into and out of this storage at a speed comparable with 
that at which the computer itself can operate; (2) problem solving 
is completely automated.

Input data and intermediate results in a digital computer are 
represented as finite strings of digits called words. In fact, the 
same method is used to represent not only the numbers involved 
in a problem, but also any alphabetic information (words, con
cepts, etc.). For this purpose, the characters of an adopted alphab
et are coded with digits. The number of digits in a word adopted 
for a particular digital computer is called its word size, and the 
word itself is referred to as a machine word or a machine code.

The process of problem solving on a digital computer is made 
up of a sequence of arithmetic and logical operations executed to 
a predetermined program which is based on a problem algorithm. 
An algorithm is a precise description of the manner in which a 
particular set of operations (a process of computation) must be 
carried out in order to solve any problem in a given class.

Numbers are represented as (coded with) electrical signals. 
In the case of binary representation (to be explained later), l ’s 
and 0’s are represented, by voltage or current pulses, voltage 
levels, etc, the presence of a pulse signifying a 1 and its absence, 
a 0. This method of data representation gives digital computers 
a marked advantage over analog computers, because the accuracy 
of computation is only limited by the range of digits in the 
numbers involved in a problem.

Any- 'preisent-day electronic digital computer has five major 
system components or functional sections:

(1) an arithmetic unit, AU, to perform arithmetical and logic
al operations;



128 Part Two. Electronic Digital Computers

(2) a memory or storage unit, SU, to store data and instructions 
for a problem;

(3) an input unit, INPUT, to enter information into the com
puter;

(4) an output unit, OUTPUT, to transfer information from the
computer;

(5) a control unit, CU, to interpret instructions to direct arith
metic and logical operations.

The actual set-up of a particular digital computer and the 
capabilities of its functional sections depend on applications.

Among the basic parameters describing the quality of various 
types of digital computer are (1) the speed of operation expressed 
as the statistical average number of operations performed by a

computer per unit time; (2) storage set-up, capacity (the num
ber of words that can be stored at a time) and access time (that 
is, the time required to write or read an individual data item into 
or from the storage); (3) set-up and speed of operation of input- 
output (I/O) devices; (4) word size; (5) the basic operations 
available (known as the computer instruction set); (6) the numb
er of addresses per instruction; (7) reliability in terms of the 
mean time between failures (MTBF); and (8) the average numb
er of operating hours per day, which includes the time a computer 
has been in the OPERATE (or SOLVE) condition, the DEBUG 
condition, or has operated trouble-free, et£.

The manner in which the functional units are interconnected 
and transfer of data is organized within a computer may be trac
ed by reference to its block diagram (Fig. 5.1). In the early 
models of electronic digital computers, all data read into or out 
of the computer were arranged to pass through the arithmetic 
unit (Fig. 5.1a). In later models, the flow of data was through 
the storage'units (Fig. 5.16). As a result, I/O operations could 
be carried out at the same time with data processing in the 
arithmetic unit. As a further improvement, the computer structure

INPUT OUTPUT INPUT OUTPUT INPUT OUTPUT

Fig. 5.1
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was expanded to include several storage units differing in capa
city and access time. This provided a still larger scope for the 
various units to operate simultaneously, thereby enhancing the 
speed of the computer as a whole. For example, the arithmetic 
unit could use a small-capacity storage unit having the shortest 
access time of all and a medium-capacity, medium-access time 
storage unit, while the I/O devices could employ large-capacity 
storage units with a long access time. In present-day machines, 
such as the Soviet-made B9CM-6, the flow of data and instructi
ons are organized by a dispatcher (Fig. 5.1c). With a dispatcher, 
the computer can handle several problems at a time, thereby 
improving the utilization of computer equipment, and computer 
throughput. The term dispatcher applies to the computer program 
and to the physical device (or devices) executing it.

5.1.2. Instructions. Automatic problem solving. A digital com
puter solves problems automatically in response to instructions. 
An instruction is a piece of information arranged as a string of 
digits of a standard length, called a word, which tells the com
puter what to do and how. One instruction will cause the computer 
to execute one operation (which may be arithmetic, transfer, etc.). 
An algorithm for problem solving arranged as a schedule of 
instructions is called a program.

The program and the input problem data represented as machine 
words (in most cases, the words representing instructions and 
input numbers have the same size) are put into the respective 
locations of the storage unit. To distinguish one storage location 
from another each is assigned a number, called an address.

An instruction word consists of two groups of digits. One group 
represents the operation code (operation No.) and the other, the 
address of the word on which a given operation is to be carried 
out (the operand address).

After the requisite instructions and input numbers have been 
loaded into the storage unit of a digital computer, the process of 
problem solving reduces to a number of cycles, with one instruct
ion of the program being executed within each cycle. In the case 
of a three-address instruction set, a standard operating cycle to 
perform an arithmetical operation will involve the following 
steps:

(1) An appropriate instruction is fetched from the storage unit 
to the control unit.

(2) The first word located at one of the addresses in the in
struction wprd (say, the first operand address) is transferred from 
the storage to the arithmetic unit.

(3) The second word located at the second operand address 
in the instruction word is transferred from the storage to the 
arithmetic unit.

1I--3525
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(4) The words transferred from the storage are operated upon 
as prescribed by the operation code in the instruction residing 
in the control unit.

(5) The result of the operation is transferred to the storage to 
be located at the third (result) address given in the instruction.

To make problem solving completely automatic, it is important 
that the instruction next following the first instruction in the 
program should automatically be transferred to the control unit. 
This can be done in any one of three ways:

(a) by writing the instruction words of a program in the same 
order as they are to be executed into storage locations with 
addresses consecutively incremented by unity. Then the next in
struction address will be generated by adding unity to that of the 
previous instruction;

(b) by using an unconditional transfer instruction (a jump 
instruction). This instruction specifies the next instruction to be 
obeyed by the address of the storage location in which it is held. 
An unconditional jump instruction should be used in cases where 
some segments of a program must be repeated several times;

(c) by using a conditional transfer instruction (a branch in
struction). It enables the computer to decide, at any stage during 
a computation process, which of two (or more) alternative in
structions it will obey next, depending on some criterion to be 
satisfied by the previous instruction. If this criterion is not met, 
the next instruction address will be generated according to (a) 
above. A conditional transfer instruction is used when a computat
ion branches, subject to some conditions.

It is worth while stressing a very important advantage of 
digital computers — the ability automatically to modify instructi
ons at any stage in a computation. This is a change in an in
struction address such that a routine containing the instruction 
will be repeated on a different number each time. This can be 
done because both numbers and instructions are represented in 
coded form by machine words, and both can be operated upon 
alike. The ability to modify the address part of instructions mar
kedly reduces the number of instructions needed for cyclic com
putations and, as a consequence, the storage capacity required 
to store them.

5.2. Arithmetic Principles
5.2.1. Number systems and their use in electronic digital com

puters. A number system is a set of symbols and rules intended 
to represent numbers. The many number systems may be classed 
into two broad groups, positional and nonpositional. Although the 
oldest of all, nonpositional number systems have nearly comple
tely been replaced with systems using positional notation.
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In positional notation, a number is represented by a sequence

in which the value of each digit, depends on its position in 
the sequence.

Any number in a constant-radix positional number system may 
be represented as

where q =  radix (or base) of the number system 
xk =  digit in the £th position, or £th digit 
m =  total quantity of digits in the number 
n =  exponent of the number 
*o =  sign digit

The radix (or base) gives the number of distinguishable sym
bols, or digits, used in the representation. It also gives the num-. 
ber by which the weight of a position in the representation must 
be multiplied to obtain the weight of the next more significant 
position.

In order to represent any n-digit number (less its sign charac
ter) in an electronic digital computer, one needs either n physical 
elements each with q stable states, or nq elements with only two 
stable states. Assuming that the physical elements for any number 
of steady states are identical in terms of performance (reliability, 
speed, size, cost, etc.), the least amount of equipment for a digital 
computer in the former case would be needed with a number 
system having the highest practicable number of steady states, q. 
Unfortunately, existing components with more than two stable 
states (decade counter tubes, stepping relays, etc.) suffer from 
a number of important drawbacks (large size, low speed, insuf
ficient reliability).

Instead of the usual decimal notation, electronic digital com
puters mostly use the binary number system. A major advantage 
of the binary number system is that it can readily be adapted to 
implementation in a computer and also that Boolean algebra 
(formal logic) can advantageously be used for the analysis and 
synthesis of various computation schemes. A serious limitation 
of the binary representation is the need to convert input data 
from the decimal to binary notation and output data back from 
the binary.,to decimal representation.

In -a'&dttion to the binary representation, electronic digital 
computers use the octal and hexadecimal number systems, mainly 
for program writing. This is because an octal or a hexadecimal 
number is much shorter than the respective binary number. Also.

of digits
X =  xlx2x3 . . .  xk . . .  xn

9*
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binary code can be directly converted into octal or hexadecimal 
form, because the radices in the octal and hexadecimal notation 
are integer powers of two.

5.2.2. Conversion of a number from one number system to 
another. In order to convert an integer N expressed in the radix 
p to a number system in the radix q, the number must consecutiv
ely be divided by the radix q until the last quotient is less than 
q. Then in the system to the radix q, the number N will be pre
sented as an ordered set of residuals, the most significant digit 
in N being the last quotient.

Example 1. Convert 95 decimal into the binary system. The 
decimal number is consecutively divided by 2:

95 |2 |2
8 47 _  23 1 2
15 4 2 11 1 2
14 7 3 10 5 | 2
1 "  6 “  2 1 — 4 2

1 1 1 “  2 | 2
0 1

(The arrow shows the direction in which the number should be 
read.) Thus, the binary equivalent of 95 decimal is 1011111.

In converting a fraction expressed in the radix p to a number 
system in the radix q, the fraction is consecutively multiplied by 
the radix q, only the fractional part being multiplied at each step. 
In the <7-nary system, the fraction will be represented by an 
ordered sequence of the integer parts of the products, where the 
most significant digit is the first digit of the product.

Example 2. Convert 0.8125 decimal to binary form. The fraction 
is consecutively multiplied by 2:

s /0. 8125 
x  2 
w  1.6250 
x  2 

* v /1 .2500 
x  2 
^ 0. 5000 
x  2

1.0000
(The arrow indicates the direction in which the number should 
be read.) Thus, the binary equivalent of 0.8125 decimal is 0.1101. 

In the case of a mixed decimal number, it is first separated
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into the integer and fractional parts, and each part is then con
verted as already explained.

5.2.3. Fixed-point and floating-point representations. In elec
tronic digital computers, numbers can be represented in any one 
of two forms: natural (fixed-point) or semilogarithmic (floating
point). In each case, the and ” signs are coded with a 
0 and a 1, respectively, the sign bit being the first bit in the 
number.

In a fixed-point computer, the decimal point for all numbers 
(operands and results) remains always in a fixed position so 
that the exponent, m, remains unchanged. As a rule, fixed-point 
computers are arranged to have m =  0, that is, the numbers the 
computer has to deal with will lie in the range 1 >  x >  — 1 
(these are so-called digital numbers). In the computer, a fixed- 
point number will be represented by a sequence

* 0 * l * 2 * 3  • • • * / »

where x0 is the sign bit. The code of a positive number
x =  0.x,*2*3 . . .  xn

is identified with the number itself.
Negative numbers may be stored in any one of three ways (only 

binary numbers will be considered):
(1) In sign and magnitude notation: 

a negative number
x =  — 0.x,x2x3 . . .  x„

is represented as
[x]i =  I.X1X2X3 . . .  x„

In this notation, two representations of zero are used:
[+  0], =  0.000 . . .  0 
[—0], =  1.000 . . .  0

with the “1” on the left 6f the point indicating a negative 
number.

(2) In 2’s complement notation, a negative number
X =  — 0.X,X2X3 . . .  xn

is represented as
[x]2=l.x,'x$X3 . . .  x;

where binary point is followed by the l ’s complement of 
| x j, if x <  0, with “1” added in the least significant position. 
With this representation, only one form is used for zero

[0]2 =  0.000 . . .  0
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Example:
x =  -  0.11001, [x]2=  1.00111

(3) In l ’s complement notation, a negative number 
X =  — O.XiX&s . . .  xk . . .  xn

is represented as
[x]3=  1.x,x2*3 . . .  xk . . .  xn

where
1**1 =  1 — **

Example:
x  =  -0 .001101 , [x]3 =  1.110010 

In l ’s complement form, two representations are used for zero:
1+  0]3 =  0.000 . . .  0
[ _ 0 ] 3= 1 .111  . . .  1

Advantages of the fixed-point representation are the simplicity 
with which arithmetic operations can be carried out and the 
relatively simple computer set-up required. Among the disadvan
tages are the difficulty in fitting scale factors in order to fit all 
numbers into the range of bit positions available, variations in 
accuracy with word size, and a limited range of numbers.

In the floating-point representation, a number is represented by 
an exponent, which is a variable quantity and a fractional part 
(mantissa or magnitude) of the number. Inside a computer this 
number will be written as

yoy^yi yP, *0*1*2% ••• *«
where yoy^ys . . .  yP is the representation of the exponent, y0 
is the sign bit of the exponent, x0*i*2*3 . . .  *n is the mantissa of 
the number, and x0 is the sign bit of the number. The sign bit 
and the most significant bit are usually made unequal, and the 
magnitude is kept within the range ±0.5 <  * <  ± 1 . Such num
bers are referred to as normalized •numbers, and the process of 
reducing all numbers to this form is called normalization.

The mantissa of a number may be represented in sign-and- 
magnitude, 2’s complement and l ’s complement form. The expo
nent may be represented in l ’s complement or 2’s complement 
form, because the only operations performed on the exponents are 
those of addition and subtraction.

Among the advantages of the floating-point representation are 
an extended range of numbers, the same percent error for all 
numbers arid, as a consequence, an improved accuracy. Among 
the disadvantages are a greater count of components needed and 
a more elaborate computer set-up.
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5.2.4. Binary coded decimal representation. A group of four 
binary digits (or bits) known as a tetrad can be used to represent 
one decimal digit. The result is a mixed representation called the 
binary-coded decimal (BCD) representation. It combines the ad
vantages of the binary and decimal number systems.

Of all BCD codes, electronic digital computers have been using 
three: the 8421 code, the 2421 code, and the excess-3 (8421 ±  3) 
code.

The 8421 code (Table 5.1) is also known as a natural-weight 
code. In this code, any decimal digit is represented by its binary 
equivalent. This system is used most in I/O devices.

Table 5.1

The 2421 and 8421 ±  3 (excess-3) codes have a distinction in 
that any decimal digit and its 9’s complement are represented by 
mutually complementing tetrads. This feature provides a simple 
way to obtain 9’s complements by inverting the bits of a tetrad. 
These systems are used in adders in order to perform the operat
ion of subtraction as the addition of .the minuend and a number 
which is the 10n complement of the ’subtrahend (where n is the 
number of digits in the subtrahend).

Apart from the 4-bit BCD codes, there are also 5-bit, 6-bit and 
8-bit BCD codes. A very valuable advantage of these systems is 
their ability to detect coding errors. For example, with the so-cal
led biquinary code in which each decimal digit is represented by 
five bits containing two l ’s and three 0’s, the appearance of one 
or two JL’s^s an indication of an error.

5.2.5. Columnwise (blt-by-bit) operations. Some operations in 
a digital computer can be performed bit-by-bit (or columnwise), 
that is on the like digits or columns of different numbers, inde-
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pendently of adjacent digits or columns. Consider these operat
ions.

(1) Complementing columnwise. In this operation, a sequence 
XqX\X2 . . . x k . . .  xn is transformed into another sequence which 
is its complement, *0*1X2 . . .  Xk . . .  x”, where x* =  1 — x*.

(2) Taking the sum of two numbers columnwise. This operation 
consists in taking the modulo 2 sums of the digits in the same 
positions in different numbers according to the rule:

0© 0  =  0, 0 ©  1 =  1, 1© 0 =  1, 1 © 1 = 0
where the ©  sign symbolizes the operation of taking a modulo 
2 sum.

(3) Columnwise logical addition. This operation consists in 
taking the sums of the digits in the same positions in two different 
numbers according to the rule

0 V 0  — 0, 0V 1  = 0 ,  1 V 0  =  1, 1V 1 =  1

where the V sign symbolizes logical addition.
(4) Columnwise logical multiplication. This operation consists 

in taking the products of the digits in the same positions in two 
different numbers according to the rule

0 A 0  =  0, 0 A 1 = 0 ,  1 A 0  =  0, 1A1 — 1

where the A sign symbolizes logical multiplication.
Complementation columnwise is used to obtain negative num

bers in l ’s complement form. The modulo 2 sum can be taken 
to compare two numbers. Bit-by-bit logical addition and multi
plication is used to modify instructions and numbers.

5.2.6. Addition and subtraction of fixed-point numbers with an 
arbitrary sign. We shall consider digital numbers, that is, those 
lying in the range —1 <  x <  1. When adding together numbers 
in 2’s complement representation, the binary carry must be added 
out of the most significant position of the number into its sign 
bit. There is no binary carry out of the sign bit. The sum is like
wise in 2’s complement form, provided |x +  y | <  1. For example,

* =  0.1001 . M2 =  0.1001
y =  — 0.0101 +  W2= 1.1011

[* +  «/]2 =  0.0100

II 
II

1 
1 

o 
©

l
l + Ms =  1.0111

friz =  u o n
[x +  y] 2= 1.0010

When adding together numbers in l ’s complement representat
ion, an end-around binary carry must be added out of the sign
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bit into the least significant bit. The sum is likewise represented 
in I’s complement form. For example.

x =  0.1101
y =  -0 .0101

* =  - 0.1001 
=  _  0.0101

+ [*]3 =  0.110l 
[y].,= 1-1010

10.0111 [* +  y]3 =  0.1000
I_____*

+ [ * ] 3 = i . o n o

[j/]3=  1.1010
11.0000 [x -f y]3 =  1.0001
I_____+

The sum of two positive or two negative numbers may be great
er than one in absolute value, which is more than the computer’s 
range of numbers can accommodate. Such an overflow situation 
may cause the loss of significant digits in the result. An indication 
of overflow is the appearance of a 1 in the sign bit in the sum of 
positive numbers, or a 0 in the sum of negative numbers. Howe
ver, overflow detection on this basis is inconvenient because the 
operator has to remember the sign digits of the operands. The 
most commonly used overflow detection feature consists in repre
senting the sign of a number with two bits, a “+ ” sign being 
coded as 0’s and a *%-” sign as l ’s in both bit positions of the 
sign. This procedure is known as modified coding or representat
ion. Accordingly, there* is a modified 2’s complement represen
tation and a modified l ’s complement representation. For modified 
representations, an overflow indication is the appearance of 01 
or 10 in the sign position. For example,

* =  0.1001 .[* ]2 =  00.1011 * = -0 .1 0 1 1  ,[* ]2=  11.0101
y =  0.1001 ~ r [y]2 =  00.1001 y =  — 0.1101 +  [y]2=  11.0011

01.0100 10.1000

In the first and second examples, two unlike digits, 01 and 10, 
appear in the sign positions. Thus, an overflow situation has 
occurred.

Subtraction of fixed-point numbers with an arbitrary sign can 
be carried out by changing the sign of the subtrahend and adding 
together the operands.

5.2.7. Addition and subtraction of floating-point numbers with 
an arbitrary sign. Addition or subtraction of floating-point num
bers having the same exponent does not differ from the similar 
operations.,on fixed-point numbers. If, however, the floating-point 
numbers*differ in exponents, that with the smaller exponent must 
be altered to have the same exponent as the other before proceed
ing with addition or subtraction.



138 Part Two. Electronic Digital Computers

The sum or difference of floating-point numbers may be less 
than 0.5 or greater than 1; that is, the number part of the result 
may lie outside bounds on the right or left, respectively. When 
this happens, the result must be shifted, or normalized, left or 
right, and its exponent altered.

An indication that the result needs shifting or normalization to 
the right is 01 or 10 appearing in the sign bits of the number. An 
indication that the result needs normalization to the left (for 
numbers in l ’s complement or 2’s complement form, regular or 
modified) is 0.0 or. 1.1 appearing in the least significant bit of 
the sign and in the most significant digit of the fractional part. 
• Example 1. Add together x =  23 X  0.1101 and y =  24 X  0.1010.

Before the numbers can be added together:
(1) alter them to make their exponents the same:

* =  00.01101 X 2< 
y =  00.10100 X  24

(2) take the sum of the magnitudes
. 00.01101 

+  00.10100
01.00001

The result extends beyond bounds on the left. After the result 
is normalized by shift to the right and its exponent is incremented 
by one, we get

* +  0 =  00.100001 X 26

Example 2. Add together two numbers in 2’s complement re
presentation:

Given:
* =  0.1101 X 2 4: 0 =  —0.1010X 2 4 

[*]2 =  00.1101 X 2 4 
[0k =  ll-OHO X 2 4 

[*+«/]2 =  00.0011 X  24
The result extends beyond bounds on the right. After the result 

is shifted to the left and the exponent altered, we get
l*  +  0l2 =  O . l l O O X 2 2

5.2.8. Taking the product of fixed- and floating-point numbers.
In a digital computer, the multiplication of binary numbers is 
accomplished by the combined operations of addition and shifting. 
Taking the product of two numbers is controlled by the digits of 
the multiplier.

If a bit of the multiplier is 1, the multiplicand is shifted as 
many places as may be necessary and added to the partial pro-
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duct. If a bit of the multiplier is 0, the multiplicand is not added. 
In most cases, electronic digital computers perform multiplication 
on numbers in the sign-and-magnitude representation. The choice 
of procedures for. multiplication is summarized in Table 5.2.

Table 5.2

S t a r t  o f m u lt ip l ic a t io n
P ro c e 
d u re

D ire c t io n  o f s h i f t

fo r m u lti
p lic a n d

fo r m u lti 
p l l e r

fo r  sum  o f p a r t i a l  
p ro d u c ts

From least significant 1 stationary right right
digits of multiplier 2 left right stationary

From most significant 3 stationary left left
digits of multiplier 4 right left stationary

Consider procedure 1, often employed in electronic digital com* 
puters. Let the multiplicand be x — 0.10100 and the multiplier, 
y =  0.11001.

Adder Multiplier

,0.00000
“*"0.10100

11001 Send x to adder

0.10100 
0.01010 
0.001010 

+  0.0001010 
0.10100

11001 Shift right one place. 
01100 Shift right one place 
0110 Shift right one place 

011 Send x to adder

0.10110100 
+  0.01011010 

0.10100

11 Shift right one place 
01 Send x to adder

0.111110100
0.011111010
, v.r

1 Shift right one place 
0 Product

An advantage of the multiplication procedures in which the 
sum of partial products remains stationary is that the multiplicand
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and multiplier can be shifted and the operation of addition per
formed during the same clock time.

Where the product is to have m, and not 2 m digits, it is 
advantageous to use procedure 4 (see Table 5.2); it involves a 
smaller count of equipment and a shorter multiplication time. 
This is because instead of 2m digits the adder and the multiplic
and register need to have m +  n digits. Here, n is the number of 
additional digits that must be provided to give the desired ac
curacy and to accommodate the multiplicand and multiplier bits 
(for m =  15 and an error of not over one bit, n =  4). The sign 
of the product is obtained by taking the modulo 2 sum of the 
sign bits of the operands.

In floating-point multiplication, in addition to taking the pro
duct of the numbers and the sum of their sign bits, one has to 
find the exponent of the product and normalize the result. The 
exponent of the product is found by adding together the exponents 
of the operands.

5.2.9. Division of fixed- and floating-point numbers. In electron
ic digital computers, division is done by the combined operations 
of subtraction, addition and shifting. The sign of the quotient is 
obtained by taking the modulo 2 sum of the sign bits of the 
dividend and divisor. At least two ways exist for performing it, 
respectively known as restoring division and nonrestoring divi
sion.

In restoring division of numbers stored as sign and magnitude, 
the algorithm is as follows:

(a) the dividend must be smaller than the divisor (for fixed- 
point computers). Shift the dividend one place left and subtract 
the divisor from the shifted dividend;

(b) if the difference is greater than zero, the first digit of the 
quotient will be a 1; if the difference is less than zero, the first 
digit of the quotient will be a 0. After subtraction, in the former 
case, the remainder is shifted left one place and the procedure is 
repeated, starting with step (a). In the latter case, the divisor is 
added to the remainder before shifting. With restoring division, 
two.operations of subtraction and addition are required to obtain 
one digit in the quotient.

In nonrestoring division, the algorithm is as follows:
(a) the initial steps are the same as in (a) and (b) for restor

ing division;
(b) the difference is shifted left one place. If the remainder is 

positive, subtract the divisor from the shifted remainder. If the 
remainder i& negative, add the divisor to the shifted remainder. 
With nonrestoring division, only one operation of addition or 
subtraction is needed to obtain one digit of the quotient.
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Example. Divide 0.10011 by 0.11010.

The dividend is x =  0.10011, the divisor is r/ =  0.11010

[ _ 0]2=  11.00110

Adder Quotient
register

00.10011 
01.00110 

+  11.00110

00000 Shift left one place 
0000— Send [— y ]2 to adder

00.01100 
00.11000 

+  11.00110

00001 Shift left one place 
0001— Send [— y\% to adder

11.11110 
, 11.11100 

^  00.11010

00010 Shift left one place 
0010— Send y to adder

00.10110
,01.01100

11.00110

00101 Shift left one place 
0101— Send [— 1/I2 to adder

00.10010 
,01.00100 

^  11.00110

01011 Shift left one place 
1011— Send [— y]2 to adder

00.01010 10111

The result is x/y — 0.10111, the remainder is 0.01010 X 2-s.
For floating-point numbers, in addition to dividing their mag

nitudes and finding the sign of the quotient, division involves 
finding the exponent and normalization of the quotient. The ex
ponent of the quotient is found in the exponent adder by sub
tracting jh$>exponent of the divisor from that of the dividend. The 
procedure' starts with finding the units digit prior to shifting by 
the rules defined above. If the units digit is a 1, the quotient must 
be normalized by shifting it right after division.
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5.2.10. Round-off. Shifting a number right may yield a result 
too long for the computer to store, and the number may have 
then to be truncated, which involves the loss of the least signi
ficant digit. This truncation error is less than a 1 in the least sig
nificant digit place of the result. To minimize this error, it is the 
usual practice to apply a round-off correction. For this purpose, 
a digit place is added to the right of the last place to be retained 
in the adder. After a number has been shifted right, a 1 is added 
to or subtracted from the extra digit place, according to the 
number representation. For a number in 2’s complement form, a 
1 is added always; for a number in l ’s complement form, a 1 is 
added if the sign bit of the number in the adder contains a 0, 
and it is subtracted if the sign bit contains a 1. This round-off 
correction reduces the truncation error to one-half of a 1 in the 
last significant digit of the result.

5.3. Switching Circuits and Boolean Algebra
5.3.1. Switching circuits defined. All digital computer compo

nents are examples of digital or switching circuits with a vary
ing degree of sophistication. In the analysis and synthesis of 
such devices, use is made of the theory of finite-state machines or 
automata. In this book, only the most important aspects of this 
theory essential to a proper understanding of operation and des
ign of switching circuits for digital computers will be given in 
Chapters 5 and 6.

Before going any further, some concepts and definitions must 
be introduced. A switching (or digital) circuit is defined as a 
device intended to process digital information, ideally having at 
its input and at its output terminals signals that may each have' 
one of just two possible values.

Switching circuits may be grouped into two broad classes, 
sequential circuits and combinational circuits. The former have 
more than one internal state, and the latter only just one internal 
state. Sometimes they are called switching circuits with and wit
hout memory, respectively. The latter are also called ‘primitive 
circuits’.

Practical switching circuits are finite-state. This indicates that 
they have a finite set of input and output signals, a finite number 
of input and output channels, and a finite number of internal 
states.

Switching circuits operate at discrete time intervals known as 
digit times, T. At each digit time, precisely one signal (digit) is 
applied to the input and precisely one signal is available at the 
output of a switching circuit, associated with a particular inter
nal state. Depending on how the internal state is allowed to
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change with time, switching circuits may be divided into synchro
nous and asynchronous. Synchronous switching circuits are al
lowed to change state in synchronism with clock pulses from an 
interna) or external clock generator which generates these sig
nals at T — constant. For asynchronous switching circuits T =̂= 
=/= constant, that is, each individual element proceeds at its own 
speed upon arrival of an input signal, and a change of state oc
curs while the state of the input remains unchanged. For idealiz
ed switching circuits, that is, ones in which transients are ignored, 
the difference in actual values of T is immaterial for proper funct
ioning. Therefore, in describing the behaviour of switching cir
cuits one introduces an abstract switching time which can take 
on nonzero integer values, t — 0, 1, 2, . . .

The specification of a switching circuit calls for knowledge of 
three alphabets: input alphabet, X =  [jti, x2......... jem]; output al
phabet, Y =  [yi, t/2, . . . .  yn\, and state alphabet, A =  [ao, ai, 
a2, . . . .  ar]. Then, the law governing the behaviour of a switching 
circuit may be defined as

where f =  transition function of the switching circuit 
<p =  output function of the switching circuit 

a0 =  initial state of the switching circuit 
a (f) =  state at time t 
x (/) =  input at time t 
y (/) =  output at time t 

Switching circuits whose behaviour is governed by Eqs. (5.1), 
(5.2) and (5.3) fall under the category of Mealy automata. In 
contrast, there are switching circuits whose output signals are 
solely determined by the internal state of the circuit and are 
independent of the magnitudes of input signals. They fall under 
the category of Moore automata.

Most commonly, switching circuits are specified by describing 
their terminal action with the aid of transition (or flow) tables 
and state tables (Tables 5.3 and 5.4). These tables represent the 
mapping of a set out of the input alphabet into a set out of the 
output alphabet. That is, for any input word out of the input 
alphabet tfyere will be a certain definite word out of the output 
alphabet/Each time an input word is to be applied to a switching 
circuit it is reset to the initial state. As an example, in the case 
of the switching circuit specified in Tables 5.3 and 5.4, an arbit-

a ( t+  1) =  /  [a (0 , x(t)] 
y(t) =  <f>[a(t), *(/)] 

a (0) =  Oq

(5 . 1)

(5.2)

(5.3)
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Table 5.3 Table 5.4

n. a a0 <Xf fl2 a%
a

00 a, az a%
X N x \

X\ 02 02 03 03 Xi y\ y2 y2 y2

*2 01 03 02 0o X2 y\ y\ y3 y\

rary set of input signals, X|Xix2*i*2*i*2*2*i> will be mapped into 
the following sets of states and output signals:

fl(l̂ 2®3®0̂ 2̂ 2®3®0̂ l
* /l* /2 * / l* / l0 3 * /2 l / l0 l f /2

If two digital (switching) circuits having the same input and 
output alphabets produce the same mapping of a set out of the 
input alphabet into a set out of the output alphabet, the circuits 
are said to be equivalent.

5.3.2. Boolean functions. Basic concepts and definitions. In 
most cases, electronic digital computers use binary alphabet as it 
greatly simplifies the development of block and flow diagrams. 
Since information is presented in binary (bivalued) form, it has 
been found convenient to employ Boolean algebra in the analysis 
and synthesis of the fundamental logical circuits in digital com
puters.

What are then a Boolean (bivalued) variable and a Boolean 
(bivalued) function? Boolean, or bivalued functions xit X2, . . . ,  xn 
are variables which only take two values called “true” and “false” 
or, more simply, “1” and “0”. The values of a Boolean variable 
form a set symbolized as xit x2, . . . ,  . . . .  xn (where x{ may
be a 0 or a 1).

A Boolean or bivalued function of two binary variables is a 
function which takes only two values, “1” and “0”. The domain of 
a Boolean function is finite, because the arguments of the funct
ion are bivalued. The total number of sets of binary arguments 
for which a Boolean function is defined is 2".

Any Boolean function may be specified by giving its truth table 
(Table 5.5) which gives the binary value of the function (on the 
right) for each combination of binary variables (on the left). The 
term ‘truth table’ reflects the fact that if l’s are identified with 
true sentences and 0’s with false ones, the table will prove or 
disprove the validity of a complex sentence depending on whether 
the constituent sentences are true or false. It can be easily seen 
from the construction of the truth table that n independent va-
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riables lead to 22" Boolean functions. By induction, this may be 
proved as follows. A single set of’ independent variables leads to 
two Boolean functions, two sets to 22, k sets to 2 \  and finally 2n 
sets, 22" Boolean functions.

Table 5.5

*1*2*3* *•*n-ixn f (*j» *3* • •

000. ..00 /o(*l. *2. X3, . . . , X„~l, Xn)
000. ..01 f 1 (*1. *2, X3, . . . , xn-u  xn)
000. ..10 M *  1. Xi, X.......... , Xfi)

Oil. ..11 f2n-.t (Xl, x3, x3. . . . .  Xn-1, Xn)
111. ..11 h n- i  U i. x2, x3. . . . .  Xn-u Xn)

In the analysis and synthesis of circuits for electronic digital 
computers, wide use is made of Boolean functions of one and two 
variables. One variable leads to only four distinct Boolean funct
ions. Their truth tables are combined in Table 5.6.

Table 5.6

X 8 i * 3 g i

0 0 0 1 ,

1 0 1 0 1

As is seen, the functions gi and g< are constants 0 and 1, respec
tively, and the function g2 repeats the value of the variable x, 
that is, g2 =  x. The function g3 is commonly called not, negation 
or complementation, and is symbolized as x, that is, g3 =  x.

Two variables lead to a total of 16 Boolean functions 
(Table 5.7).

Table 5.7

Xt x2 f a f. f s  ’ f i f« u u fi h H h o fu f 12 f » f o f l i

0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1
0 1 0 , 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1
1 0 - fr 1 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1
1 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1

10-3525
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These sixteen functions include the so-called degenerate 
functions:

fo (*i.*2) =  0> trivial (no dependence on the inputs)
/i5(x,, x2) =  1, trivial (no dependence on the inputs)
f3 (Xi, x2) =  JCj, special case (depends on one input)
f5 (x\, x2) =  x2, special case (depends on one input)
fn(xi> x2) =  x, complement of x x 

x2) =  X2 , complement of x2

The remaining ten functions of two variables, along with their 
symbols and names, are presented in Table 5.8. Using functions 
of one or two binary variables, called elementary logical functi
ons, and the superposition principle, one can readily derive any 
other Boolean function.

Table 5.8

F u n c t i o n N a m e
A lg e b r a i c
n o t a t i o n T o  b e  r e a d  a s

h ( x  1. * 2) Conjunction *1*2 x t and x 2
h ( x  1. * 2) Disjunction *1 V *2 x t or x 2 (or both)
M * i ,  * 2 ) Exclusive disjunction *1*2 V *1*2 * 1  or x 2 but not both
f t ( x  1, X2) Pierce function (dual 

stroke)
*1*2 Neither x x nor x2

M *  1, Xi) Equivalence *1*2 V *1*2 X\ if and only if x2
f  11 (•*!. * 2) Implication *1 V*2 if x 2 then x x
f u ( x  1, x 2) Sheffer function (stroke) *1 V*2 Not both X\ and x 2
f i(X  1, x 2) Inhibit on x 2 *1*2 Not if x x then x2
f*(Xi, X2) Inhibit on X\ *1*2 Not if x 2 then x x
f  13 ( A , .  X2) Implication *2 V *1 If jci then x 2

Treating Boolean functions of one or two variables as operati
ons on the set of all Boolean functions, we can construct different 
other Boolean algebras. In our further exposition, we shall be 
interested in a two-element Boolean algebra with three binary 
operations of negation, conjunction (multiplication) and disjunct
ion (addition).

5.3.3. Boolean expressions. Basic laws. Boolean functions can 
conveniently be described algebraically by Boolean expressions. 
This involves the use of certain symbols. In addition to the sym
bols of the three basic binary operations of negation, conjunction 
and disjunction, there are the lower-case letters from the end of 
the alphabet like x, y and 2 (together with appropriate subscripts) 
to designate variables, the constants 0 and I, and a pair of 
parentheses, ( ).
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A Boolean expression, defined below, is « finite string of the 
symbols listed above and meeting the definition of a Boolean ex
pression. Boolean expressions are:

(a) Boolean variables x, y, z ..........
(b) The constants 0 and 1.
(c) If A and B are expressions, then so are (A V  B), {A A  B) 

and A.
For example, ((xi A x 2)V  x3) A (x4 A x s) is an expression, but 

(A A  B ,V  A) is not.
Extra parentheses can often be dropped by the convention that 

a negation is weaker than a conjunction and a conjunction is 
weaker than a disjunction.

Boolean expressions are equal (equivalent), if the functions 
assigned to them are equal, that is, if the functions take on the 
same values for every combination of assignments or values for 
the variables.

There are certain axioms, laws and theorems by which identical 
transformations can be carried out on Boolean expressions. Some 
of them are stated below:

(1) Axiom of double-negation:
x =  x (5.4)

(2) Axiom of commutativity of disjunction and conjunction
x, V *2 =  x2 V x, '

XiX2 =  X2X1 ' ’ *
(3) Axiom of associativity of disjunction and conjunction

x, V (x2 V x3) =  (x, V x2) V x3

(4) Axiom of distributivity
x,(x2 V x3) =  x,x2 Vx,x3 

x, V Xjx3 =  (x, V x2) (x, V x3)
(5) De Morgan’s laws or theorems

(5.6)

(5.7)

Xi V x2 =  X[X,
=  x, V *2

(6) Axiom for operations on the constants 0 and 1:

(5.8)

0 = 1, 1 =  0 
x • 1 =  x, x • 0 =  0 
x V 0  =  x, x V 1 =  110*

(5.9)
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(7) Axiom for operations on a variable and its complement
x  V x =  1 

x x  — 0 (5.10)

The above axioms and laws can be proved by consecutively 
substituting all assignments or values for the variables in the 
relations.

The following important relationships or tautologies can be 
deduced from the above axioms and laws.

(1) Absorption
*i V xlx2 =  xl 

*i(*i V x2) =  xt (5.11)

(2) Idempotence of disjunction and conjunction
x V x = x  

xx =  x (5.12)

(3) From de Morgan’s laws and using mathematical induction, 
any Boolean expression formed with the operations of conjunction, 
disjunction and negation can be negated by replacing the argu
ments in the original expression with their negations and by ex
changing the symbols of conjunction and disjunction.

(4) By the second axiom of distributivity,

*i V  *1*2 =  * i V  *2 (5 . 13)

5.3.4. Forms of Boolean functions. In Boolean algebra it is 
proved that any Boolean function, except the function f — 0, can 
be expressed in terms of conjunction, disjunction and negation as 
follows

2 == f *2» • • •» • • •» == V *i,*2* * * * ■*** • " • *fi*
where x°kk is the common designation for the argument xk and 
its negation **, such that

°k =  (  **for<T*==1
*k X xk for or* =  0

In Eq. (5.14), logical addition is performed for those sets 
at, a2, . . . .  on for which f(ai, a2, . . . .  on) =  1. This form is called 
the (expanded) disjunctive normal form. The terms of the expand
ed disjunctive normal form are called basic conjunctions or min- 
tenns.

A Boolean function specified in tabular form may be expressed 
in its expanded disjunctive normal form as follows: the orderings 
of the variables for which the function is true, that is, equal to
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unity, are selected from the table; for each set of variables a con- 
junction is.written up, such that *°‘x°* . . .  x°nn; then the conjunc
tions are linked together with the disjunction connective to give 
the expanded disjunctive normal form of the function.

Example. Expand the function specified by Table 5.9 into its 
disjunctive normal form.

Table 5.9

XL Xt X j f (xlt x2, X3)

0 0 0 0
0 0 1 1
0 1 0 0
0 1 1 I

1 0 0 0
1 0 1 1
1 1 0 1
1 1 1 0

Recalling the rule stated above, we obtain
Z  =  X XX2X3 v  *,*2X 3 V  *1*2*3 V  *1*2*3 

As an alternative, a Boolean function may be expressed in the 
expanded conjunctive form. In this case, one forms a conjunction 
of those basic disjunctions of its variables for which the function 
is true. For the function f(x 1, * 2, * 3) discussed above, its con
junctive normal form expansion will be
z =  /(*i, *2, *3)

=  (* , V  *2  V  * 3) (*1 V  *2  V  * 3) (*1  V  *2  V  * 3)  (*1  V  * 2 V  * 3) 
In going from the expanded disjunctive normal form of a Boo

lean function to its expanded conjunctive form, one takes the 
logical sum of the basic disjunctions which are not in the dis
junctive normal form, that is, the negation of the function, after 
which the negation of the sum is taken. For example,

z — f (*l, *2) =  *1*2 V *1*2, z =  *1*2 V *1*2
2 =  z =  (* i V  * 2) (*1 V  * 2)

A similar procedure applies to going from the- conjunctive to 
the disjunctive normal form of a Boolean function.

5.3.5S Functional completeness of a set of Boolean functions.. 
A Boolean function or a set of Boolean functions <pi, q>2, . . . .  <pm, 
is functionally complete if all other functions can be formed from 
them by superposition of <pi, q>2, . . . .  q>m.
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For example, the set of three Boolean functions,
<Pi =  *
<P2 =  *1*2 
<p3 =  x, V x2

is functionally complete, because any Boolean function can be 
expressed in terms of conjunction, disjunction and negation, 
Eq. (5.14).

Examples of the sets of elementary Boolean functions that are 
functionally complete are:

<Pl =  *, <P2 =  *b  *2
q>i =  * i, <P2 =  * i V * 2 
q> =  x, V *2 
<P =  *1*2

<p, —  X, ©  x2, <p2 =  XiX2, <p3 =  1

< P l= -M 2 , <P2 =  1
The functional completeness of the above sets of elementary 

functions can be proved by reducing them to a functionally com
plete set of three elementary functions x, xtx2, and X\ V  x2. As an 
example, there is no disjunction in the first set. It may readily be 
obtained from ___

*i V x2 =  Jc,JE2
There is no conjunction in the second set; it may be obtained from

X\X2 =  x{ V x2

Thus, the first and second sets are functionally complete because 
they are reducible to a complete set. The functional completeness 
of the other sets of functions can be proved in a similar manner.

5.3.6. Minimization of Boolean functions. Minimization is a 
process by which logical functions are reduced to a form permitt
ing a simpler implementation with a smaller count of physical 
devices. Part of the overall process is the minimization of Boolean 
(or switching) functions. Essentially, one seeks to reduce them 
to a form involving the use of the least possible number of ele
ments (literals) and the least number of operations on them.

To simplify the understanding of minimization, it is necessary 
to have available some definitions. A conjunction of the form 
p =  x1lxl* . . .  xakk is called minimal if the number of terms is 
smaller than some set of variables, n, with any variable 
x°t * appearing in the conjunction at most once. The number 
of terms in a minimal conjunction defines its rank.
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An implicant of a Boolean function, / ( xXy x2..........x„), is a
Boolean function, f\{xx, x2, . . . .  xn), which, being equal to 1 for 
any ordering of the variables, is also equal to the value of the 
function /  for this ordering. A prime implicant of a Boolean 
function, f(xu x2, . . . ,  x„), is any minimal product,P^x^'x^ 1 . . .  
. . .  xlk which is an implicant of the function / and no part of 
which is contained in the function f. Thus, prime implicants are 
minimal conjunctions of the lowest rank, appearing in a given 
Boolean function.

A contracted disjunctive normal form of a Boolean function 
is a disjunction of its all prime implicants. Although the contract
ed normal form of a Boolean function contains fewer terms than 
the expanded normal form of the same function, it can, in most 
cases, be simplified still more due to the absorption of some prime 
implicants by the disjunction of other prime implicants. If no 
more implicants can be removed from a disjunction of the prime 
implicants representing a given Boolean function, this disjunction 
is called a dead-end disjunctive normal form. It should be noted 
that some Boolean functions may have several dead-end dis
junctive normal forms. The dead-end disjunctive normal form of 
a Boolean function containing the least number of elements is 
called the minimal disjunctive normal form.

Thus, the overall task of minimizing Boolean functions may be 
accomplished as follows. To begin with, a contracted disjunctive 
normal form, that is all prime implicants are found for the given 
function. As the next step, the dead-end disjunctive normal forms 
of the function are found. Finally, the minimal disjunctive normal 
form is chosen from among them.

Most often, Boolean functions are simplified to their contracted 
disjunctive normal forms by the Quine method. For the method to 
be applicable, the given Boolean function must be expressed in 
its expanded disjunctive normal form. If the given function ap
pears in an arbitrary disjunctive normal form, it is expanded by 
multiplying some of its terms by an expression of the form 
i V i  =  1. Then the Quine method reduces to consecutively ap
plying to pairs of basic conjunctions (the terms of the dis
junction) the operations of amalgamation and absorption. The 
operation of amalgamation is based on the identity

xxx2 V =  x, (x2 V x2) =  xx
The operation of absorption is based on the identity 

x, V xxx2 —xx (1 V x2) =  xx
As the first step, all the possible operations of amalgamation are 
applied to the basic conjunctions of rank n (where n is the
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number of variables) in the expanded disjunctive normal form of 
the original function. As a result, conjunctions of rank ( n —  1) 
are obtained. Now the operations of absorption are applied to the 
conjunctions of rank ( n  — 1), after which all possible operations 
of amalgamation are performed on the conjunctions of rank 
( n  — 1). Then the operations of absorption are applied to the 
conjunctions of rank (n — 2), and this is followed by operations 
of amalgamation again, etc.

Example 1. Reduce the Boolean function
/  (* l, *2 , -*3, * 4) =  *1*4 V *1*3 V *3*4 V *1*2*3

to its contracted disjunctive normal form.
To begin with, the original Boolean function is expressed in 

an expanded disjunctive normal form:
1 2 3 4  

( * 1,  * 2,  * 3, * 4) =  *1*2*3*4 V  *1 *2*3*4 V  *1 *2*3*4 V  * 1 * 2*3*4 
5 6 7 8

V X ,*2*3*4 V *I*2*3*4 V *1 *2*3*4 V *l*2*3*4
9 10 II 12

V *1*2*3*4 V *1*2*3*4 V *l*2*3*4 V *1*2*3*4
where all the basic conjunctions are numbered consecutively.

Now, all the possible operations of amalgamation will be ap
plied to the basic conjunctions in the following sequence: (a) the 
first conjunction will be amalgamated with all the remaining 
ones; (b) the second conjunction with all the remaining ones 
except the first; (c) the third conjunction with all the remaining 
ones except the first and second, etc. At the end of all amalga
mations and absorptions, we shall get the given Boolean function 
in the following disjunctive normal form:

1 2 3 4 5
f  ( * 1, * 2,  * 3,  *4) =  *1*3*4 V *1*2*3 V *1*2*3 V *1*2*3 V *1*3*4

6 7 8 9 10
V *2*3*4 V *2*3*4 V *1*3*4 V *2*3*4 V *2*3*4

11 12 . 13 14 15
V *1*2*3 V *1*3*4 V *1*2*4 V *1*3*4 V *1*2*4

16 17 18
V *1*3*4 V *1*2*4 V *1*3*4

where all terms are numbered consecutively. After all the ope
rations of rank 3 performed in the same sequence as before and 
also the operations of absorption, we get

f  ( x u  X2, X3 X4) =  X {X3 V *1*4 V *1*3 V *1*4 V *3*4 V *3*4
Dead-end and minimal disjunctive normal forms can be derived 

from contracted disjunctive normal form, using tables of prime 
implicants. In a table of prime implicants, the rows are defined
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by the prime implicants and the columns, by the minterms of the 
function. If an implicant is included in a minterm, a check mark 
(say, a cross) is entered at the intersection of the implicant row 
and the minterm column.

A table of prime implicants (Table 5.10) compiled according 
to the above rules for the contracted disjunctive normal form 
of the Boolean function in the above example is given below.

The minimal disjunctive normal form of a given function will 
be a system of a minimal number of rows the implicants of which 
cover between them all the columns of the table.

For the case on hand, two minimal disjunctive normal form 
expressions are possible:

fix i, *2, % x A) =  *,*3 V *t*4 V *3*4 (a)
f  (* |, * 2, *3, *4) =  * 1X4 V * 1*3 V *3*4 (b)

Expression (a) corresponds to the combination of rows 1, 4 
and 5; expression (b), to the combination of rows 2, 3 and 6.

Table 5.10

N o s .
Prim e

I m p l ic a n t

M in te rm s

■X
•X
•*
•X

X

•X
'X

X
X

'X
'X

•X
'X
X

■X

1
X
*K

X
X
'X

' i
•X
•X
X

>x
X

rX
X

X
X

X
s
X

*X
X
X

X**
X
X
X

1 * 1 * 4 X X X X
2 * 1 * 4 X X X X
3 * 1 * 3 X X X X
4 * 1 * 3 X X X X
5 * 3 * 4 X X X
6 * 3 * 4 X X X X

Another convenient representation for simplifying Boolean 
functions has been devised by Veitch, and known as the Veitch 
d i a g r a m .  The Veitch diagram has a unit square for each minterm 
of the Boolean variables, each square corresponding to a row 
entry in a truth table. All squares which correspond to the basic 
conjunctions of the original function in the expanded disjunctive 
normal form have a value of 1, and all the remaining squares 
have a value of 0. In the Veitch diagram, any pair of adjoining 
basic conjunctions appear in adjoining squares vertically and 
horizontally. In the Veitch diagram for three variables (Fig. 5.2), 
the squares in the first and last columns are physically adjacent 
if the Veitch diagram is thought of as closed on itself horizontal-
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ly. In this diagram, the terms may be amalgamated in twos or 
fours, which corresponds to the disjunctions of two or one va
riable. A minimal disjunctive normal form is obtained if all the 
l ’s in the Veitch diagram are covered with the least number of 
the shortest products.

X* x*

Xt X2Xj x 1x l x 3 XfX2X3 Xl X2 Xj

XiX2X3 X, X2 Xj Xf X2Xj XfX2 Xj

v  v  ■ ■■ r -
X ,  X j  Xj

Fig. 5.2

X, 0 (T| 0 n
0 ) u 0

X j Xj

Fig. 6.3

Example 2. Find a minimal disjunctive normal form for the 
Boolean function

f (x,, x2, x3) =  x,X2X3 V XiX2x3 V *1*2*3 V *1*2*3 V x,x2x3
The Veitch diagram for this function appears in Fig. 5.3. With 

this diagram, two alternatives exist for combining the l ’s into 
groups. Each alternative has a minimal disjunctive normal form 
of its own:

/(* i, *2, x3) =  x,x3V x 2x3 V x 2x3
f (*1, *2, *3) =  X,X2 V XjfXa V *2X3

The Veitch diagram for a Boolean function of four variables 
is shown in Fig. 5.4. In this diagram the squares in the lower-

Fig. 5.4 Fig. 5.5

most and topmost rows are physically adjacent if the diagram is 
thought of as closed on itself vertically. In this case, the basic 
conjunctions* may be amalgamated in twos, fours and eights.

In conclusion of the chapter, we shall consider a procedure for 
simplifying incompletely defined Boolean functions which describe
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logic circuits with so-called forbidden combinations of input sig
nals. In this case, the function is arbitrarily defined on the sets 
of variables on which it has not been originally defined. In mi
nimizing such functions, the forbidden combinations of inputs are 
assigned such values of the original function that will lead to its 
simplification.

Example. Minimize the Boolean function of three variables 
defined by a Veitch diagram (Fig. 5.5) for only six orderings 
of binary arguments. The undefined values are shown by dashes 
in the respective squares of the diagram (see Fig. 5.5).

Putting the'function equal to unity for the orderings for which 
it has not been defined, the following minimal disjunctive normal 
form is obtained for the original function:

f(x i, x2, x3) =  x3 V x{x2



Chapter VI

Basic Functional Elements of Electronic 
Digital Computers

6.1. Computer Elements

6.1.1. General. The basic functional elements of electronic di
gital computers are logical elements, storage elements (such as 
flip-flops and delay lines), and special-purpose elements. These 
elements are the minimal building blocks of an electronic digital 
computer.

Logical elements are computer elements which perform non
trivial logical functions (that is, some input or a combination of 
inputs produces something new as an output). As a rule, they 
have one output and as many inputs as there are input variables 
or arguments in the function being implemented. A set of logical 
elements (a system of elements) must be functionally complete. 
A set of logical elements is complete if all elements needed to 
instrument the functions assigned to the system may be derived 
from them. If logical elements are based on transistors, flip-flop 
storage elements need not be included in the set of elements as 
separate entities, because they may be derived from the simpler 
logical elements.

A system of elements, apart from being functionally complete, 
must be physically complete; that is, it should include special 
elements needed to condition the waveform and amplitude of 
signals to standard limits. These special elements are amplifiers 
and shaping circuits. A system of elements satisfying the require
ment of functional and physical completeness is called technically 
complete.

Depending on the requirements to be met, logical and storage 
elements may be based on a variety of physical principles and 
various circuit components.

According to the manner in which binary variables are repre
sented, all computer elements may be classed into level elements, 
pulse elements, and pulse-level elements. In level elements, a 
binary variable of value 1 is represented as a high voltage level, 
+ £ i (usually referred to as logical 1 level), and a binary va
riable of value 0 as a low voltage level, + £o  (usually referred 
to as logical 0 level). As an alternative, a binary variable of value 
1 may be represented as a low level, — Eu and a binary variable 
of value 0 as a high level, —Eo. Both -f£o and —Eo are practi
cally zero. A distinction of level elements is resistive coupling 
between elements.
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In contrast, there is no resistive coupling in pulse elements. In 
them, a binary variable of value 1 is represented as a pulse of a 
specified polarity and height, and a binary variable of value 0, as 
no pulse. Level-pulse (or pulse-level) elements use both represen
tations for binary variables.

So that a correct choice can be made from among the various 
standard elements, it is important to know their behaviour and 
main characteristics. These include the following:

(1) Compatibility of input and output signals. Compatibility 
refers to the ability of an element to operate into other elements 
in complex circuits without the need for special elements to match 
input and output signals.

(2) Loading capability in terms of fan-in and fan-out. The 
fan-out defines the number of the inputs of other elements that 
can be connected to the output of a given element, provided that 
the distortion of the output signal will be within the tolerance 
limits. The fan-in gives the number of inputs that can be connect
ed to a given logical circuit.

(3) Noise immunity, that is, the capability of an element to 
ignore noise at both input signal levels. Noise immunity can be 
expressed in terms of noise margin, which is the noise-to-signal 
ratio.

(4) The maximum clock rate or the minimum clock (or bit) 
time, defined as the minimum time interval between the instants 
when a logical element changes state, during which all tran
sients completely die out.

(5) Capability for signal shaping, that is, for causing the 
signals that pass through to retain their standard waveform.

(6) Operating range determined by the limits of performance 
of the circuit components that make up a given computer element.

Other characteristics of importance are reliability, interchan
geability, standardization, output signal delay time, and some 
others.

6.1.2. Semiconductor logical elements. The basic components in 
these elements are crystal diodes and transistors which may be 
discrete or formed in a monolithic integrated circuit. The sche
matics, operators, truth tables, the functions implemented, and 
diagram symbols of logical elements built around crystal diodes 
and P-N-P transistors are summarized in Table 6.1.

Crystal diodes offer a convenient means for implementing two 
Boolean functions, disjunction (OR) and conjunction (AND), be
cause the resistance of crystal diodes changes suddenly upon po
larity reversal of the applied voltage. Although diode logical 
circuits are passive, that is, they do not amplify the input signal, 
they offer a number of advantages, such as small size, low power 
drain and short switching time.
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Consider the design of basic diode logical circuits.
(1) The diode AND gate mechanizes the conjunction of n 

variables (No. 1 in Table 6.1). The output signal of the AND gate 
is I (£i) if and only if all inputs are 1 at the same time. With 
any other combinations of inputs, the output of the AND gate 
will be 0. This is because when all inputs are 1 (£ i), all the 
diodes will be driven to cu(-off (with only small leakage currents 
flowing through them), and the output will be 1 (£i)» too. If at 
least one input is 0, (E0), the respective diode will be conducting 
and, since the forward resistance of the diode is negligible, the 
output of the AND gate will be 0 (Eo).

(2) The diode OR gate mechanizes the disjunction of n variabl
es (No. 2 in Table 6.1). It produces a 1 output (Ei) whenever any 
one (or more or all) of its inputs are 1 (Ei).

(3) The diode-transformer AND gate and the diode-transformer 
OR gate are pulse-level logical circuits. Each gate uses diodes 
and a pulse transformer wound on a ferromagnetic core with a 
nonrectangular hysteresis loop. These elements provide a good 
match between the output impedance of a circuit and the input 
impedance of the next stage and generate pulse signals of any 
polarity, if there is no d. c. coupling. Most often, electronic di
gital computers use pulse-level AND gates with one pulse trans
former (Fig. 6.1a). The output of this gate will be 1 when the 
level input, 1 , is pulled up to the logical 1 level, and the pulse 
input, 2, is fed a positive-going pulse. The diode-transformer OR 
gate is shown in Fig. 6.16. The polarity of the output signal can 
be reversed by an appropriate connection of the transformer wind
ings.

Transistors may serve as a basis for logical circuits performing 
any elementary Boolean functions. In these circuits the transistors 
operate as switches, that is, devices with two stable states, the 
ON state (the transistor is in the saturated region) and the OFF 
state (the transistor is in the cut-off region).

Consider the design of basic transistor logical circuits.
(1) The'transistor NOT gate (or inverter) is the most commonly 

used logical element. It realizes the logical NOT (negation) 
function (see No. 3, Table 6.1). The circuit parameters of the 
NOT gate are chosen such that the transistor resides in any one 
of two stable states and the output signal carries a maximum 
power. When a logical 0 is applied to the inverter input, a posi
tive voltage is impressed across the base-emitter junction of the 
transistor (from a voltage divider, RI/R2 ), so that the transistor 
is driveujo cut-off. With load connected, the collector voltage will 
then be a logical 1. If a logical 1 is applied to the inverter 
input, a negative voltage will be impressed across the base-emitter 
junction, the transistor will turn on, and a logical 0 will appear
11 —3525



162 Part Two. Electronic Digital Computers

at the output, because the resistance of a conducting transistor 
is zero very nearly. To improve noise immunity, it is the usual 
practice to clamp the low output level with a diode, Z>4, and a 
supply source, — E\ (Fig. 6.1c). The NOT gate can be speeded 
in turn-on and turn-off by applying feedback via diodes (diodes 
D1, D2  and D3), to prevent the transistor from saturating. In 
some circuits, the necessary speed-up is obtained by placing a 
capacitor across /?1 in the input divider.

Apart from its use as a logical element, the transistor NOT 
gate may be employed as a power amplifier or a shaping circuit.

(a) lb)
ln2(xi) A /  M fa) J 1

A -
I Quite)

V: :bi

Ini lx,)

z*x,x2

I f l A
OUt (i) 

=X,VX1
V

(2) The emitter follower (when used alone) does not perform 
any logical function; it is used as a matching element or a power 
amplifier (see No. 4 in Table 6.1). A logical 1 at its input turns 
on the transistor, the voltage drop across the load resistor in
creases, and the output signal repeats (follows) the input signal.

(3) The NOT gate and the emitter follower can be modified by 
using common load resistors. Then, with parallel and series-con
nected transistors, four modifications of transistor logic can be 
derived with transistors of the same type of conduction. For sim
plicity, the number of inputs in the circuits shown at Nos. 5 
through 8 in Table 6.1 has been reduced to two. The parallel gate 
performs the disjunction of the variables and negates the output 
if the transistors are connected in a NOT gate (No. 5 in Table 6.1),
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or disjunction without negation if the transistors are connected in 
an emitter circuit (at No. 6 in Table 6.1). The series gate per
forms the conjunction of the inputs and the negation of the output 
if the transistors are connected in a NOT circuit (see No. 7 in 
Table 6.1) or conjunction without inversion if they are connected 
in an emitter circuit (see No. 8 in Table 6.1).

The symbols in the operators of the physical elements stand as 
follows. 7”s and E's indicate that the load resistor is placed in 
the collector or emitter circuit, respectively. The subscripts “d" 
and “c” indicate that the transistors are connected in parallel or 
in series and that the gate performs the function of disjunction 
or conjunction, respectively. The subscripts “d" and “c” of the

(a) (b)

symbol “7”’ indicate that the output signal is inverted. The over
scripts “d” and “c” on the symbols T and E indicate that the 
outputs bearing the same overscripts can be tied together. In such 
a case, “d ” designates disjunction and “c”, conjunction. Thus, 
the operator notation gives an ample information from which the 
function being realized can be derived and the circuit implement
ing it may be constructed.

(4) Diode-transistor logical (DTL) elements are usually fabri
cated as general-purpose decision elements each consisting of 
a NOT gate and a one- or two-stage input diode logical circuit. 
Most often, the input circuit is a diode AND gate (Fig. 6.2a) or 
an AND/OR gate (Fig. 6.2b). DTL elements are more economical 
than transistor circuits. In the Soviet Union some computers, 
such as the Ural, use standardized Ural-10 series of modules built 
around DTL gates.

Physically, they are double-sided paper-base-laminate printed- 
circuit boards with discrete circuit components. Each module is 
driven by;va pulse (change of voltage) going from a logical 0 
(Eq = - 0 . 5  to 1.5 V) to a logical 1 (£, =  - 6  to —7.9 V).

The key elements of the Ural-10 series are B and JX modules 
which can mechanize any function, however complex.
11*



S'
tf
*r

IL
fr H i

nr

if

n
<»*

fi* h"

zm
-



Ch. VI. Basic Functional Elements of Digital Computers 165

A B module whose circuit is shown in Fig. 6.3a and the logic 
symbol in Fig. 6.3b is a general-purpose logical element consist
ing of a non-saturating level NOT gate built around a drift 
transistor, and a two-stage input diode logic. It performs the 
nAND function when used alone, and the nAND/NOR function 
when used in conjunction with a /I module. Speed-up at turn-on 
and turn-off is provided by diode nonlinear feedback while the 
high (£i) level is clamped to enhance speed of operation and 
noise immunity. The variables are applied to inputs 2 and 3, 
and the output signal is taken from terminal 13. Inputs / and 4 
are used solely for connecting a JX module.

A JX module whose circuit is shown in Fig. 6.3c and the logic 
symbol in Fig. 6.3d and e, is a diode circuit intended to augment 
the capabilities of B modules. The JX module can be connected 
to a B module in any one of two ways. If the objective is to 
increase the number of AND inputs, the JX module is connected 
as shown in Fig. 6.3f. In this case, the resistors R1 and R2 of 
the /I module are not connected to the — Ee source. If it is 
sought to increase the number of OR inputs, the connection is as 
shown in Fig. 6.3g. Now the resistors /?1 and R2 must be con
nected to the —Ec source. Other types of connection will upset 
conditions for proper matching between the B and modules.

6.1.3. Integrated logical circuits. Integrated circuits have mar
kedly improved reliability and reduced the size and power require
ments of computers. At present, a wide range of integrated circuits 
are available commercially, including sets of decision, storage 
and support elements intended for use in the various assemblies 
and units of electronic digital computers. To illustrate, we shall 
examine K155 series elements.

The K155 series comprises ten modifications of integrated-cir
cuit transistor-transistor logic (TTL) modules differing in the 
logical functions performed, fan-in/fan-out, and the count of 
elements per can. Their logic symbols are shown in Fig. 6.4a, b, 
c, d, e, f and g. The circuits of some (basic) modules appear in 
Fig. 6.4/t, i and Those of the remaining modules only differ 
in the number of inputs.

The'logical capabilities of the modules shown in Fig. 6.4e and f 
can be augmented by the use of the module shown in Fig. 6.4g, 
when it is connected as shown in Fig. 6.4k.

The K155 series modules operate on Ec =  + 5  V. The drive is 
a pulse (voltage change) going from low (E0 max =  0.4 V) to 
high (E\mp =  2.4 V).

6.1.4. Magnetic-core logical elements. Of all the possible con
figurations of magnetic-core logic, we shall dwell on two types 
of bistable elements, namely, magnetic core-diode and magnetic 
core-transistor circuits. These elements have found wide use in the
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slow-speed circuits of automatic control, telemetry and computers. 
The magnetic core of such an element, with windings applied to 
it, operates as a simple binary storage element. With no current 
pulses in the windings, the core will reside in one of two stable 
states (Fig. 6.5o), the positive residual flux-density state + B n 
designated binary 1, or the negative residual flux-density state 
—Br, designated binary 0. Magnetic cores have been developed

in two basic forms, the metal strip types and the moulded ferrite.
Ferrite core-diode logic. The simplest ferrite core-diode element 

capable of information storage and transfer consists of a ferrite- 
core transformer showing bistable (or binary) properties owing 
to a rectangular hysteresis loop, and a diode placed in the out
put winding circuit. Connection of a ferrite core-diode element 
in a shift (or shifting) register is shown in Fig. 6.5b.

An operating cycle of a ferrite core-diode element consists of 
two periods, the write period and the read period. During the 
write period, if the input is a 1, the write signal applied to the 
input winding wi sets the core to the 1 (+ B r) state. The emf 
induced in the winding turns off the diode, and no current is 
allowed to flow to the load. During the read period, a clock pulse



Ch. VI. Basle Functional Elements of Digital Computers 169

applied to the winding w0 from a clock generator resets the core 
to the 0 (—Br) state. As a result, the emf induced in the winding 
w2 turns on the diode, and the information signal is allowed to 
reach the input winding of the load element. The emf induced in 
the output winding may be defined as

V, «  — a>2 5 (AB|/t) volts

where S =  cross-sectional area of the core, cm2
t =  average time needed to change state of magnetization, 

ps
w2 =  number of turns in the output winding 

Afl, =  Bm -f  Br =  change in flux density in reading out a 1, 
teslas

The signals applied to the inputs of a ferrite core-diode element 
(the windings te>i and Wo) must be shifted from each other for 
a time exceeding' the maximum time required for the core to 
change state of magnetization.

If, during the write period, the information signal is a 0, no 
write signal will be applied to the input winding W\, and the 
core will remain in the previous state. As a result, the read pulse 
will produce magnetization in the same sense with relatively 
little or no flux change, that is, with little or no change in the 
state of magnetization. If, however, the core has a hysteresis loop 
of poor squareness, a read-out of 0 may induce a noise emf in the 
output winding such that a false 1 may be written into the load 
core. The noise emf may be defined as

Vn «  — w2S Bm ~  Br volts

If the change in flux density is expressed in terms of the square
ness ratio, k,q =  Br/Bm, of the core, we shall get

Vnta — w2SBm(\ — ksq)

As is seen, the noise level decreases with increasing squareness 
ratio, ksq.

A ferrite core-diode element used as a logic has several write 
windings. Two write windings connected in opposition implement 
the inhibit function, and the same two write windings connected 
aiding will mechanize the logical OR function. In the latter case, 
an ordinary diode OR function may be connected to the input 
winding*., i'

The logic symbols and operators of the ferrite core-diode ele
ments realizing the delay, OR and inhibit functions (in the order 
given) are summarized in Table 6.2.
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Table 6.2

T r u t h
Nos. S im p l i f i e d  c i r c u i t L og ic  s y m b o l ta b le O p e r a t o r

X \ *2 z

0 0 0
0 1 1
1 0 1

1 1 1

X \ *2 z

0 0 0
0 1 0
1 0 1
1 1 0

FOr(xi> *2) =  
= * i  V x2

P I N H B t (X\• *2) =
=  X ,X i

In a simple ferrite core-diode element information might flow 
in the reverse direction. That is, on reading out a 1 written into, 
say, the core M2, an emf might be induced in the winding, capable 
of switching the core Ml. To eliminate the backward flow of 
information and to enhance noise immunity, resort is made to 
special measures. For example the buffering action to eliminate 
the backward flow of information can be provided by a common 
resistor, R (Fig. 6.5c), placed in the input and output circuits. 
During read-out, no current will then flow in the input winding 
w\ because the voltage drop across R due to the current in the 
output circuit will be balanced by the emf induced across the 
winding Wi. The same purpose may be served by arranging the 
winding w\ to have a fewer number of turns than the winding a»2 
has.

For noise immunity, the signal applied to the inhibit input must 
be of a longer duration than that existing at the ordinary input, 
and the inhibit winding must carry a greater number of turns 
than the usual write winding does.
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Ferrite core-transistor elements. As with a ferrite core-diode 
element, a simple ferrite core-transistor element can store and 
transfer binary information.

It consists of a ferrite-core transformer and a transistor placed 
in the output winding circuit (Fig. 6.5d). Ferrite core-transistor 
elements come in a variety of circuit configurations whose com
plexity (provision of bias, feedback and the like) is mainly de
termined by the service requirements (speed of operation, working 
temperature range and fan-out).

A ferrite-core transistor element operates in two phases. During 
the write period, the transistor blocks the passage of noise to the 
load. During the read period, when a 1 is read out, it cooperates 
with the core to produce an output signal which is transferred 
into the input windings of similar elements used as load, but 
blocks the reverse flow of information. In comparison with the 
diode variety, ferrite core-transistor elements need clock pulses 
of a lower power and are distinguished by a better noise im
munity and speed of operation.

A simple ferrite core-transistor element can perform the inhibit 
function if it has two write windings connected in opposition. If 
an appropriate number of windings is connected aiding, the ele
ment will perform the logical OR function. The number of inputs 
for an OR gate using ferrite cores and transistors need not be 
limited, provided the write signals are applied over different 
circuits and at different clock times. However, the number of 
inputs should be limited for better noise immunity if there is 
a likelihood of several write signals coming at the same clock 
time. The logic symbols of the basic ferrite core-transistor ele
ments performing the logical delay, inhibit and OR functions are 
the same as for ferrite core-diode elements (see Table 6.2).

The AND function can be implemented with two ferrite core- 
transistor elements by series-connecting their output circuits 
(Fig. 6.5e).

6.1.5. Storage elements and their basic characteristics. The
storage (or memory) elements used in switching circuits with 
memory (sequential circuits) are various delay lines and flip- 
flops. Abstractedly, they are all Moore’s automata and satisfy 
the following requirements: (1) they have two internal states, one 
symbolized as binary 1 and the other as binary 0; (2) for each 
internal state there is a specific output signal from which the 
internal state can readily be recognized. For convenience, the 
same letter symbols will be used to designate the internal states 
and output-signals of a storage element.

To deifne the states of basic storage elements, the following 
notation will be adopted:

q{t) is the input signal;
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Q(t )  and Q ( f + 1 )  are the states of the storage element at 
times t and (/ -f- 1). respectively;

qs, qT, qt are the set, reset and trigger (change or toggle) in
puts, respectively.

The truth table for a basic switching circuit (a flip-flop) may 
be constructed, recalling that:

(1) a logical 1 applied to the reset input switches the circuit 
to the reset (0) state;

(2) a logical 1 applied to the set input switches the circuit 
to the set (1) state;

(3) simultaneous application of logical 1 signals to the set 
and reset inputs must be avoided because the output stage will 
be uncertain. In the truth table, the output squares corresponding 
to such forbidden input combinations are labelled with a dash;

(4) a logical 1 applied to the change (trigger or toggle) input 
causes the flip-flop to change state from set to reset or from 
reset to set;

(5) a logical 0 input signal will not change the state of the 
flip-flop.

The truth tables for basic sequential circuits (flip-flops) satis
fying the conditions formulated above are given in Tables 6.3, 6.4, 
6.5 and 6.6.

Table 6.8 Table 6.4

q i t ) Q ( t ) Q «+ U qt it) Q <« | ( ? < * + ! >

0 0 0 0 0 0
0 1 0 0 1 1

1 0 1 1 0 1

1 1 1 1 1 0

Table 6.5

Qr it) Q i t ) Q « +  I)

0 0 0 0

0 0 1 1

0 1 0 1

0 1 1 1

1 0 0 0

1 0 1 0

' 1 1 0 —
1 1 1 —
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Table 6.6

«t  it) e T «> Qs it) Q (0 |  Q « + l >

0 0 0 0 0

0 0 0 1 1

0 0 1 0 1

0 0 1 1 I

0 1 0 0 0

0 1 0 1 0

0 1 1 0 —

0 1 1 1 —

1 0 0 0 1

1 0 . 0 1 0

1 0 1 0 —

1 0 1 1 —

1 1 0 0 —

1 1 0 1 —

1 1 1 0 —

1 1 1 1 —

The basic switching circuits under consideration have a com* 
plete transition system and a complete output system. A complete 
transition system means that for each of the four available pairs 
of states there is an input signal that will initiate the right tran
sition. A complete output system means that in each state the 
circuit furnishes an output signal distinguishable from output 
signals in any other states.

For the purpose of synthesis, switching circuits may alternati
vely be specified with a transition matrix of the form:

X\ x2 t • • Xt • • • x n

0-0 *00 *s> *00 *00
0-1 *01 *021 *01 *01
1-0 *!o *10 *'o *?0
1-1 *!. *11 *11 *?.

The transition matrix has four royrs, which corresponds to a basic 
switching circuit with a complete transition system. The number 
of colutrfnst' is the same as that of inputs. The matrix coefficient 
bit takes on the value of the signal existing at the ith input, 
which causes a transition from the Arth to the /th state. The coef-
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ficient bit will be indeterminate, if a transition has no dependence 
on input information. Using these rules, the following transition 
matrices can be formed from the respective truth tables.

(a) (b) ( c )

<7 <!t Qr Qs

0 - 0 0 0 - 0 0 0 - 0 * $ 0 0
0 -1 1 0 -1 1 0 -1 0 1
1 -0 0 1 -0 1 1 -0 1 0
1-1 1 1-1 0 1-1 0 * u

(d)
91 Qr Qs

0-0 0 *00 0

0-1 ^01 0 K,
1-0 *{o *fo 0

1-1 0 0 * n

6.1.6. Examples of typical flip-flop circuits. According to the 
manner in which the output signals are represented, flip-flops 
may be classed into static and dynamic. As with level logical 
elements, the output signals of static flip-flops appear as changes 
in voltage level (from high to low or from low to high). Dynamic 
flip-flops, in contrast to pulse logical elements, present their out
put signals as a continuous sequence of pulses for a 1 (or true) 
state and as no pulse for a 0 (or false) state.

Figure 6.6a shows the well-known basic flip-flop which has all 
the three inputs. This is a direct-coupled Eccles-Jordan circuit 
made up of two NOT gates connected so that the input of one 
gate is coupled to the output of the other (that is, with their 
outputs cross-coupled). The /?C-networks and diodes at the flip- 
flop input are triggering circuits. In the absence of trigger sig
nals, the flip-flop will reside in one of two stable states, provided 
the inequality k <  1 is satisfied, where k is the open-loop current 
or voltage gain.

Let the flip-flop be initially in the 0 state. Then transistor 7T 
will be conducting and transistor T2 will be at cut-off. If, now, 
a negative ^trigger signal is applied to the input q\, it will turn 
on the transistor T2, its collector will go high and pull up the 
base of transistor 7T, thereby cutting it off. The negative voltage
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(the logical — 1 signal) from the collector of the cut-off tran
sistor will then be applied to the base of T2 to maintain it in the 
conducting state. All of these steps involved in a transition from 
state to state proceed regeneratively. The logical 1 appearing at 
the collector of 7T indicates that the flip-flop is in the 1 state.

Fan-out and reliability can be enhanced by using an inverter 
or an emitter follower at the output of the flip-flop. Speed-up can 
be provided in the same manner as in, say, an inverter (see 
Fig. 6.1c), that is, by using nonlinear diode feedback.

Figure 6.6& shows the circuit of a two-input dynamic flip-flop 
with a storage capacitor. This flip-flop operates as follows.

Assume that initially transistor 7T is cut off by a positive vol
tage, + E e, applied to its base relative to the emitter. Timing 
(clock) pulses cannot get through to the output because they are 
lower in amplitude than Ee. This is the 0 state for the flip-flop. 
The flip-flop is set to the 1 state by a negative “1” signal applied 
to the input q\. When this happens, the storage capacitor C2 
charges to —Ee, thereby pulling the base of the transistor to 
ground. Then a negative clock pulse will turn on the transistor, 
and a logic 1 signal will appear at the output, boosted and shaped 
by the transformer. From that instant on, the flip-flop will be ge
nerating a sequence of pulses due to positive feedback which re
plenishes the charge across the capacitor C2 via diode Z)3. Arrival 
of a positive “1” signal at the input q0 will cause the capacitor C2 
to discharge, the voltage at the base of T2 will rise to turn off the 
transistor, and clock pulses will no longer be able to get through 
to the output.

Of the many logically different flip-flops, present-day digital 
computers mainly use set-reset (RS) flip-flops, trigger or toggle 
(T) flip-flops, and reset-set-trigger (RST) flip-flops.

Set-reset flip-flops are combinations of two NAND gates cross- 
coupled to provide positive feedback. A set-reset flip-flop is caused 
to change state by applying a “0” signal to the set (S) or reset 
(R) input (Fig. 6.6c and d).

Set-reset-trigger flip-flops are combinations of RS flip-flops and 
additional logical elements. The RST flip-flop shown in Fig. 6.6e 
and d operates as follows. When x =  0, information is copied 
from T2 to 7T in sign-and-magnitude form. When jc =  1, informa
tion is copied from 7T to T2 in l ’s complement form. This is why, 
after an RST flip-flop is set to 0 for x =  1, a logical 1 is written 
into 72; during the next bit (or clock) time (that is for x =  0) 
the logical 1 will be copied back to 71, and the RST flip-flop is 
thereby set to the “1” state (Qi =  1). After a second signal 
(x =  1, then x =  0) is applied to the x-input, the RST flip-flop 

will be switched to the “0” state (Qi =  0).
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6.2. Logical Design
6.2.1. General. Digital systems are built from standard building 

blocks with two states, called logical elements which include deci
sion and storage elements. The art of organizing them is known as 
logical design, and the. systems themselves implementing the func
tions of finite automata, including combinational and sequential 
varieties, are called logical networks.

The ultimate goal of logical design is to synthesize an optimal 
structure for the desired logical network. Conversely, the objective 
of logical-network analysis is to derive either Boolean functions 
in the case of a combinational network (a single-state switching 
circuit) or input-output tables in the case of sequential networks.

In many cases, the first step in logical design for automatic 
control systems and computers is a verbal description of how the 
desired logical network is to operate. The next step is to translate 
the verbal description into a suitable mathematical formalism such 
as Boolean (switching) functions or input-output (truth) tables. 
A third step is the selection of a set of logical elements for the 
desired logical network. As has been noted, an important require
ment in this respect is that the logical elements should form a 
functionally and physically complete set. A further requirement is 
a minimum count of components necessary to realize the network. 
As regards combinational networks, the minimal-count require
ment necessitates the presentation of the original switching func
tion in its minimal disjunctive normal form.

Obtained through appropriate minimization, the minimal dis
junctive normal form of the switching function describing the 
combinational network is transformed into a superposition of the 
operators of the logical elements chosen for the desired logical 
network. The number of basic operator symbols in the modelled 
switching functions will determine the total count of physical 
elements needed.

The next step in logical design is to draw up a block diagram 
for the logical network. The block diagram affords a picture of the 
switching function presented as the superposition of logical ope
rators, and also shows the interconnections of the physical devices 
by equivalent interconnections of logical symbols representing 
these devices.

Before proceeding to the final stage of logical design — that of 
physical implementation, problems related to signal amplification 
and timffrgf are tackled. Above all, a proper timing must be pro
vided to ensure the correct transfer of information between combi
national and memory networks (that is, between decision and 
storage elements).
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With combinational networks (networks built from decision ele
ments, that is, logical elements which have no property to store 
information), new information may be read in only after the pre
vious signals have ceased and all the elements have been reset. 
Also, if there is a limit on the signal duration, it is required that 
signals to the inputs of a given element should come from the 
previous stages all at the same time. If the preceding stages delay 
signals for different times, suitable delay lines must be provided 
to equalize the time delays.

With sequential networks (logical networks incorporating sto
rage elements), it is important that a read signal and a control 
signal be applied to a storage element (a flip-flop) at different

Fig. 6.7

instants. If a control signal is shaped according to the internal 
state of the flip-flop or if a read signal occurs at the same time 
with a control signal, the latter must be delayed for the duration 
of the read signal. The control signal may be delayed either by a 
suitable delay line when information is transferred within a single 
clock time (Fig. 6.7a), or by means of an additional flip-flop, when 
information transfer occupies two clock times (Fig. 6.7b). In the 
latter case, new information is written into temporary-storage 
flip-flop 2  and the previous information is read out of permanent- 
storage flip-flop / within the same clock time. During the second 
clock time, the control signal, y, causes the information to be 
copied from temporary-storage flip-flop 2  to permanent-storage 
flip-flop /.

Before we take up some of the procedures involved in the syn
thesis of combinational networks, it is worth while considering 
their analysis.

Analysis is done in two stages. To begin with, a system of 
switching (Boolean) functions is derived from the block diagram
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to bring out the relationships between the logical elements in the 
network. Each of these switching functions is implemented by one 
of the logical elements, and its input variables have the same 
symbols as the output variables of the preceding stage.

Then the operation of internal superposition (substitution) is 
consecutively applied to the system of switching functions until 
a function expressed solely in terms of input variables is derived.

Example. Derive the switching function mechanized by the lo
gical network shown in Fig. 6.8.

The system of switching functions will have the form
2  =  01 V  0 2 , 01 =  * 1 0 3 , 02  =  * 3 04 , 03  =  * 2 , 0 4  =  *4

Hence,
Z =  * l*2  V *3*4

6.2.2. Synthesis of combinational networks. We shall follow the 
techniques used in the derivation 
of block diagrams, using the rea
lization of simple switching func
tions by various physical devices.
It will be assumed that the ori
ginal function has been reduced to 
its minimal disjunctive normal 
forms by one of the methods des
cribed earlier.

So that the original switching 
function can be transformed into a 
superposition of logical operators, 
the minimal disjunctive normal form in some cases has to be re
cast so as to minimize the count of equipment needed.

Single-output Networks
We shall first discuss networks using semiconductor devices. In 

the examples that follow we assume that the variables are present 
at the inputs together with their complements.

Example 1. Implement the function

Z =  X tX2 V *1*3 V *2*3
using various operators.

No preliminary transformations are needed in order to imple
ment the function, using the operator Edc. Therefore, as a super- 
positioirof'this operator, the function can be written as:

z =  ̂ c C*i> *2) V Ed (xlt x3) V Ed (x2, Xj)
The circuit realizing it is shown in Fig. 6.9a.
12*



180 Part Two. Electronic Digital Computers

In order to implement the given function with operators of the 
form Tec and Tit it must be re-cast as

Then, written as a superposition of operators, the function will be

' - r . K f t ,  * 0 K i* u  * ) ]J
The circuit implementing it is shown in Fig. 6.9ft.
If the given function is to be mechanized with DTL elements 

whose operators are De, Dti and Ti, the function must be re-ar-
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ranged as ______________________
2 =  (x, V *2) (*i V *3) (x2 V *3)

whence in the form of a superposition of operators it can be writ
ten as

z — T\ {De[Dd(xu *2), Dd(xu x3)Dd(x2, *3)]}
The circuit mechanizing it has the form shown in Fig. 6.9c. 
Example 2. Implement the function

2 =  x,*2X3X4 V *,*2X3X4
using transistor operators.

The realization of this function may be used as an example to 
show how the given function can effectively be simplified by 
factoring out the common multiplier and by reducing the expres
sion inside the brackets to its expanded disjunctive normal form:

Z =  *3X4 (*,*2 V *1*2) =  *3*4 (*1 V *2) (*| V *2)
Using the operators Tee and Td for implementation, we obtain

* - n o -  2.)  n o , .  *0
The circuit implementing it is shown in Fig. 6.94.

Example 3. Implement the function

Z =  X,X2X3*4 V *,*2X3*4 V XtX2*3*4 V *,*2*3X4
using Type B and Type JX modules of the Ural-10 series.

The given function can be reduced to the form

z = X3X4 (x,*2 V *1*2) V *3X4 (*,*2 V *1*2) =  (x,*2 V *1*2) (x3*4 V *3X4)
=  (x,*2 V *1*2) (X3X4 V *3*4)

This expression is a conjunction of two expressions identical in 
presentation, each of which can be mechanized with a B module 
and a half of a A module, with the conjunction implemented by 
combining the collector loads of the B modules. The resultant cir
cuit configuration is shown in Fig. 6.9e.

Now we shall consider networks implemented with bistable 
magnetic-core elements. The following set of basic logical elements 
will be used to implement switching functions: a two-input inhibit 
gate (operator FINHBT), an OR gate (operator F0 r), a one-bit 
delay element (operator F\) and a units generator (operator “I”). 
The original function will be represented as a superposition of the 
chosen Operators, with every effort being taken to simplify it so 
as to minimize the count of equipment. The number 01 elements 
needed to implement the original function is the same as the 
number of operators in the presentation of the function.
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To ensure the correct transfer of information, signals must be 
applied to the inputs of an element all at the same clock time. 
Should any signal be generated one clock time before another, it 
must be delayed for precisely one clock time by a delay element. 
In operator notation, this circumstance will be shown by placing 
the variable to be delayed under the sign of the operator F t. 
Hence, the following general rule may be stated for a check on 
the operator equation for the original function: the variables stand
ing under the sign of an operator must be generated all at the 
same clock time.

The inversion of a variable can be implemented according to 
the relation

z==*i —  1 • * =  F i N H B t  (1, *) (6.1)

Conjunction of variables can be realized according to the tauto
logy ____________________

*°'*2J • • • x l n ~  1 (*?' V *2* V • • • V *"») (6.2)

If a conjunction involves only one variable without its inversion, 
for example, **, it will be more economical to implement it ac
cording to the tautology

1̂*2 . . .  ** . . .  *„
=  **(*i V *2 V . . .  V **-, V **+I V . . .  V x n) (6.3)

The realization of a function containing a common multiplier 
can materially be simplified by factoring it out, especially if the 
expression in the parentheses is an implication. For example, by 
simplifying the function

z  =  x ,x 2  V  X2 X3

we get

z  =  x 2  (*, V *3) =  * 2  (*1*3) =  x 2  ( x ^ l )

=  FtNHBT [*2(*3> *l)l =  FlNHBT [ 1̂ (*2). F IN HBT (*3t *l)l
The circuit mechanizing this function is shown in Fig. 6.10a. For 
simplicity, the clock pulses are not shown in the diagrams. 

Example. Implement the function

Z =  XxX2*3 V *1*2*4

with bistable magnetic-core elements.
To begin with, the given function can be simplified to the form

Z =  * 2 (* ,* 3  V * 4 * l )
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Then, as a superposition of logical operators, the original func
tion may be represented as follows:

2 =  FISHBT  [ * 2  ( * 1 * 3  V  * 4 * l ) ]  =  FINHBT  l ^ l  ( - * 2) .

FlNHBT  0 .  * 1 * 3  v  * 4* 1) ]  =  FINHBT { F 1 [ F I  ( * 2) ] ,

FINHBT F o p  {X\Zz, * 4* 1) ] }  =  FINHBT { F I [ F  1 [F [  ( * 2) ] ] ,

FINHBT Fop  [FINHBT (XU * 3) .  F i n HBt (x 4 .  * l ) ] ] }

The circuit implementing this function appears in Fig. 6.10ft.

(a) (b)

Multi-output Networks
A multi-output combinational network implements as many 

switching functions as there are outputs on the network. It can 
be constructed in any one of several ways.

(1) Each constituent Switching function can be implemented in
dependently. However, this approach is uneconomical in many 
cases.

(2) The number of elements needed can materially be reduced 
by expressing one function in terms of another if the two have 
common terms. For example, for three functions of the form

2\ —  *1*2*3 V *1*2*3
Z2 =  *1*2*3 V *1*2*3 V *1*2*3
Z3 =  XiX̂ 3 V *1*2*3 V *1*2*3 V *1*2*3

we may write
22 =  Z V *1*2*3 
Z3 =  Z2 V *1*2*3ff*.. 7.

(3) Sometimes, the given functions may be simplified by using 
one of them (after it has been derived) as an auxiliary input 
variable in deriving another function. The function to be thus used 
should be one permitting the simplest realization.
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Example. Using the above technique, simplify the system of two 
functions

*i =  x,x2x3 V *1*2*3 V *1*2*3

*2 =  *1*2*3  V  * 1* 2* 3  V  *1*2*3

to an expression calling for the least count of devices.
After minimization,

z ,  =  * i * 2 V  * |* 3  

Z2 =  *1* 2  V  *1*2*3

Using the function z t as an input variable to derive z2, we get

Z2 =  * l* 2 * 3Z l V  * 1 * 2 * 3 * I V  * 1 * 2 * 3 * I

This function is not defined for eight sets of variables. Therefore, 
using the minimization technique for incompletely defined funct

ions based on the Veitch diagram 
(Fig. 6.11), we obtain the following 
minimal form:

*2 =  * 1*2 V  * 1*1 =  *1 (*1 V  * 2)

which is simpler to realize than if it 
were implemented independently.

(4) A good deal of simplification 
can be obtained by use of the cascad
ing method in which some of the ele
ments in a network are employed to 
mechanize several functions at a time.

6.2.3. Logical design of sequential 
networks. Most often, the logical 

design of sequential networks specified by state tables is carried 
out by the canonical form method. With this method, the logical 
design of an arbitrary sequential network reduces to that of a 
combinational network. For the purpose of this method, the ori
ginal sequential network is presented (Fig. 6.12) as consisting of 
two parts: a memory section made up of basic storage elements 
and a combinational section made up of basic logical (decision) 
elements.

In order to develop a block diagram of any sequential network, 
one must have a structurally complete set of elements, including 
basic storage elements with their state tables, and a functionally 
complete set of basic logical (decision) elements. If the basic 
storage elements are built from basic logical (decision) elements, 
they may be omitted from the structurally complete set.

The algorithm for the logical design of a sequential network by 
the canonical-form method will best be illustrated by an example.

3̂2 JCg

s r
0 0

I - 0

T  ,
0 — — 1

1

0 - — 1 k
2I Z,

F ig .  6.11
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m Output
section

Feedback
section

Example. Develop a block diagram for a sequential network 
which, in response to a sequence of inputs xt =  1, returns a se
quence of binary numbers identical with the binary states of 
storage elements 0, 2, 1, 3, 0, 2, etc.; and, in response to a se
quence of inputs x2 =  1, it returns a sequence 0, 1, 2, 3, 0, 1, etc. 
The inputs =  *2 — 0 do not change the state of the network. 
Two inputs X| =  1 and x2=  1 
are not allowed to occur si- r -
multaneously.

The sequential circuit has 
a total of four states. There
fore, for its realization it will 
be sufficient to have two 
storage elements with a com
plete set of transitions and 
outputs. These storage ele
ments may be static T flip- 
flops. The state and output 
of the first T flip-flop will be 
designated Qi, and those of 
the second, Q*

Noting the conditions un
der which the desired sequential network is to operate, we com
pile its state table (columns 1 through 6 in Table 6.7).

The excitation functions, qt\ and q,2, of the flip-flops can be de
termined from their excitation matrices. Noting that q\t and q,2

1---- -i

----  Memory JtMMemory 
section ------

Fig. 6.12

Table 6.7

1 2 3 4 5 6 7 8  •

XI X2 Qi <<> Q»«> Qi << +  !> Q,(t + 2 ) 1 * s  1 *32

0 1 0 0 0 1 0 1

0 1 0 1 1 0 1 1

0 1 1 0 1 1 0 1

0 1 1 1 0 0 1 1

1 0 0 0 1 0 1 0

1 0 0 1 1 1 1 0

1 0 1 0 0 1 1 1

1 0 1 1 0 0 1 1

0  . 0 0 0 0 0 0

0 0 0 1 0 1 0 0

0 0 1 0 1 0 i 0 0

0 0 1 1 1 1 1 0 0
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will be unity only if the respective flip-flop switches from the 0 
to 1 state or the other way round, we fill columns 7 and 8 of 
Table 6.7.

(a)
x 2

0 7 0 0

0 1 0 0

- 1 1 '

— u 1 1

\  Qz

(b)

Hi

Qi

Qi

f 0 0

1 1 0 0
1" - 1 1)

0 0

Q,

Hi
Qt Qt Qz

Fig. 6.13

Since for the sequential network in question the excitation func
tions of the flip-flops are partially specified (because the in

puts X\ — 1 and xa =  1 are 
never applied together), we 
may minimize the excitation 
functions with a Veitch dia
gram (Fig. 6.13a and b), 
whence it follows that

<7*i =  * i  V * 2Q z

<7*2 =  *2 V *,Q,
According to the statement 

of the problem, the output 
signals of the sequential net
work are identical with the 
internal states of the flip- 
flops, Qi and Qa-

Fig. 6.14

Using the expressions for q,\ and q,a and noting the rules for 
the correct transfer of information, we may depict the block dia
gram of the sought sequential network as shown in Fig. 6.14.

6.3. Logic Assemblies of Electronic Digital Computers
6.3.1. Registers. The basic function of a register is to store a 

machine wopd, parts thereof, and some functional attributes. This 
function involves the operations of read-in, storage and read-out 
(or transfer). If a register additionally performs the operation of 
shift, it is called a shift (or shifting) register.
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All operations in a register are performed in response to appro
priate control or gate signals, which are as follows: 

vri causes a word to be read into a register; 
v0 clears the register, that is, sets it to zero; 
v„ and v,i cause a word in the register to be shifted right or 

left, respectively;

iVo. m and vT0. e cause a word to be read out of a register in 
sign-and-magnitude or l ’s complement form, respectively.

Most commonly, registers are built from RS flip-flops (for a 
description of flip-flops as independent entities, refer to Sec. 6.1).

A neyv-wdrd may be read into a register either independently of 
the previous information stored if the register has inverting 
inputs (Fig. 6.15a), or only after the register has been cleared 
(Fig. 6.156). Registers may be constructed to deliver a word to the 
output in parallel (a parallel register) as shown in Fig. 6.15 (in
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sign-and-magnitude or l ’s complement form), or serially (a serial 
register). In the latter case, the bits of a word are made available 
sequentially, one after another. In effect, this operation is a spe
cial case of shift, and a simple serial register is often called a 
shifting register.

As a rule, registers are built with a capability to shift a word 
one place at a time. If a word has to be shifted n places, the 
shift operation will have to be repeated n times. Where a word 
must be shifted any number of places over the same time interval, 
resort is made to a special assembly called a shifter.

<k$t Qto Qn

f D - C n I

Fig. 6.16

A shift register using pulse-level elements. In block-diagram 
form, two stages of a shift register using pulse-level elements are 
shown in the diagram of Fig. 6.16. The pulse-level elements are 
AND gates performing read-in, read-out and shift. The shift capa
bility is provided by connecting the outputs of each stage to the 
inputs of the next stage via an AND gate and delay lines. This 
organization results in a single register which uses transient 
storage during the shifting process. Figure 6.16 shows only the 
circuit that shifts a word to the right. According to the rules for 
the transfer of information, the delay time in the shift circuits is 
specified by the condition

*<i. I ^  Tj. p

where Xd. i is the delay provided by a delay line and xs. P is the 
duration ofJshift pulses sufficient for the flip-flop to operate. The 
repetition period for shift pulses, Tt, is selected from the condition

Ts'^xs. p-\rxi .i
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A shift register using level elements. As is seen from the block 
diagram of Fig. 6.17, this is a “double” register, operating in 
basically two steps. Each stage consists of two flip-flops, the 
permanent-storage flip-flop FFl, and the temporary-storage flip- 
flop FF2. The outputs of FFl are connected via AND gates 
to the like inputs of FF2 in the next stage, while the outputs 
of FF2 are coupled via AND gates to the inputs of FFl in the 
same stage.

The shifting process takes place in basically two steps. In the 
first step, 'a vt. r or a vs. j pulse causes a word to be transferred 
with a shift from FFl into FF2. In the second step, a vt pulse 
causes the word to be transferred from FF2 into the corresponding 
bit positions of FFl, directly (without shifting left or right).
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Among the advantages of the double-register scheme is high 
reliability because information is never stored in the transient 
state. Also, each gate signal may start immediately after the pre
vious one has terminated.

6.3.2. Counters. This computer assembly has several stable sta
tes. It is mainly used to count pulses applied to its input. In an 
electronic digital computer, counters generate word (number) 
addresses in the storage unit and instruction addresses in the 
control unit, and special sequences of control or gate pulses, count 
the number of cycles for some operations, etc.

Counters may be classed in any one of several ways. For 
example, they are classed into scale-of-two, scale-of-ten, etc. co
unters according to the radix or base chosen for number represen
tation or the number of states that a counter has. Or they may be 
classed as adding (up-counters), subtracting (down-counters) and 
reversible (bidirectional) according to the arithmetic operation 
they perform. A further classification is according to the manner 
in which the carry operation is organized (counters with a cas
caded carry, ripple-through carry, block carry and partial-block 
carry).

The basis of any counter is a one-stage binary counter which 
produces an output pulse for every two input pulses (it is said to 
take a modulo 2 sum) and is built around a variety of flip-flops, 
mostly T flip-flops. The state of a binary counter at time (/ +  1) 
is a function of its own state and its input at time t.

In the logical design of a counter, it is treated as a finite-state 
machine *with a single input and 2n outputs, where n is the maxi
mum number of bits that the counter can hold. The output signals 
of the counter must be in binary form and in a one-to-one corres
pondence with the states of the storage elements in the counter.

Table 6.8

1 2 3 4 & 6 7 8 9 10

X Qi(t) Qi«> Qi ( f t Q ,  (* +  n Qi (<+l) Qs (t + 1) 4 s l QS2 qs z

1 0 0 0 0 0 1 0 0 1
1 0 0 1 0 1 0 0 1 1
1 0 1 0 0 1 1 0 0 1
1 0 1 1 1 0 0 1 1 1
1 1 0 0 1 0 1 0 0 1
1 } 0 1 1 1 0 0 1 1
1 1 1 0 1 1 1 0 0 1
1 1 1 1 0 0 0 1 1 1
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Binary up-counters may utilize various forms of carry. For 
their analysis it is convenient to use a combined state and excita
tion table such as shown in Table 6.8. The table applies to a three- 
bit binary up-counter built around T flip-flops. The previous states 
of the flip-flops are entered in binary form in columns 2, 3 and 4.

The next states of the flip-flops, also in binary code, are marked 
in columns 5, 6 and 7. Columns 8, 9 and 10 define the excitation 
functions of the flip-flops, as found from their excitation matrix, 
according to the transition required. Referring to Table 6.8, the 
excitation functions of the counter flip-flops may be written as

<7*3 =  *, <7*2 =  *Qs, <7»! =  *Q2Q3 =  <7*2Q2 (6.4)

Expression (6.4) leads to at least three logical designs of a 
binary up-counter, differing in speed of operation. Figure 6.18

Fig. 6.19

shows a binary counter with the ripple-through carry for which the 
maximum switching time is given by

— Iff +  (" ~  1) *co 
where T ^ ^ tim e  needed for a flip-flop to operate

t CZ) =  time needed for the coincidence detector to operate* 
n =  number of stages (bit positions) in the counter
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The counter of Fig. 6.19 uses a block carry, that is, the carry in 
any £th bit position is generated independently of that in the pre
ceding bit position so that the carries out of all bits in a block 
occur at the same time, according to the excitation function of the 
flip-flop in the Arth bit position

tjsk =  xQk^lQk+2 •  •  •  Qn-lQn
With the block carry, the maximum switching time of the counter 

is shorter than it is in the previous modification and is given.by

tsw — tpp "I" t CD
However, block-carry counters need coincidence detectors with 

a greater number of inputs, which may in some cases be unat
tractive. This is why use is made in some cases of a combination

of the ripple-through and block carry. With this arrangement, the 
counter is divided into blocks, the ripple-through carry being used 
between the blocks and the block carry within each block.

In both modifications, each flip-flop has a reset input which 
accepts a reset • pulse whose duration should be such that 
t reset >  *»»• The delay lines provided at the inputs to the flip- 
flops cater for proper timing in transfer of information.

Reversible (or bidirectional) counters operate as up-counters 
when the input is y — 0, and as down-counters when the input 
is y — 1 (Fig. 6.20). A combined state and excitation table in 
binary form for a three-bit reversible binary counter is given in 
Table 6.9. In this table, the first eight rows (y =  0) apply when 
the counter operates as an up-counter, and they are filled in the 
same manner as the respective lines in Table 6.8. For y =  1, when 
the counter is operating as a down-counter, the binary numbers 
(representing the new states of the flip-flops) in columns 6, 7 and 
8 are unity less than the binary numbers representing their pre
vious states.
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Table 6.9

1 2 3 4 5 $ 7 8 9 10 11

X y Q, «) Q»«> Q , «) Q.tf + 1) Q.« + I> Q.«+l) *#s

1 0 0 0 0 0 0 1 0 0 1
1 0 0 0 I 0 1 0 0 1 1
1 0 0 1 0 0 1 1 0 0 1
1 0 0 1 1 1 0 0 1 I 1
1 0 1 0 0 1 0 1 0 0
1 0 1 0 1 1 1 0 0 1 1
1 0 1 1 0 1 1 1 0 0 1
1 0 1 1 1 0 0 0 1 1 1
1 1 0 0 0 1 1 1 1 1 1
1 1 0 0 1 0 0 0 0 0 I
1 1 0 1 0 0 0 1 0 1 1
1 1 0 1 1 0 1 0 0 0 1
1 1 1 0 0 0 1 1 1 1 1
1 1 1 0 1 1 0 0 0 0 1
1 1 1 1 0 1 0 1 0 1 1
1 1 1 1 1 1 1 0 0 0 1

According to Table 6.9, the excitation functions of the T flip- 
flops will be _

<7,3 “  *• <7*2 =  xQa9 V xQ3y — q'a2 V q"2

<7,i =  xyQ2Q3 V xyQ2Q3 — q's2Q2 V <&Q£ — <£, V (6.5)

The reversible counter which implements the block diagram of 
Fig. 6.20 uses the ripple-through binary carry according to 
Eqs. (6.5).

Scalers (or scaling circuits) produce an output after a prede
termined number of input pulses has been received..The number of 
input pulses per output pulse is called the scaling factor or the 
scaling ratio. Incidentally, n-bit binary counters are all binary 
scalers for which the scaling factor or ratio is k =  2n.

Scalers can be organized in any one of two ways, according to 
the manner chosen to represent the internal states of the flip-flops.

(1) A zero-initial-state scaler with a factor of k >  2 is arranged 
so that all states, starting with the zeroth one, are represented by 
binary nthribers in increasing order. When the scaler receives the 
kth pulse, the circuit resets, and a control pulse appears at its 
output. The number, n, of flip-flops needed to implement a scaling 
circuit is an integer nearest to logs*.

13—3525
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In the light of the foregoing, a combined transition and excita- 
tion table for a scaler with k =  10 may be presented in binary 
form as shown in Table 6.10.

Table 6JO

1 2 3 4 5 6 7 8 9 10 11 12 13

X Q .  (*> <3.(0 Q . « > Q a (t) Q\ ( f + 1 ) Q » « + ! l Q . « + n <*s\ qS2 ^ 5 3 0*4

1 0 0 0 0 0 0 0 1 0 0 0 1

1 0 0 0 1 0 0 1 0 0 0 1 1

1 0 0 1 0 0 0 1 1 0 0 0 1

1 0 0 1 1 0 1 0 0 0 1 1 1

1 0 1 0 0 0 1 0 1 0 0 0 1

1 0 1 0 1 0 1 1 0 0 0 1 1

1 0 1 1 0 0 1 1 1 0 0 0 I
1 0 1 1 1 1 0 0 0 1 1 1 1
I 1 0 0 0 1 0 0 1 0 0 0 1
1 1 0 0 1 0 0 0 0 1 0 0 1

Written as Boolean (switching) functions, the excitations of the 
flip-flops entered in Table 6.10 have the form

<7*4 =  *, qs2 =  xQlQi

Qsa — xQiQsQ*=  <7*3̂ 3 (6.6)

Qs\ — XQ1Q3Q4Q2 V  XQ1Q2Q3Q4 =  Q&2Q2 V  XQ1Q2Q3Q4

and the respective block diagram appears in Fig. 6.21.
The scaler with k =  10 shown in Fig. 6.21 may be used as a 

stage for a BCD counter using the 8421 weighted code, with the 
outputs of the flip-flops Qi, Q2, Q3 and Q4 used as the outputs of 
the overall network.

(2) A nonzero-initial-state scaler has an initial state represented 
as m — 2n —  k, while the remaining states are represented by a 
sequence of binary numbers in ascending order, as in the previous 
case. Accordingly, in block-diagram terms, such a scaler will be 
not unlike a binary up-counter in which the carry out of the 
most significant bit position is coupled by OR gates to the inputs 
of the flip-flops initially residing in the 1 state. For example, with 
k  =  13, we have n =  4, and m =  2" — 13 =  3, whence the initial 
1 state will be associated with the flip-flops in the two least signi
ficant bit positions (0011).

6.3.3. Adders. An adder is a component of the arithmetic unit 
of any digital computer. It generates the algebraic sum of num-
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bers. Adders may be serial or parallel, according as the augend 
and addend bits are available for addition. In the former case, 
they come bit after bit, starting with the least significant one. 
During each bit time, an adder has three inputs two of which are 
an augend bit and an addend bit both belonging to the same bit 
position, and the third bit is the carry from the previous addition. 
In the latter case (a parallel adder), all the addend and augend 
bits are available simultaneously. In parallel addition the sum may 
be placed in a sum register which is separate from the addend and 
augend registers (a combining adder), or the sum may replace the 
augend (an accumulating adder).

Consider the logical design of a simple (single-bit) adder, which 
is part of any type of adder. It generates the module 2 sum, s, of

-------- = F L ________F L _______ F I ___
- l t - U  [flirt-,

sr ?S3 w - fa |
~FF J

- k L J ^
- t f l

UU
1

Fig. 6.21

three bits: the augend bit x, the addend bit y, and the carry bit z 
from the previous stage. This operation of addition can be forma
lized in terms of Boolean functions as follows:

s =  xyz V xyz V xyz V xyz (6.7)
p =  xyz V xyz V xyz V xyz (6.8)

where p is the carry into the next stage (bit position).

Simple Adder Using an Accumulator
In a simple adder using an accumulator, the addend and the 

augend are available for addition at different times and the sum 
replaces the augend in the register (or accumulator). The modulo2 
sum of the operands is taken by a T flip-flop. Since the augend
and the addend are available at different times, the expressions
for the'sum and the carry, (6.7) and (6.8), take the form

s =  [x(ti)®(/(t2)]®z(<3)

13*
P = z  (k) [x {k)®y  (/2)1 V [x (/,) ® y (/2)] y ft)

(6.9)
(6. 10)
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where t\, t2 and t3 are the instants at which the augend, the ad
dend and the carry are available. The instants t\ and t2 must be 
chosen such that

h >  4* to
t3 >  t2 + 10

where ta =  xff, if the flip-flop is caused to change state by the 
leading edge of the input pulse, and to =  t f f  +  xin if the flip-flop

Fig. 6.22
i

is caused to change state by the trailing edge of the input signal. 
Here, xff  and t,„ are the operate time of the flip-flop and the du
ration of the input signal, respectively.
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The logic diagram of the simple adder incorporating an accu
mulator and fitting Eqs. (6.9) and (6.10) appears in Fig. 6.22a. 
The delay line maintains the proper time relationships between the 
memory elements.

Typical Stage of an Adder Using a Separate 
Sum Register

With inverting inputs, a single-bit adder using a separate sum 
register and formalized by the Boolean functions (6.7) and (6.8) 
will require for its realization four three-input AND gates, three 
two-input AND gates, one four-input OR gate, and one three-in
put OR gate.

If a derived function is used to obtain another function as a 
way of simplifying the given Boolean functions (Sec. 6.2), the cir
cuit implementing it may be arranged to avoid inverse inputs and 
to reduce the total count of inputs on the logical elements. Thus, 
after appropriate manipulations, we get

p =  xy V z(x V y) =  (h V za, 
s*=p(at V z) V  

a,=Af V y (6. 11)

a2 =  xy
The logic diagram fitting Eq. (6.11) appears in Fig. 6.226. The 
Boolean expressions for the sum and carry may be recast as 
follows

p =  xy V xzM yz
s — px V pyV  p z \ /  xyz (6. 12)

P =  P, S = S
The logic diagram fitting Eqs. (6.12) is shown in Fig. 6.22c.

Multibit Adders
A serial multibit adder uses a single-bit adder with a separate 

sum register, in which the carry (p) output is coupled to the z 
input by a delay line which stores the carry for one digit time 
equal to the repetition period of input signals (Fig. 6.23a).

A parallel multibit adder is assembled from as many single-bit 
adders as there are bits in the numbers being added. They may 
use either a separate sum register and carry propagation or an 
accumulator and half-sums. The carry may be of the sequential, 
ripple-through, block or combination (block-and-cascade) type.

A parallel multibit adder with an accumulator consists of single
bit adders like that shown in Fig. 6.22a. In such adders, the carry 
(p) output from the ith stage is coupled to the z input of the
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( i— 1)st stage. If an adder operates on numbers in l ’s comple
ment representation, the carry out of the most significant bit 
must be connected to the z input of the least significant bit (the 
end-around carry).

Where speed of operation is a major consideration, use may be 
made of the block-cascade carry along the same lines as in binary

counters.
Parallel multibit adders 

with a sum register are 
made up of single-bit ad
ders whose outputs are 
connected to the sum re
gister. In arranging for a 
binary carry in such ad
ders, it must be sought to 
minimize the number of 
stages in the carry circuits.

6.3.4. Decoders. The func
tion of decoders is to con
vert a coded word into a 
representative signal. The 
operation of decoding is 
formalized by a system of 
Boolean (switching) func
tions each of which has the 
value 1 for only one set of 

variables. As a rule, a decoder accepts signals from a register 
whose states are to be converted into a control signal. Decoders 
are widely used in storage and control units.

The system of functions mechanized by a decoder consists in 
the general case of 2n functions of the form

Z, = < » # . . .  X°n (6.13)

The network mechanizing a system of functions of the form (6.13) 
without transformation is called a matrix decoder. A matrix de
coder for two variables iŝ  shown in Fig. 6.24a.

The number of elements needed to implement a decoder may be 
drastically reduced by appropriately simplifying the original func
tions of the system. For example, a system of functions of four 
variables, such as (6.13), may be simplified as follows

Z0=PoPo. Z* =  PlP'o> Zi =  P2P l 2I2 =  P X
zi =  PoP\> zs =  PiP\> Zi =  PiP\> Zl3==P3Pl
z 2 =  PoP» Z6=== P iP& z ioz = PJ)l  ZU =  P A
*3=PoPl, z7 =  PlP'v zn =  PiPl 2i5=== P3P3

(6.14)
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Po =  XlX2’ Pq ̂  -̂ 3̂ 4

Pi =  XlX2’ p ! = V 4
P2 =  *l*2» P[ =  h*4.
P3 =  XlX2’ P3 =  *3*4

A decoder fitting the system of functions

(6.15)

and (6.15) is called a square decoder (Fig. 6.24b). If each function 
of four variables of the form (6.13) is transformed to

^ = { [ h > 22K sK 4}
the realization will be called a pyramidal decoder.

(6.16)



Chapter VII

Principal Units of an Electronic 
Digital Computer

7.1. Arithmetic Unit

7.1.1. Purpose, basic characteristics, classification and elements.
The arithmetic unit, which is one of the five major functional 
sections of all general-purpose electronic digital computers, pro
vides the facility for performing arithmetic and logical operations.

An arithmetic unit may be characterized in terms of the opera
tions it can perform, speed of operation expressed in terms of the 
execution time, the number system adopted, the range of digits, 
number representation (fixed or floating point), the manner in 
which the operations are performed, the accuracy desired, the re
liability achieved.

According to the manner in which multi-digit numbers are pro
cessed, there may be serial, parallel and serial-parallel arithmetic 
units. In a parallel arithmetic unit, all the digits (operands) are 
available for processing simultaneously; in a serial arithmetic 
unit, operands are processed as they appear serially (bit after bit) 
in time.

According to number presentation, there may be fixed-point and 
floating-point arithmetic units. According to the number system 
adopted, arithmetic units may be binary, decimal, etc. Like adders, 
arithmetic units may use either sum registers and carry propaga
tion or accumulators for their operation.

An arithmetic unit consists essentially of two subunits, one of 
which effects the arithmetic and logical operations and the other 
supplies the control function. Floating-point computers usually 
incorporate arithmetic units with two operational subunits, one to 
operate on exponents and the other on magnitudes (mantissas). 
Fixed-point machines usually have an arithmetic unit with one 
operational subunit.

As has been shown in Sec. 5.2, any operation in the arithmetic 
unit reduces to a sequence of elementary operations arranged 
according to an algorithm. These elementary operations, sometimes 
referred to as microoperations, are transfer of an operand (ad
dend, multiplier, dividend) to the adder, transfer of an operand 
from the internal memory to the register, left or right shift of an 
operand in ihe register or adder, etc. As a rule, a microoperation 
is executable within a single clock time and is initiated by a 
suitable pulse supplied by the control unit of the arithmetic sec
tion.
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Fig. 7.1

Consider the logical design of arithmetic units performing the 
basic arithmetic operations of addition, subtraction, multiplication 
and division on fixed-point numbers.

7.1.2. Logical design of an arithmetic section for the operations 
of addition and subtraction. As an example of logical design, con
sider an arithmetic unit operating on fixed-point binary numbers 
stored in sign-and-magnitude form. The arithmetic unit is to 
generate an overflow signal, <p, and a negative-result signal, <o. It 
will use a parallel adder with an accumulator.

According to the algorithm of the desired operations (see 
Sec. 5.2) and the basic requirements for the arithmetic section, its 
operational unit should include the following essential assemblies 
(Fig. 7,H:v'

(1) A parallel adder with an accumulator and an end-around 
carry, PA. The sign-bit input lines of the adder are tied together.

(2) A register, nReg-1, to store the number transferred from the 
memory section; the sign-bit stage uses an RST flip-flop. The T
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input (line c) may accept a signal to change the sign of the 
number stored in the register.

(3) AND gates, rtAND-6, to read numbers from the memory 
section into nReg-1.

(4) AND gates, nAND-2 and nAND-3, to transfer numbers from 
nReg-1 to the adder in sign-and-magnitude or l ’s complement 
form, respectively.

(5) AND gates, nAND-4 and riAND-5, to transfer the result in 
sign-and-magnitude representation from the adder to the memory 
section.

(6) A circuit to generate the overflow signal, <p.
(7) Two AND gates to control the transfer of a number from 

the adder.
(8) Two AND gates to control the transfer of a number from 

nReg-l.
In Fig. 7.1, the input lines are labelled with lower-case letters 

from the beginning of the alphabet. The signals appearing on the 
control lines will be designated as vit where i is the subscript of 
the respective control line.

To carry out the operation of addition, with the augend and 
the addend stored in the memory section, the control unit of the 
arithmetic section must generate the following sequence of signals 
on the control lines: Vd, va, Vb, v„, Vb, ve, where va is the pulse 
that clears the adder to zero. To carry out the operation of sub
traction, the control unit of the arithmetic section must generate 
control signals in the following sequence: Vd, va, Vb, va, vc, o&, »«.

7.1.3. Logical design of an arithmetic section for the operations 
of multiplication. In the logical design of an arithmetic unit fqr 
the operation of multiplication, we shall assume an arithmetic sec
tion having the same performance as in the previous case with 
the addition of two more requirements, namely, that the multi
plicand and the multiplier will be in sign-and-magnitude form 
and that round-off will be applied. The algorithm to be realized 
is Mode 1 in Table 5.2. In this mode, the multiplicand is sta
tionary, while the multiplier and the sum of partial products are 
shifted to the right, that is, multiplication proceeds, starting with 
the least significant bit of the multiplier.

To satisfy this algorithm and the basic requirements for per
formance, the operational unit of the arithmetic section must in
clude the following assemblies (Fig. 7.2):

(1) A parallel adder with an accumulator, with capabilities for 
right shift, but with no shift in the sign adder.

(2) A register, ( n— 1) Reg-1, to store the magnitude of the 
multiplicand.

(3) A shift register, ( n — 1) Reg-2, to store the magnitude of 
the multiplier.
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(4) AND gates, nAND-1 and nAND-2, to steer the multiplicand 
and multiplier to the respective registers, and also to transfer 
the sign bits of the multiplicand and multiplier to the sign adder.

(5) AND gates, (n — 1) AND-3 and (n — 1) AND-4, to transfer 
the magnitude of the multiplicand to the adder and the result to 
the memory section, respectively.

(6) AND gates, AND-1 and AND-2, to control transfer of the 
multiplicand to the adder and to carry out the round-off opera
tion in the (n +  1) st bit position, respectively.

To carry out the operation of multiplication in accordance with 
the chosen algorithm, the control unit of the arithmetic section

1 NL(toSU)

%---- I HAND 4\

iNL(frvmSU)

Fig. 7.2

must generate the following sequence of control signals: Vd, va, 
Vb, [vu «c]n times. vg, ve. For this algorithm of multiplication, where 
the multiplier and the sum of partial products are shifted the same 
number of places, the least significant bit stages of the adder may 
be utilized as a multiplier register, which makes a separate mul
tiplier register unnecessary.

7.1.4. Logical design of an arithmetic section for the operation 
of division. Basically, the performance criteria of an arithmetic 
section in the case of division are the same as for an arithmetic 
section to carry out addition and subtraction, with the added re
quirement that the operation of subtraction in an adder is carried 
out by Discing the subtrahend in the adder in its 2’s complement 
form. Trie operation of division will be performed according to 
Mode 2 of the division algorithm presented in Sec. 5.2, with the 
dividend arranged to arrive in the arithmetic section before the 
divisor.
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To satisfy the chosen algorithm and the basic performance re
quirements, the operational unit should include the following as
semblies (Fig. 7.3):

(1) A parallel adder with an accumulator, without end-around 
carry. In the adder.the signwill be presented by two bits, Xo andx0.

(2) A divisor register, nReg-1, to store the divisor.
(3) A divisor 2’s complementer.
(4) A quotient shift register, nReg-2.
(5) AND gates, nAND-2, to transfer the dividend to the adder 

and the divisor in sign-and-magnitude form to the adder if the 
remainder is negative, a =  1.
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Fig. 7.3

(6) AND gates, nAND-3, to transfer the divisor in 2’s comple
ment form to the adder if the remainder is positive, o> =  0.

(7) AND gates, nAND-4, to transfer the quotient to the memory
section.

(8) A quotient sign adder to obtain the sign of the result.
To carry out the operation of division according to the chosen 

algorithm, the control unit of the arithmetic section should gene
rate control signals in the following sequence: v&, va, Vb, va, 
[Ve, (Oft® V  l»,©), Og]„ times, vf.

7.2. Storage

7.2.1. Classification and basic characteristics of storage units.
The storage (or memory) unit of a general-purpose digital com
puter stores both the instructions that control machine operations 
and the data that are to be processed, and supplies them to other 
computer sections.
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Digital computers use storage units widely differing in perfor
mance (notably, capacity), operating principle, and physical rea
lization. In fact, a single computer may use a hierarchy of dif
ferent storage units, each performing a specific function.

Basically, storage units may be classed as follows:
(1) A storage unit which is an integral part of a computer and 

performs its designated functions in the course of operations car
ried out by the arithmetic and control units is usually called an 
internal storage (or memory). If data are entered once for all 
and can be read out repeatedly we shall have a fixed or read
only storage. A synchronizing or time-matching storage unit, that 
is, one holding information while it is being transferred between 
the computer sections operating at different speeds, will be called 
a buffer storage. A storage divorced from the computer proper 
and designed for bulk storage and exchange of information with 
the interna] and buffer storage units will be referred to as ex
ternal storage.

(2) Another way of classifying storage units is according to 
the manner in which data can be entered (stored) or retrieved. We 
shall call a unit a random access storage if data can be entered 
in and retrieved from it in any arbitrary sequence. In contrast, if 
data can be entered in or retrieved from storage in a pre-arranged 
address sequence, we shall have a sequential access storage. 
Where a storage ^system references storage locations by data 
content, we shall call it an associative storage. Finally, there 
may be an address-organized storage in which a particular 
storage location is found by an exhaustive search from address to 
address.

(3) Storage may be static or dynamic. With static storage, the 
device stores data so that they do not change position. With 
dynamic storage, the device stores data so that they can move or 
vary with time, and the specified data are not always available 
for retrieval.

(4) If the digits of a selected word are available from a 
storage unit all at the same time, we shall call it a storage with 
parallel representation. In contrast, where the digits of a word 
are available one after another at the same terminal, we shall 
call it a storage unit with serial representation. Obviously, a 
storage unit with serial-parallel representation may be, and is, 
used.

(5) A,v$ry important feature of any storage is whether or not 
information is destroyed during readout. Accordingly, we have 
destructive readout, where storage must incorporate means for 
regenerating the information lost, and nondestructive readout 
where the information remains intact.



206 Pari Two. Electronic Digital Computers

(6) A variety of materials, or storage media may be utilized 
for storage, such as magnetic cores with a square hysteresis loop, 
semiconductor devices, etc.

(7) Finally, storage units may differ in mechanical construe* 
tion, methods used in production, etc.

The most important performance characteristics of a storage 
unit are speed, capacity and reliability. The speed of a storage 
unit has a direct bearing on the operating speed of the entire 
computer because problem-solving involves a huge number of 
data and instruction transfers between storage and the rest of 
the computer. For the internal, buffer and fixed storage, it is 
customary to measure the memory cycle time, Tc, which is the 
minimum time from the beginning of one access to the beginning 
of the next. Its reciprocal, called the maximum cycle rate of a 
storage, FmiX, is also an important speed characteristic.

For internal and fixed (or read-only) memories it is customary 
to specify their access time which is defined as the time from the 
instant an address has been transferred to the storage and the 
instant when the word (or number) is available at its output 
terminal, and is symbolized as Ta. Both the cycle time and the 
access time of a storage are expressed in microseconds, ps. The 
cycle time is generally longer than the access time, that is, 
1 a ^  Tc.

For external memory, the speed is defined in a somewhat dif
ferent manner. The reason for this difference is that external 
memory handles information in blocks rather than in individual 
numbers (or words), as happens in internal memory. Hence, the 
speed of external memory is the sum of its maximum storage and 
retrieval times, Tm&x, for a block of numbers (or words). Practi
cally, rmax may turn out to be shorter than Tc. Another speed 
characteristic for external memory is the rate, F, at which words 
or numbers in parallel representation can be stored into or re
trieved from a block.

Storage capacity is generally measured by the number of ma
chine words of a stated base or the equivalent number of binary 
digits (bits) that a storage can hold at a time.

The reliability of a storage unit must be such that the asso
ciated computer can solve problems under the operating conditions 
stated in the specifications. Accordingly, the reliability of storage 
units may be stated in terms of failure rate (the number of fai
lures per unit time or the number of valid signals per invalid 
signal), or as the range of operating conditions, or both.

The perfiprmance characteristics of storage Units are closely in
terrelated, and an attempt to improve one may impair some 
other. For example, an increase in capacity in internal storage 
inevitably leads to a decrease in its speed and reliability.
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There are also economic characteristics of storage units, such 
as cost of storage per bit stored, mechanical characteristics such 
as number of bits stored per unit volume. As regards external 
memories, account is taken of writing density, p, which shows 
how many units of information can be packed into unit length of 
storage medium.

7.2.2. Storage elements and storage media. A physical device 
intended to store one bit of information is called a storage ele
ment. This may be a material or a 
readily recognizable and control
lable.

The most commonly used type 
is magnetic-core storage elements 
with a rectangular hysteresis loop.
They may reside in two stable sta
tes of magnetization, each charac
terized by a residual (or rema
nent) flux density of its own.
A typical steady-state B (flux 
density) versus H (field strength) 
characteristic is shown in Fig. 7.4.
It is usual to designate the po
sitive residual state, + f lr, as 
binary 0, and the negative resi
dual state, —Br, as binary 1*.
After a magnetic core has been 
set in this binary state, it will 
remain there for any length of 
time. These states are recognized 
(sensed) by applying current pulses which produce magnetizing 
force, + H m.

If a core has previously been set to the binary 0 (+ B r) state, 
application of -\-Hm will in fact be in the same sense, and a re
latively little flux change will occur, e.g., from -\-Br to + B m 
with the rising current, and back from -\-Bm to -j-Br with the 
falling current. If, on the other hand, the core has previously been 
set to the 1 (—Br) state, -\-Hm will pulse it in the opposite sense 
(causing a change of state), and the flux density will change by 
a considerable amount, e.g., from —B, to with the rising
current and back from - f Bm to -\-Br with the falling current. This 
change in flux density (or magnetic flux <D — SB, or flux linkage 
tp1 =  o><J>) ̂ induces an emf in the sense wire, this emf being the 
greater, The greater the change in flux density and the faster the 
rate of change, that is, e <x dB/dt oc A B/At.

device having two stable states

As often, the reverse may be true. — Tr.



208 Part Two. Electronic Digital Computers

As is seen, both the change in flux density and the rate of 
change depend on the residual state (“0” or “1”) in which the core 
has been set. Therefore, the emf induced in the sense wire will 
have amplitude, duration and waveform wholly governed by the 
binary state of the core, and this forms the basis of recognizing 
(or sensing) the state written into the core.

A magnetic core is switched between residual states by passing 
a pulse of current through it, so as to produce a magnetic field 
of intensity ±H . During a read (sensing) operation, the core 
switches to the residual state representing the binary 0; during a

Fig. 7.5

write operation it will switch to the residual state representing 
the binary 1 if the applied magnetizing force is I— H \ ^ \ — Hm\, 
or will remain in the 0 state if |— —H,\. This read opera* 
tion destroys the information stored.

Of all forms of magnetic cores used in internal and buffer 
storage, the one most commonly used is the moulded-ferrite type 
pressed into toroid (ring or doughnut) shapes (Fig. 7.5a). Fer
rite cores are available in a range of outside diameters from 0.5 
to 2 mm, and in a variety of source materials, temperature cha
racteristics, hysteresis loop shape, etc. The directions of residual 
magnetization are shown by the arrows in Fig. 7.5a, each of 
which may be selected to represent the binary 1 or the binary 0. 
Each core is strung on wires that control its residual state and 
one more wire that senses this state. Unfortunately, the read ope
ration destroys the stored information.

The handling and fabrication of individual cores may be eli
minated through the use of multiaperture ferrite plates, such as
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shown in Fig. 7.5b. The areas around the holes operate in the 
same manner as individual ferrite cores. The arrows in the fi
gure show the directions of residual magnetization for each hole.

Although simple to fabricate, storage elements with destructive 
readout involve ah additional time required to rewrite (regene
rate) the lost information, which fact impairs the speed of the 
storage unit as a whole. There are magnetic storage elements 
which are free from this limitation. Examples are a secondary- 
aperture ferrite core like the Transfluxor manufactured by RCA, 
which has two openings (Fig. 7.5c). The arrows in the figure 
show the directions of the residual flux for binary 0 and 1. 
Switching between the states is initiated by a current pulse ap
plied to the wire threading the larger hole. To set the core to 
the 0 state, a large mmf is applied to the core by means of the 
winding through the large aperture, so that the entire core is 
saturated in one (say, clockwise) direction. A winding (called a 
drive, excitation or interrogation winding) through the small 
aperture can cause no change of flux around that hole because 
the material is saturated, so that another (sense or output) wind
ing through the small aperture can produce no output when the 
core is in this state, and the core is said to be blocked. In order 
to write a 1 into the core, an mmf in the reverse direction is ap
plied to the core by means of the winding through the large hole. 
The mmf must be just sufficient to reverse the field only around 
the large aperture, without affecting that around the small hole. 
Now the two fluxes are in opposite directions, and the core is 
said to be unblocked. If an alternating mmf or bipolar pulses are 
applied by means of the interrogation winding,' an output will 
appear on the sense winding.

Nondestructive readout can also be obtained with devices based 
on a quadrature (or transverse) field, that is, one at right angles 
to the residual flux. Within certain limits, the magnetization 
caused by the quadrature field in the material is a linear function 
of the field strength, has the same polarity, and falls to zero 
when the quadrature field is removed.

An example of a storage element based on a quadrature field is 
a special ferrite core with two apertures in orthogonal directions 
(a biaxial ferrite core), such as shown in Fig. 7.5d which also 
gives the directions of the residual flux (saturation) for the 0 
and 1 states. The core is set to one of these states by a pulsed 
field applied by means of a wire or winding through the lower 
aperture*.,The material around the lower aperture has a magneti
zation curve similar to that shown in Fig. 7.4. The top aperture 
is used to produce a pulsed quadrature field by means of a wire 
through that aperture for readout. The quadrature field causes a 
change in the horizontal component of the original field, so that

14—3525
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a pulse of emf is induced in the sense (output) winding, of a 
polarity determined by the residual flux, that is, the information,
stored. In this way, the sign of the output pulse uniquely defines

the stored bit as a 0 or as 
a 1.

Storage cells can be pro
duced by depositing rectan
gular patches of thin magne
tic film on a suitable sub
strate. This film is anisotro
pic, that is, when placed in a
strong magnetic field, it 
exhibits an easy axis of mag
netization in the direction of 
the field. Its hysteresis loop 
is similar to that shown in 
Fig. 7.4, and so thin-film 
patches may be set to the 
binary 0 and 1 states as 
shown by the arrows in 
Fig. 7.5e. The magnetic field 
used for this purpose must 
have a magnitude and a po
larity to suit the magnetiza
tion curve of the thin film. 
The patches are interrogated 
with a quadrature field, as in 
the case of biaxial-aperture 
ferrite cores. The control and 
interrogation fields are ap
plied by means of current 
pulses in appropriate wires 
which are all made (or, ra
ther, printed) as metal films. 
For example, the interroga

tion wire is printed on top of the thin-film patches in the direction 
of the residual flux. Then a current pulse in the wire will set up 
a field at right angles to the direction of saturation. Thin-film sto
rage elements are extremely small and can conveniently be fabri
cated in large numbers in a single operation.

External memory ordinarily uses storage media in the form of 
a ferromagnetic material deposited on a suitable nonmagnetic 
substrate ^magnetic drums, magnetic tape, or magnetic discs). 
This ferromagnetic material has a hysteresis loop approaching 
that shown in Fig. 7.4, which fact indicates the possibility of 
driving the material to two states of residual magnetization. As

(a)
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has been shown, materials with this property can be used for 
binary storage. For the purpose of recording, the magnetic me
dium (drum, tape or disc) is passed by a magnetic head such as 
shown in sketch form in Fig. 7.6a. The head produces an intense 
localized magnetic field at the surface of the recording medium 
whose direction and, as a consequence, that of the residual mag
netization depends on the signal energizing the coil of the head 
core. As a result, each succeeding area on the tape (drum or 
disc) is brought into a magnetized state representing a binary 1 
or a binary 0. Thus, information written in this way is stored as 
a pattern of areas differing in residual magnetization. For read- 
back the storage medium is again passed by the same or another 
magnetic head. The external magnetic field along the surface, 
resulting from the residual magnetization, couples magnetically 
with the head and induces an emf in the coil, representative of the 
signal read back. These events are illustrated in the timing dia
gram of Fig. 7.6b. In writing a binary data item (7), the left- 
hand and right-hand coils of the magnetic head are energized by 
current pulses shown at 2 and 3, respectively. The current in the 
head is switched by a gating signal (6) from a data flip-flop. 
After the write operation, the residual flux density in the mag
netic layer has the form shown at 4. During the read operation, 
the magnetic flux in the head core, following the variations in the 
residual magnetization (4) along the surface, induces an emf (5) 
in the head coil. This output emf is processed into a form suitable 
to control the state of the data flip-flop and applied to its T in
put so that the flip-flop moves through the same sequence of 
states (6) as in writing the original binary data item (7). Syn
chronizing pulses (I) provide a means for measuring the duration 
of the binary states.

High-speed storage elements can be built with tunnel diodes 
connected into bistable circuits (Fig. 7.7). For its operation, this 
type of storage depends on the fact that a tunnel diode, TD, can 
reside in two stable states, given a positive write voltage, Vw, 
a zero read voltage, Vr, and a negative regenerating voltage, Vreg 
(see Fig. 7.7a). The slope of the load line is determined by the 
value of R, and the diode should therefore have two stable states 
(see Fig. 7.7b). The low level, Fmin, represents a logical 1, and the 
high level, Fmax» a logical 0.

Readout is initiated by applying a negative voltage pulse, Vr. 
If the tunnel diode has been set to the 1 state, a negative pulse 
will pa59 {hrough the diode Z), of a duration determined by the 
turn-off time of the tunnel diode. Since the turn-off time is finite 
the cathode of the tunnel diode will remain at a negative poten
tial for some time, and the diode D will be conducting. If the 
tunnel diode has been set to the 0 state, the cathode of the tunnel
14*
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diode will be at a positive potential all the time, the diode D will 
be in the OFF state, and no pulse will be able to get through.

For a binary data item to be written into the storage element, 
the voltage VT should be negative, and the polarity of should
be reversed. Then the tunnel diode will be switched to the 1 state 
if the diode D is OFF, and to the 0 state, if the diode D is ON. 
When the tunnel diode is switched to the 1 state, Vreg is incre
mented; in the 0 state of the tunnel diode, it remains unchanged,

and the tunnel diode goes high. In this condition, the slope of the 
load line is determined by the parallel connected resistors and 
the resistance of the conducting diode D. The timing diagram of 
the tunnel diode appears in Fig. 7.7c.

Storage elements in which binary states are represented by a 
weaving pattern are used in fixed (read-only) memories along 
with storage elements like biaxial ferrites and the Transfluxor 
in which the states are switched electrically. The manner in which 
binary states are identified by a fixed weaving pattern in a read
only memory using transformers with toroid cores having a non- 
rectangular hysteresis loop is illustrated in Fig. 7.8. A wire 
threading the transformer core represents a binary 1, and a wire 
passing outside the core represents a binary 0. For readout, a cur
rent pulse excitation is applied to one of the threading wires. An
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emf will be induced in the output (sense) winding of a core only 
if the selected wire threads the core.

In dynamic memories, information storage is based on the fact 
that signals in a conducting medium (say, electrical pulses in a 
cable) are propagated at a finite speed, as shown diagrammati- 
cally in Fig. 7.9a. Knowing the length of the cable, /, and the ve-

(b)

locity at which electric energy is propagated in the cable, it is an 
easy matter to find the time during which the signal will exist in 
the cable

td =  Uu
Quite appropriately, this type of storage is called a delay-line 
memory. The synchronizing, input and output signals existing in 
a delay-line memory are shown in the timing diagram of Fig. 7.96. 
Information is stored as a sequence of bits, pulses representing 
l ’s and the absence of pulses representing 0’s, and these two 
states are sensed at the input or output of the delay-line memory 
at the instants when synchronizing (or clock) pulses occur. In
formation is stored for the duration of the time delay, td. In the 
passage'^Hrough a delay line, however, the signal loses much of 
its energy and of its true shape. This is why pulse regeneration 
has to be employed in delay-line memories: the pulses coming out 
of the delay line are amplified, re-shaped and fed back into the
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delay-line input. Stored information is thus circulated indefinitely, 
and readout takes place at the time of pulse regeneration as out
put from the reshaping circuit. Data items are written into a 
delay-line memory by applying appropriate pulses, synchronous 
with clock pulses, to the delay-line input. The capacity of a delay
line memory in terms of bits simultaneously held in the delay 
line cannot exceed the number of clock-pulse periods that make up 
the time delay of the cable. The delay media ordinarily used in 
delay-line memories may be special alloys, mercury or artificial 
electrical delay lines.

The general trend in the development of storage elements has 
of late been towards reduced size, cost and drive power, im
proved reliability and environmental stability (towards tempera
ture, moisture, etc.), and automatic fabrication. Special promise 
in this respect is held out by thin films, ferrite microcores, multi- 
aperture devices (MAD), and ferroelectric memory elements.

7.2.3. Organization of storage elements in the internal storage. 
In computer memory information is stored in discrete form known 
as words. Each word is loaded into and retrieved from a separate 
storage location, or cell, which is assigned an address. These 
storage locations are organized to ensure the highest speed in 
transferring data to and from the arithmetic unit, to reduce the 
count of equipment used, and to improve reliability. This can be 
done in several ways.

Most often, use is made of the three-coordinate system. Such 
magnetic-core storage units are alternatively called matrix, selec
tion-plane, or coincident-current storage units. In sketch form, 
they are depicted as cubes (Fig. 7.10a). Physically, a three-coordi
nate magnetic-core storage unit is an assemblage of matrices or 
planes each of which mounts the cores storing one bit of all 
words. Figure 7.10a shows an X-Y plane or matrix. As a rule, 
square planes or matrices are used, and the number of words they 
contain is given by the product of the X rows by the Y columns. 
The various bits of each word are arranged along the Z-coordi- 
nate. For the magnetic-core array of Fig. 7.10, the number of 
words is m and the number of bits in each word (word size) 
is n.

The three-coordinate system needs a smaller count of electronic 
equipment to select the word at a specified address, because each 
matrix combines the functions of word selection and storage. Re
fer to Fig. 7.10b which shows a three-coordinate magnetic-core 
array (where m =  16 and n =  4). In order to select a stored 
word or to write a new word at a specified address, a sequence of 
two current pulses, called half-currents, must be applied to one X 
wire and one Y wire. The application of a half-current to any one 
coordinate, X or Y, results in the half excitation of a selection
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plane through the array, insufficient to switch any core in that 
plane to the opposite remanent state. The same is true of the half
current applied to the other coordinate, Y or X. The existence of 
both half-currents, however, results in full-current excitation at 
the intersection of the selection planes, and the core at that inter
section is switched as appropriate. When a 0 is to be written, a 
half-current is applied to the Z wire in the opposite polarity in 
the X and T wires.

For reliable operation of a coincident-current memory using 
ferrite cores with a hysteresis loop like that shown in Fig. 7.4, 
the field intensity due to a half-current must satisfy the following 
constraint inequalities:

H <  Ht, 2H >  Ht
or

Ht > H >  H,l2
From the last inequality it is seen that a wider hysteresis loop 
will tolerate more variation in the half-current. A faster switching 
action needs a stronger field. To meet this requirement and also 
to improve reliability, coincident-current magnetic-core memories 
use cores with a high coercive force.

Coincident-current memories using multiaperture ferrite plates 
do not differ in the operating principle from similar units using 
toroidal ferrite cores. The differences that exist in their construc
tion are due to the fact that the plates have a multiplicity of aper
tures, and also to the presence of an electrochemically printed 
wire used for control along the Z coordinate and as a sense wire 
(Fig. 7.10c). The fact that ferrite plates have printed wires is a 
considerable advantage because it simplifies the assembly of 
plates into a memory array. Printed wires can safely be applied 
because ferrite is actually a dielectric (its resistivity is about 
10® ohms/cm). The timing diagram of Fig. 7.10d applies to memo
ries with ferrite plates as well as with ferrite cores.

Another form of organization intended for internal, buffer and 
fixed memories is the word-organized system, also known as the 
linear or word selection system. It may use two or three coordi
nates. By tradition, the locations intended to store a word are 
arranged on the same axis designated Z for both three- and two- 
coordinate systems. A word-organized memory unit is shown in 
Fig. 7.11a and b. The total count of words (numbers) that a 
word-organized memory can hold is equal to the last subscript of 
the Z coordinate. In comparison with a coincident-current me
mory, a word-organized one needs a greater count of equipment 
for word sefection, because the elements only perform the function 
of storage. However, with this organization, the requirements are 
less stringent as regards spread between elements and their sta-



Ch. VII. Principal Units of Digital Computer 217

Fig. 7.11

bility, and also (if square-loop ferromagnetic materials are used) 
faster speed and stronger output signals are obtained because 
very large drive pulses are applied in reading.

The construction and operation of a word-organized memory 
unit (with m — 8 and n =  4) will be clear from reference to 
Fig. 7.11c. The drive current in reading a 1 may be arbitrarily 
large because it acts only on the cores of the selected word. When
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a data item is written into a core (Fig. 7.1 Id), the total field in
tensity must be sufficient to turn over the cores in writing a 1 
and insufficient to do so in writing a 0. The bit write current 
must be low enough not to switch the cores in the same bit posi
tion of unselected words. These requirements are easily met if 
the cores have a sufficiently square BH loop (see Fig. 7.4), if the 
spread in characteristics between the cores is negligible, and if 
the current amplitudes during a write operation and, as a conse
quence, the respective fields are such that the following constraints 
are satisfied:

H „ < H U Ht +  Hb> H it H , - H b< H f
As is seen, the cycle time of a word-organized memory is reduced 
solely through a cut-down in the switching time during a read 
operaiton, but not in writing.

The bit write wire is also used as a sense wire because the out
put signal induced in it occurs at a different time from the write 
signal.

Figure 7.1 le shows a sketch of a storage unit with nondestruc
tive readout, which uses glass tubes coated with thin magnetic 
film (about 10,000 A thin) as storage elements. The residual flux 
on these elements is directed around the circumference of the 
tubes. The timing diagram during a write operation is shown in 
Fig. 7.11/. During a read operation, no pulses are applied to the 
bit write wires, and the 0 and 1 output signals differ both quan
titatively and qualitatively, in polarity which is decided by the 
direction of the remanent magnetization (which may be clockwise 
or anti-clockwise) on the surface of the storage element at the Z 
wire. The elements are switched between residual magnetization 
states by the magnetic field around the tube circumference. The 
field is set up by the current pulse which exists in the bit wire 
at the instant when the magnetic material is excited by the quad
rature field due to the current pulse traversing the selected wire.

In external storage, information can be stored on the surface 
of a tape, drum or disc coated with a magnetic material. In con
trast to internal or buffer memory, information on the magnetic 
surface is arranged in a series of areas. Within an area, word 
bits can be stored or retrieved in parallel, serially, or parallel- 
serially, depending on the design of the device. Fig. 7.12 shows 
a parallel magnetic drum on which all bits of a word are stored 
or retrieved in parallel. The number of words per area and the 
number of areas per drum depends on the capacity and applica
tion of the device. Areas are counted in the direction of drum 
rotation, each area being identified by a start (SOA) mark. The 
first area also has a START OF REVOLUTION (SOR) mark. 
The position of a word along the axis of the drum is located by
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synchronizing signals. The number of words an area can hold is 
less than that of synchronizing marks between two adjacent SO/4 
marks. The synchronizing, SOA and SOR marks improve the re
liability with which read and write operations can be controlled. 
These marks can be applied to the drum surface either electrically 
before writing information, or mechanically during manufacture, 
as grooves filled with a magnetic material to produce sudden 
changes in the magnetic flux readily recognizable during data 
retrieval.

The magnetic heads used on magnetic drums and discs are of
ten arranged to float on a cushion of air (“air-floated”) in order 
to raise the amplitude of the 
output signal and to increase 
the write density. The air gap 
between an air-floated head and 
the rotating drum or disc is 
maintained automatically at a 
few microns owing to the elas
tic properties of the entrained 
air.

A typical storage unit incor
porates signal shaping circuits 
and amplifiers to switch the 
storage elements and to give 
standard form to output signals.
Switching signals are supplied 
by drivers which furnish pulses 
of the desired waveform, ampli
tude and power. The number of drivers which excite the storage 
elements of a selected word during a read or write operation can 
be kept to a reasonable minimum through the use of switches. 
Operation of a half-current switch in the ^-coordinate of a matrix 
core storage will be clear from Fig. 7.13. A read or a write signal 
causes the driver (DR) to generate half-currents which are steered 
by transistors, T, into one of the four X-lines. In reading, one 
“row” gate and one “column" gate open simultaneously; in 
writing the same happens to two other gates corresponding to the 
selected coordinate. As a result a bidirectional sequence of half
currents is allowed to traverse the selected X-line only. When 
data are retrieved from storage, signals appear at the output, 
representing the state of the storage elements.

As already noted, these output signals have to be converted to 
standard, fprm. The need for such conversion will be clear from 
examination of their waveforms shown in Fig. 7.14. Practical 
storage elements are not ideal in their behaviour, nor is it pos
sible to make them all perfectly identical. As a result, the signals
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representing 0’s or l ’s will change with the address of the se
lected word, the data stored, and the manner in which the storage 
locations are accessed.

It is the primary function of a read amplifier to filter out noise 
(in reading 0’s) and to boost and shape signals (in reading l ’s). 
This purpose is served by gating and amplitude-level selection. 
One of the possible circuits for the read amplifier of a ferrite- 
core storage unit is shown in Fig. 7.15. The sense line of a large- 
capacity matrix memory is a distributed-parameter line the cha

racteristic impedance of which runs into hundreds of ohms. It Is 
matched to the first amplifier stage, an emitter follower built 
around transistor 7T, by an input transformer, 7V1, which also 
steps up the signal voltage. The second amplifier stage based on 
transistor T2 gives a further amplification to the signal. Trans
former 7Y2 and diodes D\ and D2 form a rectifier circuit. The 
switching circuit using diod D3 and DA accomplishes gating, 
while the stage using transistor T3 gives amplitude-level selec
tion. The limiting level is adjusted with potentiometer R6.

7.2.4. Control of storage units. Transfer of information between 
storage and other units of a digital computer is directed by 
signals coming from the central computer control unit. Among 
them are the address of the memory location or of a group of lo
cations where a given number or a group of numbers (array) is
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to be stored or retrieved, a function signal to select between a 
write or a read operation, and a start signal which “tells" the 
storage control to initiate reading or writing, whichever may be 
the case. Sometimes, a combined signal is used to select between 
read and write and to initiate the operation selected. Given these 
signals, the storage control steers the memory unit as told and 
generates signals needed to write or read data and separate valid 
signals from noise. Obviously, the storage1 control has a direct 
bearing on storage perfor
mance — speed, capacity, 
cost and size. Whatever 
storage elements are used 
(toroidal cores, ferrite pla
tes, quadrature-field devi
ces, etc.), the general prin
ciples underlying storage 
control remain the same, 
although the type of stor
age elements will inevi
tably affect specific requi
rements for control-signal 
characteristics.

Control of ferrite-core 
internal memory. As an 
example, we shall discuss 
a three-coordinate digit- 
selection core-matrix me
mory (Fig. 7.16). The me
mory cells intended to 
store n-bit binary numbers 
are arranged in a memory 
module, MM. A cell where 
a data item is to be stored 
or retrieved is identified by a binary address code coming over 
the address line, AL, to the memory address register, MAR. If 
the capacity of the memory unit is m numbers (words), the size 
of (the number of bits in) an address and, as a consequence, the 
count, nA, of flip-flops in the memory address register will be

nA =  log2 m
Before an address is transferred to it, the memory address re
gister is cleared by a pulse coming from a timing generator, TG. 
From the tfiemory address register, MAR, the binary address code 
is applied to the X-decoder, XD, and the T-decoder, YD, which 
select appropriate gates in the X and Y switches SUP. After a time 
interval determined by the delays inherent in the,decoders and

Yout
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gates, the timing generator produces a read pulse which goes to 
the respective drivers, DR 1 and DR2. These generate signals of

requisite waveform and power to switch the state of the selected 
cores. This switching action induces in the sense line signals 
which are routed to the appropriate read amplifiers, and these

DTL

AL
Fig. 7.16

separate vajid signals from noise, give them proper shape and 
put out of the memory unit. The output signal is strobed at the 
instant when the signal-to-noise ratio is a maximum. This is done 
by a strobe puJse supplied by the timing generator.
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When information is to be written into the memory unit, the 
first step is a read operation whose function is to clear the se
lected memory location. During this operation, no strobe pulse 
is generated and no output signals appear at the amplifier output. 
A signal from the timing generator causes the drivers to generate 
write signals needed to switch the state of the selected cores. The 
data items to be stored are routed by the data transfer line, DTL, 
to the data transfer register, DTR. Upon arrival of an appropriate 
signal from the timing generator, the write drivers, WDR, ge
nerate bit write control signals according to the binary state of 
the flip-flops in the data transfer register. If readout is destruc
tive, the information is written back, or regenerated, in about the 
same manner as during a normal write operation, except that the 
data item to be written back is taken from the read amplifiers 
rather than from the data transfer line. A write or read operation 
is initiated by a START instruction supplied by the central control 
unit, following the number (word) to be stored, the address, and 
the write/read select signal.

Control of fixed (read-only) memory. A fixed (read-only) me
mory may be looked upon as a device converting an address into 
a data item (number) in a manner fixed for each location during 
the design of the machine. Although the manner in which data 
are initially read in is important as regards the ease and speed 
of changing the information stored (mechanical methods would 
be more time and labour consuming than electrical), no data are 
written into a fixed memory, except when the computer program 
has to be changed.

As an example of a read-only memory, we shall discuss a 
transformer-type unit with a capacity of IK (1024), 12-bit words, 
shown in block-diagram form in Fig. 7.17. The number (address;) 
of the memory location from which a word is to be retrieved is 
transferred to the memory address register, MAR, which has ten 
bits. All bits of the address are transferred into the memory 
address register in parallel over address lines, AL, of which there 
are as many as there are bits in the address register. The memory 
locations are divided into four equal groups, each containing 256 
locations. A “start" command supplied externally causes three 
decoders, X, Y and Z, to decode the address. The X and Y de
coders (XD and YD, respectively) select one of the 256 output 
lines of the switch (SW). The read driver, RDR, generates a pulse 
of appropriate power and waveform which is steered by the switch 
into the selected wire. The word to be retrieved is read out of one 
memory ,loption in each group. However, the Z-decoder (ZD) 
whose outputs control four groups of coincidence circuits 
(12AND) allows data to be transferred out of only one group of 
memory locations, that is, from the selected memory location. The
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AL

retrieved data are then routed in parallel form through OR gates 
(120R) to read amplifiers (12RA) which boost the signals in 
power and amplitude, filter out noise, and shape the output as 
appropriate. From the read-only memory, the data transfer lines 
take the retrieved data to other units within the computer. The 
necessary control signals which direct operation of the read-only 
memory are supplied by a local control, LC.

Control of external memory. The storage medium in an external 
memory may be magnetic tape, magnetic drums or magnetic discs. 
Transfer of information between external memory and internal 
memory is in arrays each containing a certain number of n-bit 
binary data items. On tape, a drum or a disc, each array occupies 
what is known as an area. Each area is assigned a number. The 
complete range of area numbers defines the total number of ad
dresses that external memory has. During a write or a read cycle, 
the external memory is given the address of the area where data
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UTL-ln DTL-out

are to be written or retrieved. In the general case, the desired 
area will not be positioned at the heads, and some time will be 
needed to search for and position it. The time interval involved, 
known as the seek time, is random, but it cannot exceed a ma
ximum value decided by the number of areas and drum design. 
The manner in which data are written on the magnetic surface, 
the marks applied to label the 
start of a revolution, the start 
of an area and the angular po
sitions of each data item within 
each area are shown in dia
grammatic form in Fig. 7.12.

We shall examine control of 
an external memory unit by an 
electronic circuit, such as shown 
in Fig. 7.18, taking a magne
tic-drum external memory as 
an example. The unit is instruc
ted either to write or read 
data by signals appearing on 
the WRITE or READ input 
control wires. In response to a 
WRITE signal, the memory unit 
accepts externally supplied data 
in parallel form over the data 
transfer line, DTL-in, and pla
ces them in the area identi
fied by the address supplied 
externally over the address 
line, AL. The number of words 
that an area can hold depends 
on the drum construction and 
the control circuit. In any case, 
as many words (data items) 
will be written during a single write cycle as an area can hold. 
A READ signal initiates readout of the record stored in the area 
identified by the address transferred over the address line, AL. 
Now the bits are retrieved in parallel and the words serially, and 
passed on to the output data transfer line, DTL-out.

Apart from the storage medium, an external memory unit in
cludes electronic circuits to accept and handle addresses and 
numbers (data items), amplify the output signal, select bands and 
areas, and. provide local control. The correct sequence of steps is 
maintained by the WRITE and READ pulses supplied by the 
central control and also by signals generated internally in the 
storage unit, in our case, on three auxiliary tracks.

Fig. 7.18
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One of the auxiliary tracks carries a start mark producing a 
signal which, after it is boosted by a start-pulse amplifier, StA, is 
used to clear the registers of the storage unit and the area coun
ter, nAC. The second auxiliary track carries the area mark pro
ducing a signal boosted by the area pulse amplifier, APA. The 
area counter containing nA bits (the number of areas is 2Bi4) 
counts the pulses arriving at its input, thereby identifying the 
area within the range of action of the write and read heads. 
The third auxiliary track carries a location mark which labels 
each location within an area. The location signals are boosted 
by a timing pulse amplifier, TPA, and utilized to synchronize 
operation of the storage unit as an array is being written or 
read.

The writing of an array of data onto the drum is a two-beat 
process. During the first beat, all registers are cleared by the 
CLEAR signal supplied by the start pulse amplifier, SPA. The 
area counter nAC stores the number of the area passing past the 
heads, because the counter accumulates pulses coming from the 
area pulse amplifier, APA. In response to the WRITE signal, the 
local storage control, SC, generates an ENABLE I signal which 
causes the address of the selected area to be transferred from the 
address line, AL, into the address register, nAAR, via nA two- 
input AND gates (maAND). The address of the desired area taken 
from the address register, nAAR, and the address of the current 
area registered by the angular-position (area) counter, nAC, are 
compared by a coincidence detector, CD, which feeds an enable 
signal to the AND gate only if the two addresses are the same. 
Thus, the duration of the first beat depends on the setting of the 
angular-position (area) counter, nAC, at the instant when the 
WRITE signal is applied. During the second beat, the write ope
ration proper takes place. Signals from the clock pulse amplifier, 
CPA, are routed via the AND gate, to the storage control, SC, 
which distributes in synchronism an ENABLE II signal to place 
data into the input data transfer register, nTR, via nAND gates 
(nAND), a WRITE signal to the write amplifier, nWA, to store 
the data contained in the input data transfer register, nTR, and a 
CLEAR signal to set the input data transfer register, nTR, to 
zero. The storage control ceases supplying the ENABLE II, 
WRITE and CLEAR signals as soon as the selected area has been 
filled in. When this occurs, an INHIBIT signal goes from the 
coincidence detector to the AND gate.

A read operation is initiated by a READ instruction. Its first 
beat is the same as that of a write operation. During the second 
beat, however, the storage control, SC, only generates a STROBE 
pulse to separate the valid signal from noise. This signal causes 
the read amplifiers, nRA, to switch the flip-flops in the output
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data transfer registers, nTR. The binary states of the flip-flops 
are applied as voltage levels over the output data transfer lines, 
DTL-out, to the internal (primary) storage of the computer.

7.3. Input/Output Equipment
7.3.1. General. The input/output equipment of a digital com

puter is the primary link between the operator and the machine. 
Where data are fed into a computer manually, use is made of key- 
driven devices. In automatic schemes, this is done with the aid of 
various input media (punched cards, punched tape, etc.). With a 
special-purpose digital computer, input and output information is 
usually presented in analog form.
This necessitates the conversion of 
analog to digital and digital to 
analog data by means of devices 
known as analog-to-digital, A/D, 
and digital-to-analog, D/A, con
verters. In such cases, converters 
supply a link between a digital 
computer and the associated ana
log devices.

Recent years have seen a grow
ing use of A/D converters in data
logging systems, especially of di
gital-display instruments which accept analog data display or 
print output data in digital form.

7.3.2. A/D and D/A converters. Conversion of analog data into 
digital form involves what is known as digitization. By this tech
nique, a continuous quantity of interest, A, is represented by dis
crete values out of a set defined in a particular range. The con
tinuity of amplitude may be removed by amplitude quantization, 
or simply quantizing, and the continuity with time by sampling.

In quantizing, the precise values of the input signal, A, are 
replaced with certain approximate discrete values, Ait such that 
the difference between two adjacent discrete values is an ele
mentary amount, or quantum, A A. The jumps between values 
occur at arbitrary times.

In sampling, a sequence of sample values are derived from the 
continuous signal by observing its amplitude at fixed instants, 
These samples may be, say, the ordinates of points a, b, c, d, e 
and f of the curve A =  f(t) shown in Fig. 7.19. As a rule, digi
tizers b,(>tl| sample and quantize analog quantities, producing a 
sequence" of sample values each of which has been selected from 
a discrete set as shown in Fig. 7.19. Digitization may be carried 
out at a constant quantizing step, AA, and a constant sampling
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period, At, or it may be performed with both factors varied. Most 
often, use is made of the former technique.

Digital-to-Analog (D/A) Converters

One form of D/A converters is a digital-to-voltage converter 
which is a linear gated resistance network, GRN. Its fixed re
sistors (i =  0, 1, 2.........n) are connected in series (Fig. 7.20a)

(a )

aT
m : Rn0RN

\  N (input)

N
P— I yngrn \—p

ITP N(input)
Fig. 7.20

or in parallel (Fig. 7.206) and are shorted out by switches as may 
be dictated by the digital data being converted. The resistance of 
the reference resistor for a binary series-connected gated resis
tance network is defined as

= r 02< (7.1)

where r0 =  constant is the fixed scaling resistor associated with 
the least significant bit.

The total resistance of such a gated resistance network is 
given by

n
/?jv =  6oTo+6^! + 62r2+  . . .  +  bnrn — r0 21 bi2, =  r0N (7.2)i-0

where =  1 when the switch in a given bit position is open 
(the bit stotes a 1), bt =  0 when the switch in a given bit posi
tion is closed (the bit stores a 0), and N is the input binary 
number.



Ch. VII. Principal Units of Digital Computer 229

For a parallel-connected resistance network, we have

Hi =  y<&1 (7.3)
n

+  M i +  ••• + b nyn =  yoT, b,2l =  y0N (7.4)(-0
where bi =  1 when the switch in a given bit position is closed 
(the bit stores a 1), bi =  0 when the switch in a given bit is open 
(the bit stores a 0), ft and yN are the bit and total conductances. 
The switches controlled by a register or some other digital device 
may be electromechanical relays, valve or transistor switching 
circuits. •

In parallel-connected gated resistance networks, one-position 
switches may be replaced with two-position devices. Then the 
network will have three lines: A (the “H-” side of the source), B 
(the ground), and C (the common return). When the input of 
the network accepts a binary number N, the resistors r< in the bit 
positions storing l ’s will be connected to line A, and the resistors 
in the bit positions storing 0’s will be connected to line B.

It is possible to construct a gated resistance network for any 
binary number, N. If the input binary number varies as a function 
of some specified variable, a nonlinear gated resistance network 
will result, whose behaviour is described by the characteristic 
Rn =  r0f(N),  where f(N)  is the function being realized for dis
crete values of the independent variable.

In the simplest, most accurate and reliable manner, digital data 
are converted to voltage by D/A converters built around opamps. 
Operation of such a D/A converter is based on the fact that the 
gain of a scaling opamp is incremented in proportion to the input 
binary number as the resistance of the input resistors is changed. 
The circuit of a D/A converter operating on this principle is 
shown in Fig. 7.21a. Arrival of pulses from the “1” outputs of 
flip-flops FFi causes the electronic switches SUP,- to complete the 
input circuits of the gated resistance network, GRN. This arran
gement is known as a current-summation network. The summing 
opamp accepts calibrated voltages because the resistors r{ are 
selected to satisfy Eq. (7.1). The output voltage of the converter is

------ tlo r°2
at r0 =  Ro

n

Vout =  - Y t bn - i ^  (7.5)
1-0 z

where b„-{ is a digit (0 or 1) in the input binary number. Va-
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(a)

V

N

riable resistors, rf, may also be placed in the feedback path of the 
opamp.

Existing digital-to-voltage converters have an accuracy of up 
to 0.01% and a conversion time of 0.1 to 1 ps. Decimal numbers 
can be converted to voltage by circuits based on a digital potentio
meter. An appropriate circuit mechanizing the relation given by 
Eq. (2.101) is shown in Fig. 2.36. For Fj„ =  F0 =  constant, we 
have

Voui =  aFo
where a  =  0, a ia2a3 is the decimal number whose magnitude is 
changed by varying the dial setting in each decade of the poten
tiometer.

A binary number can be converted to a shaft position, using an 
arrangement such as shown in Fig. 7.21b, where a bridge circuit 
is connected to the input of an opamp, and one of the bridge 
arms contains a digital-to-voltage converter, DVC, such as a pa
rallel-connected gated resistance network. When the bridge is
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out of balance, the resistance, /?p, of the potentiometer does not 
represent the input N, and this causes the servo motor, SM, to 
move the potentiometer wiper until balance is restored. When this 
happens,

Rp =  Rn
Since Rp =  Ci<p and RN =  r0N, the position of the shaft in the 
servo motor will be defined as

q, =  l2- N  =  cN  (7.6)

where r0 is the scaling resistor of the digital-to-voltage resistance 
network, and c are proportionality factors.

Analog-to-Digital (A/D) Converters
There are three general classes of methods for converting ana

log data into a digital form:
(1) The continuous comparison method (used solely in voltage- 

to-digital conversion) consisting in that the input voltage to be 
converted is compared with discrete reference voltage settings, 
and the sum of the latter is incremented until it equals the input 
voltage. It may be realized with feedback and non-feedback cir
cuits.

(2) The incremental method by which the converter generates 
a signal each time the input is changed by an incremental 
amount, and digital representation of the analog input is obtained 
by summing these incremental signals.

(3) The total value method by which an analog-to-digital con
verter gives a complete new value, with digits obtained in each 
bit position. It is mainly used for converting shaft or linear posi
tion to digital representation.

The circuit of a voltage-to-digital converter based on the succes
sive approximation variety of the comparison method is shown in 
Fig. 7.22a. The digits of the output number are generated sequen
tially, starting with the most significant bit. The input voltage, V, 
to be converted, is compared with reference voltages

Vi — k2n~i

where k is a constant and i may take any integer value, 0, 1, 
2, . . . ,  n. At k — 1 and Vmax ^ | ±  100 V |, the reference voltages 
are 64 V, 32 V, 16 V, 8 V, 4 V, 2 V, and 1 V. The summing opamp 
is fed a vqltage V (via resistor r0 equal to the scaling resistor r0 
of a gatferf'resistance network) and a negative voltage V0 via the 
resistors in the gated resistance network, whose sum answers 
Eq. (7.1).
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A static pulse distributor, SPD, driven by a pulse generator, 
PG, gates out pulses sequentially to outputs 1 and 1', 2 and 
2', . . . .  n-\- 1 and (n +  1)'. When the first pulse, 1, is gated, the 
flip-flop n sets and ppens the gate in the input circuit of the

gated resistance network containing the resistor r0. The adder 
delivers an output voltage

Voutn--------- - d ' - V o ) ----------- ( V ' - V ' o )

at R0 =  r0. This voltage is fed to a flip-flop which delivers an 
output signal, V| >  0 at Vouu  >  0(1/ <  V0), and Vl <  0 at 
V 'ou ti< 0 (V >  Vo). The AND gates open at Vi > 0 .  If V >  V0, 
that is, if Vi <  0, then arrival of the next pulse at output 1' will 
cause the AND gate n to close, and the flip-flop n will remain in 
the “1” state. Similar events take place when pulses arrive at the 
remaining outputs of the pulse distributor. At Ro =  fo, we have

‘ n

Vouti--------- ^  +
i-0

(7.7)
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At the end of a comparison cycle, all bits of the converter will 
hold Vout i =  0, because the voltage V will be completely balanced 
out by the voltage —V0. Then, by Eq. (7.7) we shall have

where 6, =  1 if the respective electronic gate is open and b { =  0 
if closed. After it has received 2 ( n + l )  pulses, the flip-flop 
register will hold the binary number representing the vol
tage V.

The accuracy of this circuit is 0.1% and its rate is up to 
200,000 conversions per second at n +  1 =  10.

The incremental (ramp) method is most often implemented by 
pulse-counting circuits such as shown in Fig. 7.22b. In fact, the 
voltage is first converted to a time interval and then to digital 
form by counting the pulses filling the interval. The voltage to be 
converted, V, and a reference voltage, Vr, supplied by a ramp ge
nerator, RG, are applied to a coincidence detector, CD. The ramp 
generator is triggered by a frequency divider, FD, which at the 
same time sets the flip-flop FF to the 1 state. During the time 
interval t\ (Fig. 7.22c) from the instant the ramp generator is 
triggered and until coincidence is detected between the input 
voltage and the ramp function, V =  VT, the gate remains open, 
and the counter accepts pulses at a controlled frequency, f0, from 
a pulse generator, PG. The number of pulses registered by the 
counter is proportional to time. At / =  t\, the coincidence detector 
generates a pulse which resets the flip-flop to the 0 state to stop 
the counting cycle, and no more pulses will be fed to the counter 
until the time t =  T when the events are repeated all over again. 
As a result, at times t =  tu t2, . . . .  corresponding to points 
a, b, . . . ,  the counter displays numbers

that is, the binary number left in the counter represents the mag
nitude of«ihe input voltage at the time the counting cycle is com
pleted.

Of late, an increasing use has been made of the frequency con
version method. A controlled pulse generator, PG (Fig. 7.23a),

n

ni — h/To — ttfo
n 2 =  l i t  Of • ■ •

The ramp voltage is defined as
t{ft0= V /V rmai 

where to is the duration of the ramp. Then
« ,  =  f o f o F /F rm ax =  c ,F (7.8)
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generates pulses at a frequency fp proportional to the input 
voltage, V, to be converted. The electronic gate, EG, is caused to 
open and close by a control circuit, CC, which is in turn timed by 
a clock, Cl. When left open for the time interval set by the clock, 
the electronic gate lets pulses through so that their number is 
proportional to V. At the end of the time interval, the counter is 
cleared and the counting cycle is repeated.

The utmost in accuracy is obtained with continuous balance 
feedback A/D voltage converters (Fig. 7.23b). In this method, the 
magnitude of the input voltage, V, is compared with a feedback 
voltage, Vfb. At V =/= Vfb, the difference signal, AV, causes the 
AND gate to open and pass pulses from a pulse generator, PG,

on to a reversible counter, RC. The AND gates, AND( through 
ANDn, whose state is controlled by that of the bits in the rever
sible counter, RC, let K0 pass to a digital-to-voltage converter, 
thereby causing Vfb change in steps until coincidence between the 
input and feedback voltages, V =  Vfb, is detected. At that instant, 
the AND gate will be caused to close, the binary number in the 
reversible counter will be proportional to V.

Shaft-position converters (also known as shaft digitizers) 
usually operate by the total-value method. Shaft position may be 
converted to digital form by a code wheel (coding disc). A code 
wheel, or coding disc (Fig. 7.24a) has annular zones, each zone 
representing one bit of a binary number. Within each zone there 
are conducting and nonconducting segments, representing binary 
l ’s and binary 0’s, respectively. These segments are sensed by 
brushes, and the total signal thus read out gives the binary num
ber corresponding to the position of the shaft coupled to the code 
wheel. Each time the shaft turns through an angle of 2n/16, a 
new segment on the code wheel comes under the brushes, and a 
new binary number is read out.

As an alternative, the code wheel may have transparent and 
opaque or magnetized and unmagnetized segments instead of con-
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ducting and nonconducting, to represent the binary l ’s and 0’s. 
Then reading will be accomplished by photo-cells, magnetic heads, 
etc.

A problem associated with code wheels using straight binary 
codes is the ambiguous reading which may result when two or 
more bits need to change at the same time, as the brushes move 
from one segment to the next. Even a slight offset in the brush 
positions or in the segments would give an incorrect reading. 
There are several methods to prevent this ambiguity. One is to 
use the Gray or cycle permuted (or simply cyclic) binary code. 
With the Gray code, the digit on the right of a 1 is replaced with 
its complement. For example, the number 0110 in the straight

Fig. 7.24

binary code will be 0101 in the Gray code; the number 1011 in 
the straight binary code will be 1110 in the Gray code, etc. The 
general rule for this code conversion is: if the number in the 
straight binary code is anan_ i . . .  a2aiao and the same number in 
the Gray code is bnbn- \ . . .  6|60, then bn =  a„, bt =  at if aj+i == 0 
and bi =  1 — a* if ai+i =  1, where i =  0, 1, 2, . . . ,  n — 1.

Since with the Gray code, a transition from one binary number 
to the next causes only the least significant bit to increment by 
one, the conversion error does not exceed unity in the least signi
ficant bit.

A number in the Gray code can be converted to that in the 
straight binary code by the rule:

ak— ^l bt
i - k

that is, a„ =  bn, fln-i — bn bn-\, . . . ,  Qo =  bn -f- bn—\ - ( - . . . +  
+  £>i+ity* £r , in words, the digit in the most significant bit 
remains unchanged, while the digit in any next less significant 
bit, k, remains unchanged on the condition that all the preceding 
more significant bits contain an even number of l ’s; however, it
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is replaced with its complement if the more significant bits con
tain an odd number of l ’s. For example, the binary number 10011 
in the Gray code will be 11101 in the straight binary code.

Numbers in the Gray code can be converted to those in the 
straight binary code by the circuit shown in Fig. 7.246. The 
number in the Gray code is read, with its most significant bits 
first, through a delay network, DN, into a T flip-flop and, simul
taneously, to an AND gate, AND-1, directly, and to another AND 
gate, AND-2, via an inverter. Initially, that is, in the 0 state of 
the T flip-flop, AND-1 is open and AND-2 is closed. The T flip- 
flop changes state each time a 1 is applied to its input. On re
ceiving an odd number of l ’s, the flip-flop will be in the 1 state, 
and the digit in the next bit of the number in the Gray code will 
be passed on to the output via the inverter and AND-2, being 
converted to its complement in the inverter. On receiving an even 
number of l ’s, the flip-flop will be in the 0 state (AND-1 open 
and AND-2 closed), and the digit in the next bit ot the number in 
the Gray code will pass on to the output via AND-1, with no in
version.

7.3.3. Input Media and Devices
Input Media

Most often, input media for digital computers are punched 
cards, punched paper tape, and magnetic tape. The punched card 
shown in Fig. 7.25a is made of dense elastic paper. It has 80 co
lumns and 12 horizontal punching positions. Source data are 
punched into a card as rectangular holes at the intersections of 
columns and positions. Information can be punched in a variety 
of codes. For example, a decimal number may be arranged on a 
single horizontal line, using the binary-coded decimal (BCD) re
presentation. Then, a binary 1 may be represented by a hole and 
a binary 0, by no hole. Each digit of a number occupies four co
lumns and is coded in the 8421 code. The spacing between ad
jacent digits is one column wide. The columns at the beginning of 
a punched card are usually reserved for auxiliary information, 
such as the task number, the card number, markers, etc.

Standard punched (or perforated) tape (Fig. 7.25b) is fabri
cated from paper 0.1 mm thick impregnated with mineral oil and 
usually has five tracks, channels or levels, for information bits 
and one feed or sprocket track so that the tape may conveniently 
be pulled through. Each digit of a decimal .number is represented 
in the BCD form as holes in the “8”, “4”, “2” and “1” levels (in 
the figure, this is shown for the digits 1 through 6). If a digit of 
a number has been punched into a given level or track, an addi
tional (“identifier”) hole is punched in the lowermost level; if
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an instruction has been punched, no “identifier" hole is provided. 
There are also six-, seven- and eight-track tapes. Six- and seven- 
track tapes are 22.5 mm wide, and eight-level track, 25 mm wide.

More seldom, use is made of punched tape prepared from cine 
film, with information bits punched at the various levels as rectan
gular holes.

In contrast to punched cards, punched tapes do not allow the 
information they store to be sorted or collated, unless the tape is 
cut, which is a major disadvantage of punched tape.

Magnetic tape used in computers generally consists of a plastic 
base of about 40 to 60 pm thick and a magnetic coating applied 
to one' side (or, although more seldom, to both sides). Data are 
recorded on magnetic tape by producing small magnetized areas.
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Owing to high recording density, magnetic tape can store large 
blocks of data within a limited space and permits much higher 
data transfer rates than other storage media at the same mechani
cal speed. Also, magnetic tape can repeatedly be used for record
ing new data as the old information is erased.

Transfer of Data to Storage Media
The holes representing information are made in cards and paper 

tape on devices called card punches or tape punches. The manner 
in which this is done by a parallel punch is clear from Fig. 7.26a.

Source data are keyed in, automatically encoded and transferred 
as electrical signals by a keyboard unit, KU, to a punching sta
tion. The keyboard unit is made up of a keyboard and a diode 
decoder, DD. The keyboard has keys to handle ten-decimal digits 
(0 through'9), of which there are as many as columns on a pun
ched card or code channels or levels on a punched tape, and also 
keys for characters and control. Source data are usually keyed in 
on the keyboard in decimal notation, while instructions and ad-
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dresses in octal notation, starting with the most significant bit. 
Pressure on a key closes a contact set, and this completes appro
priate circuits in the diode encoder, while the key stays “put” 
until a hole is punched. After all the bits are keyed in, the release 
key is pressed, and the diode encoder converts the decimal or 
octal codes into a BCD one (for the mantissas or fractional parts 
of numbers) or binary form (for the exponents, instructions and 
addresses). From the outputs of the diode encoder, the signals 
are routed to the electromagnets, £M, of the punching station. In 
operating, the electromagnets drive the punches, and these punch 
holes, all at a time, across the width of a card or tape. After a 
number has thus been punched, the card or tape is advanced to 
the next punching position.

Often, data are punched by the area. In such a case, the key
board has a limited number of figures sections (nine and more). 
If use is made of 80-column cards and data are in decimal nota
tion, serial keypunches are employed. Each keypunch has 
12 punches (as many as there are positions in each column), and 
holes are punched in a column as a key is pressed, after which 
the card is moved, and the next column is positioned under the 
punches.

Information can be punched onto paper tape on a standard te
leprinter, such as the Soviet-made CTA-2M, with a perforator at
tachment, or by special-purpose tape punches.

As already explained, the tape is punched in all positions across 
its width at a time, as trains of pulses are fed from the encoder 
to the electromagnets of the punches installed opposite each of 
the five, six, seven or eight code levels and one feed or sprocket 
hole. Punching is carried out in a start-stop manner, with the
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tape held stationary while holes are punched. The punching rate 
is about 20 characters per second (for tape punches such as the 
Soviet-made FIJI20-2 and y-535).

The accuracy of the data punched into a card or tape is checked 
by devices called verifiers. In principle, a verifier is not unlike a 
punch, except that it has a mechanism to sense punched holes 
instead of a punching mechanism. After a card or tape has ori
ginally been punched, it is sent to a verifier. Here, a second ope
rator keys in the same information as the original operator, and 
this is compared with the recorded data. If there is a disagree
ment, the verifier issues an error warning. Often, the second ope
rator punches a second set of cards or tapes, and both sets are 
then checked by a verifier.

Input Devices
Source data may be entered in a digital computer either by 

means of storage media or directly from a controlled plant or 
system, source documents, or by voice. In practice, the most com
monly used method of data entry is from storage media, and a 
good deal of research has been conducted in this field. Data entry 
from source documents and by voice, although extremely promis
ing, has not yet been developed sufficiently for general use.

Among the requirements that an input device should meet are 
speed and reliability. The information keyed into cards or paper 
tape can be read either by the electromechanical (electric contact) 
method or by the photo-electric method. Punched cards are usually 
read by the electric contact method. In this method, a card is pas
sed (Fig. 7.266) under a set of metal brushes, 1, which “sense” 
all the 80 columns of the card. When a brush reaches a punched 
hole, it drops into the hole and touches a contact roller, 2. This 
produces a pulse which after amplification and decoding, is ap
plied to the input of the computer. The input device is linked to 
the computer by multi-way connectors in all the eighty channels. 
Cards are read at a rate of 700 or more per minute.

In the photo-electric method which uses photo-diodes for hole 
sensing, punched cards can be read either a column at a time 
(that is, all the positions in a column are read simultaneously) or 
by the row or position (in which case, the same position in all 
the 80 columns is read at a time). In the former case, cards are 
read at a relatively low rate (about 300 cards per minute). In the 
latter case,..-the reading rate is higher, but the device is of a more 
complicated design.

Punched paper tape can be read by the electromechanical (elec
tric-contact) sensing unit of a teleprinter. Each row (character) 
on the tape is sensed by five pins or probes located each opposite
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one of the levels or channels. When the probes find holes in the 
paper tape, they protrude through the holes, and a combination 
of electric pulses is generated, representing the digit punched into 
that row. The tape is advanced by a tape transport which stops 
each time a character is read. The reading speed is up to 60 cha
racters (rows) per second (for example, the Soviet-made CY-l 
tape reader). Preference is however given to photoelectric tape 
readers which have reading speeds up to 1500 characters per 
second, with an added advantage that the storage medium need 
not be made strong mechanically. Where data have to be read 
from five-, six-, seven- or eight-level tape alternately, the reader 
can be adapted to a particular tape type by changing the reel 
hubs and by adjusting the tape-width limiter. The key component 
of a photoelectric reader is a photoreading head which consists of 
light sources (Fig. 7.26c shows a light source for one code chan
nel) and photo-diodes, PD, each opposite one code channel and 
the feed channel to read sync (timing) pulses. The tape is ad
vanced between the light sources and the photo-diodes. When a 
hole occurs in the path of the light beam from the respective light 
source, light illuminates the photo-diode, and a pulse is gene
rated. Boosted by an amplifier, Amp, the pulses are applied to 
the input register, Rg, via gates which open at the instants when 
a number (data item) is read and set the flip-flops to the 1 state. 
As a result, the register stores the number read from a given row, 
which is then routed to a decoder, DC, and the storage unit of a 
computer.

Preparation of punched cards and paper tape for use in input 
devices is a labour-consuming operation. Recent years have seen 
a good deal of effort put into the development of devices that 
would read in information directly from original documents, using 
automatic character recognition techniques for this purpose. Most 
often, the characters on an original document are compared with 
a master set of standard or reference characters. Reference sets 
may be made in the form of photographic masks or as electric 
models of standard characters (resistance matrices, ferrite cores, 
etc.). In one arrangement an automatic character reading ma
chine uses a mask carrying both a negative and a positive image 
of each character. Each character in an original document is 
scanned by a flying spot (which traces out up to 30 lines per 
character), and is reproduced on a CRT face as a positive and 
a negative image. Then an optical system steers it among several 
channels, and the scanned character is projected onto a mask with 
paired reference characters. The scanned positives are then su
perimposed on the reference negatives, and the scanned negatives 
on the reference positives for comparison. As a result, each chan
nel generates a light flux of an intensity proportional to the
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amount of mismatch between an actual character and its standard 
representation. Finally, the light flux is converted to an electric 
signal, and the machine selects the character for which the amount 
of mismatch is the least.

7.3.4. Output devices. Output equipment delivers the results of 
computer work outside the computer. It may be divided into two 
broad classes: direct and indirect. Direct output devices produce 
data in a form that can be used directly by man (printed data 
from an electric typewriter or a line printer). Indirect output de
vices produce data in a “machine” language, that is, in a form 
which is not directly usable to man (punched cards or magnetic 
tape). Some output devices may be a combination of both techni
ques.

Consider the design and operation of printers. They may be 
classed into serial and parallel. The former (such as a standard 
electric typewriter) are single-action, and only one character is 
printed at a time. The latter print an entire line of characters at 
a time (for which reason they are called line-a-time printers or 
simply, line printers). Another way to class printers is according 
to the type of motion they use. Those using mechanical motion are 
called mechanical printers; all others are nonmechanical printers. 
With mechanical printers, ink applied to tape is transferred as 
characters onto a printing medium (usually, paper). This may be 
done by rotating print wheels, drums or matrices. Nonmechanical 
printers utilize cathode-ray tubes, character-display devices, mag
netic tape, etc.

Mechanical Printers
In mechanical printers, printing is done by causing metal cha

racters to leave their impressions on paper over an ink ribbon. 
The metal characters may move intermittently or continuously. As 
an example, consider a line printer utilizing continuously rotating 
print wheels (Fig. 7.27a and b), usually called an on-the-fly prin
ter (Fig. 7.27a and b). There is a type wheel, /, for each bit or 
character position on the line, rotating at a constant speed. Print
ing is accomplished by actuating hammers, 2, when the appro
priate characters are opposite the paper; the movement of the 
hammers drives the paper against the type wheels, and the cha
racters are thus produced. The hammers are actuated by solenoids 
which are energized by properly timed pulses.

Data to be printed are inserted into the printer over n channels 
as current- pulses synchronized with the position of the shaft car
rying the type wheels. Synchronization is provided by a clock 
pulse generator, CPG. On-the-fly printers can print from 20 lines 
per second upwards. In addition to numerical data, they can print 
letters, special symbols and plots (alphameric printers). Soviet-
16—3525
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made on-the-fly printers, such as the ALjny-128-2 or the y*545, 
have 128 type wheels (accordingly, they can print up to 128 
characters per line) and operate at a speed of 400 lines per mi
nute.

The on-the-fly printing principle is also utilized in a single
wheel printer such as the Soviet-made AIlM-l, which prints

characters one at a time, start
ing with the most significant 
bit on each line. The carriage 
moves past the print wheel in
termittently, and the solenoid 
is energized by pulses from the 
computer, precisely timed with 
the position of the correct cha
racter above the hammer. This 
type of printer operates at a 
rate of 10 characters per se
cond.

Single-action printing is done 
by electric typewriters, such as 
the Soviet-made 3yM-23 or 
9yM -46. They are usually built 
in the desk-top models and 
controlled by electric pulses 
which energize the solenoids of 
the appropriate type bars. They 
can usually print several copies 
of data in two colours. Print
ing speed is about 7 characters 
per second, with up to 162 cha
racters per line, depending on 
platen width.

Matrix printers (Fig. 7.27c) 
use a matrix of light-weight 
hammers or wires, each actuat
ed by a solenoid. When the ap
propriate solenoids are energiz
ed by a combination of electric 
pulses, the associated hammers 
or wires strike the paper over 
an ink ribbon and transfer ink 

on the paper. As a result, the selected character or numeral (the 
figure show's the numeral ‘5’) is recorded as a pattern of dots 
arranged in a matrix. Matrix printers may be of the line-a-time 
type, in which case several matrices will print a line of characters 
at a time.

& &

r yi a
lojj

Fig. 7.27
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N onm echanical Printers

Character (or symbol) display devices produce luminous images 
of characters by means of cathode-ray tubes, glow-discharge tubes, 
or pulse tubes. Most promising among them are shaped-beam dis
play tubes of the Charactron type (Fig. 7.28a). In this type of 
tube, an electron gun generates a diffuse beam of electrons. Sym
bol-selection deflection plates controlled by a character generator 
direct the beam towards an appropriate hole in a stencil matrix, 
M, which shapes the beam, and the desired character is formed. 
After leaving the stencil matrix the beam is re-directed by an

optical system, 0 5  and another set of image-positioning deflec
tion plates towards the desired position on the viewing screen, 
where the beam is displayed as an image of the desired character. 
During a writing cycle, the desired characters are displayed on 
the screen one after another into lines which may be observed 
visually, photographed, or transferred onto an intermediate me
dium by an electrostatic process (described below) and then onto 
paper.

Similar types of a shaped beam tube are the Typotron and the 
Compositron, with writing speeds up to 20,000 characters per 
second, or even more.

Relative^ simple nonmechanical printers are built with glow- 
discharge tubes. In one such device, the tubes are arranged in 
a 5 X  7 matrix, and characters are formed by the glow spots 
given up by the filaments. In some devices, the matrix can be 
formed by vertical and horizontal wires (Fig. 7.28b). Each time 
16*
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a control voltage is applied to a vertical and a horizontal wire, 
a glow spot appears at their intersection. Combinations of glow 
spots form characters displayed on a viewing screen with a long 
after-glow.

Of late, trend has been towards the wider use of numerical 
readout tubes (Nixies), such as shown in Fig. 7.28c. In a nume
rical readout tube, the cathodes made of tungsten wire are given 
the shape of the numerals from 0 to 9, and the anodes are fine- 
wire meshes. The cathodes and the anodes are enclosed in a neon- 
filled glass envelope. When a voltage is applied to a cathode and 
anode, the neon around the cathode gives up a glow which stands 
out as a visible numeral.

There are several printing methods which depend for their 
effect on changes in the properties of a storage medium under 
the action of electric fields. Basically, in a device using such me
thods, there are two sets of electrodes, one comprising electrodes 
each having the shape of a character, and the other made up of 
plane plates. Printing is done on a suitably treated strip of paper 
passing between the two sets of electrodes. When voltage pulses 
are applied to electrodes, an electric field the shape of the res
pective character is set up, and this produces a latent image on 
the paper.

In electrostatic printers, the latent image of a character is 
formed as an electrostatic charge directly on a writing medium 
having high dielectric properties (paper, polystyrene, synthetic 
materials, etc.), which is then treated to develop and fix the 
image.

In electrochemical printers, the paper is impregnated with an 
electrolyte, and an image is formed by a stylus connected to an 
electric source. The energized stylus causes the electrolyte to de
compose, and this leaves traces that are the shape of a character.

In electrothermal printers, latent images of characters formed 
by an appropriate coating material are made visible by the action 
of heat, so that the coating darkens or even burns partly to form 
the desired characters.

Electrographic printers make use of an electric spark for re
cording images of characters on a medium such as strip paper. 
The paper may be moved between writing electrodes (in which 
case, the electric sparks burn holes in the paper in the form of 
characters) or near writing electrodes (in which case characters 
are formed of burned spots).

In the magnetographic process, characters may be recorded 
either directly on a suitable type of paper or on an intermediate 
medium (say, a magnetic drum) for further transfer to a final 
medium. The surface of a medium is given a thin coat (5 to 
15 pm), of ferromagnetic powder (such as nickel-cobalt alloy or
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iron oxide). Characters are recorded by suitable magnetic heads 
or styli as appropriately formed magnetized areas. These latent 
images are then made visible and fixed.

It may be noted that nonmechanical printing methods are 
gaining more and more ground because they offer high writing 
speeds, reliability, versatility, silent operation and many other 
advantages over mechanical printers.

7.4. Control Equipment

7.4.1. General. The control unit of an electronic digital com
puter directs the computer components to perform the appropriate 
operations necessary to solve a problem automatically, in accor
dance with a program read into the storage unit.

The component units of any computer operate in response to 
commands or instructions which are generated in a predetermined 
sequence and at predetermined instances of time. These instruc
tions are supplied by the control unit. From this view-point, all 
types of computers are alike as regards their control units. While 
other computer units (input and output devices, the arithmetic 
unit, memory) are to a certain degree independent, the control 
unit is inseparably linked with all the remaining units of the 
computer. Accordingly, the structure of a control unit depends 
not only on the class of problems the computer is designed to 
handle, but also on the performance and capabilities of the other 
units and the principle(s) underlying the problem-solving proce
dure^). This is the reason why computers of the same type may 
have different control units.

Special-purpose digital computers intended to handle a narrow 
class of mathematical problems or even to solve repeatedly the 
same problem for various input data, may have a “rigid” type of 
control unit, capable of directing the computer on a single-pro
gram basis.

Irrespective of whether a computer is general- or special-pur
pose, it may use central or local control or both. With central 
control, there is a single central control unit which interprets in
structions to provide the signals that cause all computer elements 
to perform their functions; these command signals go directly to 
the elements or units concerned. Fully centralized control is ad
vantageous, however, with very simple computers. Most often, 
central control is supplemented with local control. In such a case, 
the central control unit only provides signals which time the ope
ration of the computer elements, while the actual operation of a 
respective unit is directed by its local control. Local control re
duces the “burden” on the central control unit and gives the com-
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puter elements a degree of freedom which enables them to be 
sometimes used in parallel.

With either the “rigid” program of a special-purpose computer 
or the “flexible” program of a general-purpose machine, the con
trol unit goes through a sequence of actions which produce a 
sequence of command signals. The sequence of periodically re
peated actions performed by a computer in response to one in
struction or a group of instructions is called the cycle of the com
puter. The duration of a machine cycle is called a machine cycle 
time. Depending on the time allocated to perform a basic opera
tion, there are computers with a fixed and a variable cycle time 
(or cycle rate). With a fixed cycle rate, the same time interval is 
allowed for performing any operation; it may be selected to fit 
either the longest or the shortest operation. In the former case, 
part of the time will inevitably be wasted in carrying out a 
shorter operation. In the latter case, n cycle times will be needed 
to carry out long operations (where n is an integer). With a va
riable machine cycle rate, different time intervals are assigned to 
different operations, and every next operation commences imme
diately after the previous one is completed. Computers with a 
fixed cycle rate are called synchronous, and those with a variable 
cycle rate, asynchronous. A synchronous computer may have fully 
centralized control, while an asynchronous machine will usually 
have a combination of central and local controls, with local 
controls taking care of the longer operations, and central control, 
of the shorter operations. There are also synchronous-asynchronous 
computers. In them, the execution of some instructions is accom
panied by an interruption of the basic machine cycle to carry 
out some additional actions determined by the type of instruction. 
After these additional steps are executed, the computer resumes 
the basic machine cycle.

For a single-address digital computer, the steps of a basic cycle 
are:

(a) access to memory to fetch an instruction;
(b) access to memory to fetch the number to be operated upon 

(the operand);
(c) execution of the operation.
The steps of a basic cycle for a two-address digital computer 

are:
(a) access to memory to fetch an instruction;
(b) access to memory to fetch the first operand;
(c) access to memory to fetch the second operand;
(d) execution of the operation.
These are direct cycles. There are also so-called overlapping 

cycles in which the computer executes an instruction fetched from 
memory during the previous cycle, while at the end of the current
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cycle the control unit fetches an instruction to be executed during 
the next cycle.

7.4.2. Central control. An illustrative example of the functional 
elements that make up a central control unit is offered by that of 
a three-address parallel digital computer. Its direct basic cycle 
involves the following steps:

(a) access to memory to fetch an instruction;
(b) access to memory to fetch the first operand;
(c) access to memory to fetch the second operand;

__________ BTL_____________________________
rmnuwBL

Memory
addressregister

Number addresses and 
results

Manual control console and 
light annunciator panel

Fig. 7.29

(d) execution of the operation in the arithmetic unit;
(e) access to memory to store the result.
To be able to perform the above steps of the basic cycle, the 

central control unit should include the following functional ele
ments (see the block diagram of Fig. 7.29):

(1) A cycle control unit to generate the basic control signals 
essential for the computer to go through each cycle step. This 
unit usually consists of three stages: 

a timing (or clock) generator which generates a continuous 
sequenceupjjv pulses and is the principal synchronizing element of 
the central control unit;

a driver gate to gate pulse trains from the timing generator to 
a control driver, to interrupt it in the case of some operations, 
and to gate synchronizing pulses from external devices;
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the control driver to generate “fetch instruction” (FI) com
mands, to initiate memory reference at the first address (AI), the 
second address (A2) and the third address (j43) , a signal to start 
a machine cycle (SC), and also command pulses needed by the 
appropriate local control units.

(2) An instruction address block to generate the consecutive 
addresses of instructions where these are executed in their na
tural sequence, and also to hold the first or second address, 
according to the value of the <o signal in the case of a branch in
struction (a conditional transfer of control). The key element of 
this block is an instruction counter.

(3) An instruction register block to hold the instruction cur
rently fetched from memory and to transfer successively the first 
operand, the second operand and the result to a memory access 
(or address) register and also to transfer the codes of the opera
tions to be executed to an operation decoder.

(4) An operation decoder to interpret the operation code com
ing from the instruction register and to gate from one of its 
outputs a signal to the respective computer device. The operation 
decoder is an m-input gate with as many outputs as there are 
operations performed by the computer.

(5) A memory access register to hold numbers read from me
mory locations at the addresses specified in instructions and to 
route them either to the arithmetic unit or to the instruction re
gister, depending on whether a particular address has come from 
the instruction counter or the instruction register. In most cases, 
the memory access register is part of the storage (local) control.

(6) The console and light annunciator panel. These are not 
usually included in the control unit of a computer, although they 
are essential to its control.

The central control unit shown in the block diagram of Fig. 7.29 
operates as follows. The address of the first instruction to be 
executed is transferred into the instruction counter from the con
trol console or over the branch circuit. An FI (fetch instruc
tion) command applied via the AND gates, nAND-6, causes the 
instruction address to be transferred to the memory access re
gister, and this takes the desired instruction from the addressed 
location. Then the FI signal causes this instruction to be trans
ferred via AND gates, (3n - f  m) AND, to the instruction register. 
From the register, mRg, the instruction code is transferred to the 
operation decoder which sets the arithmetic unit, memory or other 
computer elements needed to execute the instruction and also 
generates an operation length indicator signal. This “length” in
dicator causes the timing generator to feed to the local control 
an appropriate signal (which may be a voltage level or a number 
of pulses) corresponding to the time interval needed to execute
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the operation or operations involved. The control driver stage 
then gates out command pulses to re-write the first, second and 
third address in the instruction. The “A l” command pulse causes 
the address of the first operand to be placed in the memory access 
register via the nAND-1 gate. As a result, the first operand is 
taken out of memory and routed over the data (or number) bus 
to the arithmetic register or adder. In a similar manner, the “A2” 
command pulse causes the second operand to be placed in the 
arithmetic unit. The arithmetic unit performs the arithmetic ope
ration ordered, after which the “A3” command pulse causes the 
result to be transferred over the data (number) bus to memory 
where it is read into the addressed memory location. This com
pletes the execution of the selected instruction of a program. Then 
the SC (start of cycle) command pulse increments the contents 
of the instruction counter, 1C, by unity, and after the control 
driver stage gates out a FETCH INSTRUCTION command pulse, 
the next instruction of the program is executed in the manner 
already described. The program execution can be terminated either 
by a STOP command or a branch instruction which alters the 
strict sequential stepping in the execution of a program.

Each time the arithmetic unit executes an arithmetic or logic 
operation, it generates a to signal, which is the attribute of the 
result. When the result is negative or when a logic condition is 
not satisfied, to =  1; in all other cases, © =  0.

The branch instruction selected during a cycle in the instruction 
register, IR, is executed according to the value of the © signal 
produced during the previous cycle. If © =  0, the branch register 
will enable the nAND-4 gates, and the address is transferred from 
the nRg-1 instruction register into the instruction counter, IC. 
If a =  1, the branch register enables the nAND-5 gates, and the 
address from nRg-2 is transferred into the instruction counter. 
After the branch instruction has been executed, the computer 
resumes the sequential stepping from the address transferred into 
the instruction counter by the Branch instruction.

In some cases, the execution of an instruction may be accom
panied by transfer of the next instruction into the instruction 
register (an overlapping cycle).

In two- and single-address digital computers, the central control 
unit is built along similar lines, but is simpler in design. Above 
all, it uses a simpler instruction register unit (a two-address ma
chine wj(ll,,have no nRg-3 register and the associated AND gates, 
while a single-address computer will only have an mRg and 
nRg-1 and the associated input and output gates). The simplest 
control unit of all and the shortest cycle will be found in general- 
purpose single-address digital computers.
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7.4.3. Effect of the control structure on computer speed. The
speed of a computer may be increased (or, rather, the time needed 
for problem solving may be cut down) by arranging several steps 
or operations to be executed simultaneously. As often as not, a 
control unit will be designed to combine the retrieval of data and 
instructions, the execution of an arithmetic operation and the 
instruction fetch phase, the data input-output phase and the actual 
problem solving, transfer of data between external and internal 
memory and computational operations.

Incorporation of index registers in the central control unit 
enables operations on data to be performed concurrently with 
instruction modification. In such a case, an instruction address 
is modified in the central control unit, and the arithmetic unit is 
left free for operations on data (numbers). With index registers 
in the central control, the instruction format is changed to in
clude, in addition to the usual operation code and addresses, also 
a bit designating the need for instruction modification and the 
number of the index register involved. Then the contents of this 
index register are automatically added to the address part of the 
instruction, and the instruction thus modified is then executed. 
At the same time, the contents of the index register are incre
mented or decremented (usually by unity). Apart from an increase 
in computer speed, index registers provide a means for keeping 
track (without a separate counter) of the number of times that 
the computer has been in the program loop, and also make it un
necessary to restore the program instructions (which is ordinarily 
provided for by the program) that are changed in the case of 
program loops, because these instructions will be held in memory 
in their original form.

The speed of a digital computer may further be enhanced by 
provision of separate bus systems for referencing the internal 
memory, several internal memories and arithmetic units which 
may operate all at the same time independently, with each in
struction executed during a single machine cycle.

In computer control applications, it is often necessary to in
terrupt the solution of one problem (that is, execution of a parti
cular program) and to switch to another problem (program), or 
put in new data and put out the results, which is often the case 
with a control computer operating over communication links. Also, 
the computer or some part of it may require servicing. In all 
such cases, the need arises for what is known as a program in
terrupt. This need is satisfied by a program interrupt system. An 
interrupt phase is usually initiated by an interrupt request, IR, 
which may come from without the computer (the plant or system 
being controlled) or it may be sfet up internally (for example, in 
computers with a built-in check feature, should an error occur in
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the problem run). The interrupt request gives the number of a 
suitable stored program which the computer is requested by the 
program interrupt unit to execute.

Depending on the form of the interrupt request loaded into the 
program interrupt unit, the computer will either discontinue the 
problem run and execute the program specified in the interrupt 
request, or defer the execution of the interrupt request until the 
problem being run is carried out to completion. An interrupt re
quest also specifies the form of interruption, that is, whether the 
results should be saved or destroyed. In the former case, the 
memory will save all the results obtained prior to the interrupt 
request, and the contents (codes) of the instruction register, in
struction counter, index and other registers will be written into 
appropriate memory locations so that, after the program called 
out by the interrupt request is executed, the computer will readily 
resume the interrupted run. In the latter case, all intermediate 
results and the contents of all registers and counters of the con
trol unit are lost.

The design of a digital computer is determined not only by 
the mathematical operations that are to be carried out, but also 
by the physical facilities needed and by the sequence in which 
they may or should be arranged to operate. Of necessity, certain 
sequences of instructions occur repeatedly and cyclically in the 
solution of a problem, which is also true of sequencing the com
mand steps in the execution of the various instructions. It has 
therefore been suggested to organize such repetitive sequence as 
programs in their own right. This technique has come to be known 
as microprogramming, and the steps within such microprograms 
as microinstructions. They are stored in a special memory unit, 
the microprogram storage or memory.

A computer using microprograms operates as follows. On the 
basis of the operation code in the instruction set up in the in
struction register, the local control reads out of the microprogram 
memory the first microinstruction. Each microinstruction controls 
an appropriate functional unit so as to execute the instruction set 
up on the instruction register. After the first microprogram (the 
first instruction) has been executed, the next instruction is set up 
on the instruction register, which calls out of the microprogram 
memory the respective microprogram, etc. This sequence of events 
is repeated all over again until all computations are completed 
or the sequential stepping is interrupted by a jump microinstruc
tion. Jump microinstructions provide a ready means for altering 
the individual operations while they are being performed.

Microprogramming greatly enhances the flexibility of the com
puter structure and enables the computer instruction set to be 
adapted to a particular problem and computer usage.



Chapter VIII 
Principles of Programming

8.1. Basic Definitions. Hypothetical Computer

8.1.1. Steps in preparation for problem solving on a digital 
computer. Before a workable program can be compiled for solving 
a problem on a digital computer, one has to have an algorithm 
for its solution. Thus, the search for an optimum algorithm is the 
first step in preparation for problem solving. For example, if an 
engineering problem can be reduced to a set of algebraic or dif
ferential equations, its algorithm may well be based on a nume
rical technique. In selecting which of the numerical methods to 
use, account must be taken of the accuracy sought, the time needed 
(or allocated) to solve the problem, and the specific features or 
capabilities of the available computer.

In most cases, algorithms are specified in terms of an algo
rithmic language, which is a set of symbols and rules adopted for 
defining the computational process(es) involved.

The second step in preparation for problem solving is coding, 
that is, the translation of the algorithm written in an algorithmic 
language into one readable by the computer. This step is in effect 
the compilation of a program to be executed in terms of the in
struction set adopted for a particular computer. This step also 
involves the allocation of space in the computer memory to the 
routines, source and auxiliary numbers, and to intermediate re
sults.

The last step in problem preparation is debugging, that is, test
ing the program, detecting and correcting whatever errors there 
may be.

8.1.2. Computer-performed operations and instructions. The ope
rations performed by a digital computer may generally be classed 
into:

(a) data transfer between devices and inside the same device, 
and input-output (I/O) operations;

(b) logical operations such as columnwise logical multiplica
tion and addition, and columnwise modulo 2 addition;

(c) arithmetic operations such as addition, subtraction, multi
plication, division;

(d) control operations, including conditional and unconditional 
transfer of control, starting and stopping the computer;

(e) operations of shifting and normalization.
Present-da^ digital computers use single-, two- or three-address 

instructions. Since in the simpler arithmetic operations there are
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only two operands and one result, the three-address type of in
structions suits best.

8.1.3. A hypothetical computer. It is convenient to follow the 
principles and practices of computer programming by reference 
to a hypothetical computer. With such a device, the specific fea
tures of an actual computer will not mask the general aspects of 
computer programming.

In the discussion that follows, instructions will have the fol
lowing format: 0 abc, where 0 denotes the operation code (opcode), 
a gives the address, or location number, of the first operand, b 
that of the second, and c the address of the result.

Let our hypothetical computer have the following characteristics. 
It will be a binary machine with a three-address instruction set 
and floating-point arithmetic. Its internal memory can store 2048 
binary numbers, each 43 bits long. Data will be read into the 
computer from punched cards, and the results will be punched out 
on cards and paper tape. The allocation of bits to numbers (ope
rands) and instructions within a machine word is shown in 
Fig. 8.1 and Fig. 8.2, respectively.

For a better understanding of how data are set into the com
puter, we shall assume that only one operand or one instruction 
is punched into each card. In fact, many more operands or in
structions can be coded on the same card in an actual computer.

When an overflow occurs (or when the result has an exponent 
exceeding the decimal 19), the machine will stop automatically, 
f the result has an exponent smaller than —19, the answer will 

be a machine zero. In the case of failure to satisfy logical condi
tions and also when arithmetic operations produce results smaller 
than zero, these conditions will be flagged by an appropriate at
tribute, w = l .

Each operation code includes a check bit. If the check bit of 
an instruction contains unity, the computer will stop after it has 
executed that instruction. If the check bit is zero, the computation 
will continue. This “halt on one” feature is used in debugging 
and during preventive maintenance.

In discussing the instruction set of our hypothetical computer, 
the contents of addresses a, b and c will be designated by the 
same respective letters enclosed in parentheses: (a), (b) and (c). 
The addresses and operation codes will be written in octal nota
tion. Also, it will be assumed that address 0000 always stores 
the constant 0, allows this 0 to be retrieved, but permits no other 
number e&cppt zero to be placed there.

Now we shall describe in brief the instructions used by the hy
pothetical computer.

Add: Olabc ADD. This instruction adds (a) to (b), normalizes 
the sum and stores it in address c; 0  =  1 if (c) <  0.
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Subtract: 02abc SUB. This instruction subtracts (b) from (a), 
normalizes the difference, and replaces (c) with the difference; 
o> =  1 if (c) <  0.

Subtract Magnitude: 03abc SBM. This instruction subtracts the 
magnitude of (b) from that of (a), normalizes the difference, and 
replaces (c) with it; a> =  1 if (c) C  0.

Multiply: 04abc MPY. This instruction multiplies (a) by (6), 
normalizes the product, and stores it in address c; © =  1 if 
(c) <  0.

Divide: 05abc DIV. This instruction divides (a) by (b), nor
malizes the dividend, and replaces (c) with it; <t> =  1, if ( c ) <  0.

Add Exponent: 06abc ADE. This instruction replaces (c) with 
the fractional part of (a) and the exponent EXP(a)-f- EXP(6), 
a) =  1, if (c) <  0.

Subtract Exponent: 07abc SBE. This instruction replaces (c) 
with the fractional part of (a) and the exponent EXP (a) — 
EXP (6); © =  1, if ( c ) <  0.

Set Sign: IQabc SSN. This instruction replaces (c) with the 
magnitude of (a) and the sign of (b); © =  1, if ( c ) < 0 .

Shift: llabc SFT. This instruction shifts (a) left if (b) is posi
tive and right when it is negative as many places as there are 
bits in the magnitude of (b), and replaces (c) with the shifted 
number; © =  1 if all bits of (c) are only zeros.

Extract: 12abc EXT. This instruction carries out columnwise 
logical multiplication of (a) and (b), and replaces (c) with the 
logical product; © =  1 if all bits of (c) are only zeros.

Mask: 13abc MSK. This instruction carries out columnwise lo
gical addition of (a) and (b) and replaces (c) with the logical 
sum; © =  1 if all bits of (c) contain only zeros.

Compare: 14abc CMP. This instruction takes the columnwise 
modulo 2 sum of (a) and (b) and replaces (c) with the result; 
© =  1 if at least one bit of (c) is nonzero.

Branch: 15abc BCH. This is a conditional transfer of control 
instruction; it transfers control according to the value of the © 
indicator generated by the previous instruction. If © =  0, control 
is passed to a; if © =  1, control is passed to b. After BCH is 
executed, zeros are placed in c.

Jump: 15aac IMP. This is an unconditional transfer of control 
instruction. It differs from the BRANCH (conditional transfer) 
instruction in that the second address is replaced with the first 
address. After JMP is executed, zeros are written in c.

The © indicator is not generated anew when BCH, JMP and 
all subsequent instructions are executed, and the arithmetic unit 
stores its previous value.

Add Address: t6abc ADA. This instruction adds a to & and 
places the newly formed instruction with the opcode of a in c.
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Subtract Address: 17abc SBA. This instruction subtracts a from 
b and places the newly generated instruction with the opcode of 
a in c.

Tally: 20abc TLY. This instruction totals the contents of all the 
43 bits at a and b and performs an end-around carry. The result 
is placed in c. The <o and <p indicators are not generated. This 
instruction is used for test purposes.

Copy: 2lane CPY. This instruction moves n +  1 numbers 
from locations a, a +  1, a +  2, . . . ,  a +  n into locations c, c +  1, 
c - f  2, . . . ,  c +  n, respectively. If n =  0, only one number will be 
moved.

Read In Numbers: 22onc RNO. This instruction causes the num
bers to be read from n +  1 punched cards into locations c, c +  1, 
c -+- 2 , . . . ,  c -j- n.

Punch Out Numbers: 23ano PNO. This instruction causes n +  1 
numbers to be punched out of locations a, a + l , a  +  2, . . . , a - + - n  
onto cards.

Print Out Numbers: 24ano PRN. This instruction causes n +  I 
numbers at addresses a, a +  1, a +  2, . . . ,  a +  n to be printed as 
n +  1 lines on paper.

Convert BCD to Binary: 25anc DB. This instruction causes 
n +  1 BCD numbers at addresses a, a +  1, a +  2, . . . .  a +  n 
to be converted to binary form by a standard subroutine or a 
wired subroutine, into addresses c, c -f- 1, c 2, . . . .  c +  n, res
pectively.

Convert Binary to BCD: 26anc BD. This instruction causes 
n + 1  binary numbers at addresses a, a +  1, a +  2, . . . .  a +  n 
to be converted by a stored or wired subroutine into BCD 
form and placed at addresses c, c +  1, c +  2, . . . .  c - f  n, respec
tively.

Stop Program: 27abc SP. This instruction stops computer ope
rations and provides a suitable display of (a), (b) and (c) on 
the control console.

8.2. Direct Programming
8.2.1. Programming procedure. Programming, that is, setting 

up a computer algorithm, should begin with arranging the com
putations involved in a sequence of steps. This sequence depends 
directly on the numerical methods chosen and the computational 
equations involved.

As an example, let us evaluate the definite integral

I - \ f ( x ) d x
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accurate to a specified e. We may well choose numerical integra
tion for our purposes, based on the equation of squares where

I = h  £ J  (xt)

where h is an iteration step. This last form is a good computa
tional algorithm for the evaluation of a definite integral. Its reali
zation involves the following sequence of steps:

(1) determine the number o! iteration steps needed, that is, 
how many times the instructions of the program must be repeated, 
and include it in the program as a suitable instruction;

(2) determine
(3) evaluate f(x{);

(4) evaluate f (*,) +  f{xt-i);
n

(5) go through steps (2), (3) and (4) to evaluate Y. f (x<);
t-i

(6) evaluate I =  h X  f (xt).
i-1

Before the computer can proceed with the computation, the pro
gram must be loaded into its storage. This can be done either 
manually, from the control console, or automatically. Usually, 
very short programs (not more than 20 to 30 instructions) are 
loaded manually. With more extensive programs, they are first 
transferred onto a suitable storage medium (punched cards, say), 
and program loading is done automatically by a (punched card) 
reader. Also, before step (2) can be executed, the source data 
(operands) must be converted to binary notation. After the com
puter executes the last step, (6), the results must be converted 
back to decimal notation and printed out or punched into cards. 
Then the computer stops.

Direct programming is tied up with storage allocation, be
cause space cannot be correctly allocated without knowing how 
many instructions a program will include, while a program can
not De correctly compiled without knowing the addresses of ope
rands and intermediate results in advance. To avoid this conflict, 
it is usual to compile a program first in alphameric symbolic ad
dresses. For example, the operands may be allocated locations 
starting at a +  0000; the intermediate (or partial) results, loca
tions starting at p +  0000; the initial input program, locations 
starting ‘at* a - f  0000; and the program instructions, locations 
starting at k 4- 0000.

Once a program has been compiled in terms of symbolic addres
ses, a clear idea is formed as regards storage requirements for the

17—3525
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program, operands, intermediate and final results, and the pro* 
gram can now be compiled in terms of actual addresses.

Consider a simple example of programming in symbolic and 
actual (effective) addresses.

8.2.2. Sequential programming. We set out to compile a pro* 
gram for our hypothetical computer to evaluate the function

__ Ax1- C x  
& D +  x*

for x  =  X\.
To begin with, we allocate storage to the operands xi. A, C and 

D at symbolic addresses, beginning at a +  0000, as shown in 
Table 8.1.

Table 8.1

a +  0 0 0 0 a +  0 0 0 1 a +  0 0 0 2 a +  0 0 0 3

X\ A C D

The locations for partial results will begin at address p +  0000. 
The program will be written into locations beginning at address 
* +  0000, using mnemonic operation codes.

The first instruction
*  +  0000  DB a  +  0000  0003 a  +  0000

converts the operands X \ ,  A, C and D from BCD to binary nota
tion and stores the converted values at the previous addresses. 

The second instruction
*  +  0001 MPY a  +  0000 a  +  0000 p  +  0000

computes x] and stores the result in partial-result location p +
+  0000.

The third instruction
* +  0002  MPY p  +  0000  a  +  0000  p  +  0001 

computes x® and stores the result in partial-result location
p +  0001.

The fourth instruction
* +  0003 MPY a  +  0001 p +  0001 p +  0001

computes Ax\ and replaces in partial-result location p +  0001 
with the result.

The fifth instruction
*  +  0004  MPY a +  0000  a +  0002  p +  0002
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computes Cx and stores the result in partial-result location p +
+  0002.

The sixth instruction
k +  0005 SUB p +  0001 p +  0002 p +  0001

computes the numerator of the fraction and replaces Ax] in 
partial-result location p +  0001 with it.

The seventh instruction
k +  0006 ADD a +  0003 p +  0000 p +  0000

computes the denominator of the fraction and replaces x] in par
tial-result location p +  0000 with it.

The eighth instruction
k +  0007 DIV p +  0001 p +  0000 p +  0000

evaluates the function y and stores it in location p +  0000.
The ninth instruction

k +  0010 BD p +  0000 0000 p +  0000
converts the value of y from binary to BCD form and stores the 
converted number in location p +  0000.

The tenth instruction
At +- 0011 PRN p +  0000 0000 0000

prints the result on paper.
The eleventh instruction

k +  0012 SP 0000 0000 0000
stops computer operation.

We have thus obtained a program at least in part, in symbolic 
addresses. Its storage requirements include three partial-result 
locations at addresses p +  0000, p +  0001 and p +  0002 to store 
the following intermediate and final results:

Table 8.2

p + 0000 p  +  0001 p +  0002

xj, D +  x? 

02> V\0

X?. Ax]
Ax\ — Cx Cx

So that this program can automatically be loaded in computer 
storage via punched cards, the following initial input program is 
set up in symbolic addresses:
17*
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The first instruction
d +  0000 RNO 00000003 a +  0000 

reads the contents of four punched cards into addresses 
a +  0000, a +  0001, a +  0002, a +  0003

The second instruction
d +  0001 RNO 0000 0012 k +  0000

transfers the contents of eleven punched cards (13 cards in octal 
notation) into locations from k +  0000 to k +  0012 inclusive.

The third instruction of the input program usually describes 
what the computer should do after data have been read in: halt 
and wait for the next instruction, or load again and proceed with 
computation. In the latter case, if the actual address of location 
k +  0000 is a natural sequence of the actual address of location 
d +  0001, the third instruction will normally be omitted. If, on 
the other hand, the two effective addresses are far removed from 
each other, the third instruction will be that of unconditional 
transfer of control to address k +  0000:

d +  0002 JMP k +  0000 k +  0000 0000
After a complete program in symbolic addresses has been com

piled, the following values will be assigned to the respective let
ters: a =  1000, p =  1004, d — 0010, and k =  0100. In terms of 
actual adresses, the program will then appear as shown in 
Table 8.3.

Now that the program has been represented in terms of actual 
addresses, the instructions and numbers can be punched onto 
cards, cards read automatically into the computer, and the com
puter can proceed with the solution of the problem in accordance 
with the program loaded.

8.2.3. Problem preparation for some computers. With most 
single-address and three-address computers, programming is fun
damentally the same, the main difference being only that the pro
grams for the former are much longer. On the other hand, if the 
operand of a problem is the result of a previous operation, the 
number of single-address instructions will be the same as that 
of three-address instructions. Nor is there any fundamental dif
ference in programming for fixed-point and floating-point ma
chines, although the preparatory steps are usually different.

Fixed-point machines operate on numbers of the form
i X =  xq”1

where x is the fractional or significant part (mantissa) of the 
number and m is the exponent, that is, the power of the base q
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Table 8.3

L o c a tio n In stru c tio n , num ber E x p la n a t io n

0 0 1 0 2 2  0 0 0 0  0 0 0 3  1000 Read in numbers
0011 2 2  0 0 0 0  0 0 1 2  0 1 0 0 Read In instructions
0 0 1 2 15 0 1 0 0  0 1 0 0  0 0 0 0 Exit from initial

• •
input routine

•

0 1 0 0

•

2 6  1000  0 0 0 3  1000 Convert to binary
notation

0101 0 4  1000 1000 1004

0 1 0 2 0 4  1004 1000  1005

0 1 0 3 0 4  1001 1005  1005

0 1 0 4 0 4  1002  1000 1006 Evaluate y
0 1 0 5 0 2  1005  1006  1005

0 1 0 6 01 1003  1004 1004

0 1 0 7 0 5  1005  1004 1004

0 1 1 0 2 6  1004 0 0 0 0  1004 Convert to BCD
0111 2 4  1004 0 0 0 0  0 0 0 0 Print out
0 1 1 2 2 7  0 0 0 0  0 0 0 0  0 0 0 0 Stop

iboo *i I
1001 A I
1002 C I Operands

1003 D '
1004 0 )
1005 0 \ Partial-result

| addresses
1006 0  >

needed to bring x up or down to the value of X, the exponent 
being constant for all numbers that can be stored in the computer. 
In most cases, m — 0, because of which only proper fractions can 
be stored in a fixed-point machine, and the operands have to be 
converted so as to bring them down to absolute value less than 
one (that is, into “digital” number range). Usually, this is done 
by scaling (he operands with the aid of scale factors.

Let th'̂  quantity involved in the problem be designated x. Its 
scale factor will then be Mc, defined as the divider such that the 
scaled quantity, x, is given by

x — x/Mx
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and satisfied the inequality 

Obviously,
I f K l  

Mx =  x/Z
where x is the machine representation of x. Usually, Mx is an in
teger power of 10 (decimal scale factors) or integer power of 2 
(binary scale factors).

The use of constant decimal scale factors will be clear from the 
following example. Suppose we are to compute the value of the 
function

for
x, =  3.0 

x2=  1.5
Since the external numbers are greater in absolute value than 
unity, we choose the scale factor to be Mx =  10. Then

x = M xx =  10*
On substituting x =  10* in the original equation, we obtain 

10* 0.1* 0.2*
loo*2 0.05- i - 0.1 —  *2

The last expression has no coefficients equal to or greater than 
one, and the variable is likewise less in absolute value than unity 
(x\ =  0.30, *2 =  0.15). By the same token, we choose Af„ =  10 
for y, and finally write the original equation as

By operating on the scaled numbers, the computer will turn out 
likewise scaled values of the function, that is, y\ =  0.6000 and 
$2 =  0.0385. The scaled values can be de-scaled by shifting the 
decimal point one place right. Then,

=  6.000
j(2 — 0.385

The constant binary scale factors, Mx, are usually numbers of 
the form 2",'that is, 2° =  1, 21 =  2, 22 =  4, 23 =  8, etc. Suppose 
the quantity x takes on values in the range 19.5 ^  x ^  180 in 
the course of problem solving and it is required to choose a 
scale factor, Mx, as a power of 2. To satisfy this requirement, we
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shall find a power of 2 such that dividing the upper bound on x 
will give a number | x | <  1. For our example, this will be 2® =  
=  256. Applying the scale factor Mx =  256 to the bounds of x, 
we obtain

1 9 .5  ^  180

2 5 6  2 5 6
or

0.076 0.704

As is seen, knowledge of bounds on the value of the variable(s) 
is essential in choosing a correct scale factor. As a rule, finding 
these bounds is a time and effort consuming job, because of which 
resort is often made to approximate computations. As often as 
not, the choice of a scale factor may 
be based on the physical meaning of 
the problem.

Scaling based on constant scale 
factors has the advantages of a 
simple choice and use of scale fac
tors, but impairs the precision of 
computation because of the limited 
number of digit positions allocated 
to the mantissa. Suppose a computer 
operates on numbers n digits long.
As before, x will be the scaled value 
of the variable x, and Mx be the scale 
factor. On converting x to binary form and reading it into the 
computer, we obtain an approximate value, xapp. Obviously, the 
absolute error, Ax, will be less than 1 X  *~n. Multiplying Ax by 
Afx gives

Ax =  k~nMx

As is seen, Ax varies directly as Mx (Fig. 8.3). This is why the 
fixed scale factor method should preferably be limited to cases 
where the precision required is low. Where precision is important, 
resort should be made to the floating scale factor method by 
which scale factors are only selected for external numbers, while 
those of the machine variables are changed automatically by a 
special routine loaded into the computer.

8.2.4. Branching programs and branch instructions. Normally 
(as has been shown above), a computer executes the list of in
structions .sequentially, that is, in the same order as they have 
been wfitfen into the program. Under some circumstances, howe
ver, it may be necessary to depart from the sequential order and 
go to an entirely different part of the program. The process of 
computation is then said to branch, and the instructions causing
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this to happen are called branch (or conditional transfer) instruc
tions.

For a program to branch in any one of two possible directions, 
two instructions are needed. One instruction tests if some speci
fied condition has been satisfied and generates an “w” signal; 
the other instruction performs the transition to another part of 
the program according to the value of co generated by the first 
instruction. If the program can branch into more than two direc
tions, the condition must be tested for each branch.

Example. Write a program for the hypothetical computer to 
evaluate the functions fi(y), ft(y) and f3(y) for specified values 
of x, if

y =  x3 +  x — A (1)
where

A >  B >  0
such that

fo r |y |< i4 , f\ { y ) = y 2 — A (2)
for A < \ y \ ^ B ,  f2 (y) — By — A (3)

f or \ y \>  B, f3 (y) =  Cy3 — A (4)
The process of computation has- three branches which can be 

effected as two consecutive branches in two directions. As the 
first step, we evaluate y and test the condition

A - l f / K O
If the condition is not satisfied, that is, if

\ y \ < A
we shall use Eq. (2); otherwise, we shall test the condition

B — I # I <  0 
If this condition is not satisfied, that is, if

I y \ < B
we shall determine Ml/); otherwise Eq. (4) is used. Omitting the 
initial input routine, number conversion, result display and ma
chine stop, we assign storage to the operands (Table 8.4) and 
select partial-result addresses (Table 8.5). The resultant program 
in symbolic addresses appears in Table 8.6. Graphically, the pro
gram may be presented as shown in Fig. 8.4. In fact, the method 
described in the above example may be used to set up programs 
for any number of branches.

8.2.5. Computation loops and loop instructions. In many cases, 
computations by means of numerical methods reduce to the repe
titive use of the same formulae. When a cycling process of this 
type is taking place, the computer is said to be in a loop of the
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Table 8.4

a +  0 0 0 0 a +  0 0 0 1 a +  0 0 0 2 a +  0 0 0 3

X A B c

Table 8.5

p + 0000 p + 0001 p +  0002

X*, **, x* +  x, y y\ By, y> fi(y)

program, and each traverse of the loop is called a cycle. Obviously, 
for a computer to enter or leave a loop at the correct stage in a 
computation, it must be instructed appropriately. This is done by 
setting up a loop (or, rather, iterative loop) program. An iterative

* + 0000 
♦

X+0003
*+0004
*+0005

Fig. 8.4

loop program enables a computer to execute a great number of 
arithmetic and logical operations in response to a small number 
of instructions.

As an, example, we consider a simple iteration loop. Suppose 
there is a number, x, stored at address a -j- 0000 and it is neces
sary to find the value of y =  x15 and store it in location p +  0000. 
Of course, the problem can readily be solved by a complete (li
near) program like that shown in Table 8.7.



Table 8.6

L o c a tio n In s t ru c t io n E x p la n a tio n

* +  0000 
* +  0001 
* +  0002
* +  0003
* +  0004

* +  0 0 0 5 =

* +  0006+
* +  0007
* +  0010

* +  0011+—

* +  0012-

* +  0013+
* +  0014
* +  0016—

* +  0016
* +  0017
* +  0020 
* +  0021 
* +  0022

* +  n+

MPY a+0000 a+0000 p+0000 
MPY p+0000 a+0000 p+0000 
ADD p+0000 a+0000 p+0000 
SUB p+0000 a+0001 p+0000 
SBM a+0001 p+0000 0000

BCH *+0006 *+0011 0000

MPY p+0000 p+0000 p+0000 
SUB p+0000 a+0001 p+0002 
JMP k+n k+n  0000

SBM a+0002 p+0000 0000

BCH *+0013 *+0016 0000

MPY a+0002 p+0000 p+0001 
SUB p+0001 a+0001 p+0002 
JMP * + n  k+n  0000

MPY p+0000 p+0000 p+0001 
MPY p+0001 a +0003 p+0001 
MPY p+0001 p+0000 p+0001 
SUB p+0001 a+0001 p+0002 
JMP k+n k+n  0000

First of closing instructions

x*
X*

X» +  X
-t■ X — A =» y

if A — \ y \ > 0 ,
then © - 0 ;
if -4 — lltl < 0 ,
then © •=1

If « — 1, control is
passed to * +  0011; If
© — 0,

+o

y2
h (y)

Control is passed to 
closing instructions 

B - \ y \ ;  if B - | y | > 0 ,
then ©*»0; if 
B — | y | <  0, then ©—1 

If © a  1, control is 
passed to k +  0016; 
if © — 0, to k +  0013 

By 
U(y)

Control is passed to 
closing instructions

V*
Cp»
Cp»

h(y)
Control is passed to 

closing Instructions
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Table 8.7

L oca tio n In s tru c t io n R esu lt

* +  0000 MPY a+0000 a+0000 p+0000 X2

* +  0001 MPY a+0000 p+0000 p+0000 X3

* +  0002 MPY a+0000 p+0000 p+0000 X4 *
• • • • 14 instructions

0014 MPY a+0000 p+0000 p+0000 X14
0015 MPY a+0000 p+0000 p+0000 X 18

A simpler way to solve the problem is to use an iterative loop 
program. We write “1” in location a +  0001, “13” in location 
a +  0002, and x in location a +  0000 as before, and set up a pro
gram as shown in Table 8.8.

Table 8.8

L o c a t Ion In s t ru c t io n c y c le  I c y c le  II . .  . c y c le  X III

* +  0000 MPY a+0000 a+0000 p+0000 X2

* +  0001 MPY a+0000 p+0000 p+0000 X3 X4 . • . X 18

* +  0002 ADD a+0001 p+0001 p+0001 1 2 . . . 13
* +  0003 SUB p+0001 a+0002 0000 1 - 1 3  = 2 - 1 3  = . • . 13-13 =

=  - 1 2 =  - 1 1 =  0
* +  0004 BCH A+0005 A+0001 0000 BCH BCH . • . BCH

on on on
CD =  1 CD =  1 CD =  0

In the above program, location p +  0001 is called a cycle coun
ter; prior to the start of a computation the cycle counter is 
cleared to zero. Each time the iteration loop is traversed, the 
contents of the cycle counter are augmented by 1, and the number 
of cycles traversed is subtracted from the preset number (13 in 
location a +  0002). As long as the accumulated number of cycles 
in location p +  0001 is less than 13, the instruction at address 
k +  0003 generates a signal, to =  1, and the next conditional 
jump instruction passes control to location k +  0001, thereby 
causing the loop of instructions to be obeyed again. At the end 
of the 13th cycle, © =  0, and the BCH instruction causes another 
route to be chosen (say, to location k +  0005). Thus, with an ite
ration loop procedure, five instructions are needed instead of M, 
as with the linear or sequential technique.
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In the above example, the number of cycles round the loop of 
instructions was known in advance. This is not so in many cases, 
however, such as with successive approximation procedures. Ra
ther, it has to be determined by the computer itself in the course 
of computation on the basis of partial results.

In solving a problem by the successive approximation method, 
the computation begins by guessing a value for x, using the for
mula xi+l =  /(*,-). Then the difference x1+i — xt is tested to see 
if it satisfies the required accuracy. If it does not, an improved 
value is chosen for x, and the procedure is repeated until the ine
quality

• U r n  —  * i l  —
is satisfied.

In conclusion, it is worth while examining some methods of loop 
control.

(1) If the number of cycles round the loop of instructions is 
not known in advance, loop control is effected by applying a 
test for, say, a logical condition of the form

l*i+i — *< I — e < 0
and causing the loop to be traversed until the monotonically de
creasing quantity becomes less than predetermined value.

In the general case, this form of loop control may be realized 
as follows. Let a  +  0000) be a monotonically decreasing quantity, 
and a  +  0001) be the preset minimum value. Then 

1 ♦ * +  0000

* +  m SUB a +  0000 a +  0001 0000 
=  k +  m +  1 BCH * +  0000 * +  m + 2  0000 
-> *  +  m +  2

(2) The loop of instructions may be caused to be traversed 
until a monotonically increasing quantity exceeds a predetermined 
value. Let the monotonically increasing quantity be stored in lo
cation a +  0000, and the predetermined maximum value in loca
tion o  +  0001. Then, in the general case; loop control can be pro
grammed as follows:

- ♦ *  +  0000

' * +  m SUB a +  0001 a +  0000 0000
—  * +  m +  1 BCH ft+  0000 * +  m + 2 0000 
C * + m + 2
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(3) When the number ot cycles round the loop of instructions 
is known in advance, loop control can best be organized, using a 
cycle counter as described earlier. If some instruction can be 
arranged to change with each loop traverse so that its final form 
is known, the cycle counter method can be used in a somewhat 
modified form. The final form of the modifiable instruction is 
written in symbolic form in the counter and the current form is 
compared against it. The result of the comparison is then utilized 
by the conditional jump instruction to cause the loop to be obeyed 
or not.

8.2.6. Use of standard subroutines in programming. Many pro
blems run on a computer involve evaluating a square root, taking 
a natural logarithm, exponentiation, or evaluating trigonometric 
functions, and also converting operands and results from binary 
to BCD notation and back. These are all standard operations, and 
It was early realized that they could be tackled efficiently by pre- 
coded and pretested programs known to work correctly. Such pro
grams are called standard subroutines, usually arranged into lib
raries. Libraries of standard subroutines differ widely in both com
position and size.

A subroutine is constructed so that it has fixed locations for 
operands and results, with addresses assigned in advance. Be
fore a subroutine is called in, the arguments on which it is to 
operate are stored in its standard locations. At the end of a sub
routine there is a vacant location, an exit location, where an un
conditional jump instruction is written (before the subroutine is 
called in), to transfer control to an appropriate address in the 
main program. In turn, the main program incorporates an instruc
tion which causes the standard subroutine to be accessed at its 
first (initial) address.

A library of standard subroutines may be stored in internal or 
external memory. In the latter case, more frequently used because 
external storage has a far greater capacity, the subroutines are 
transferred into uniquely defined locations of interna] storage be
fore a computation begins. Subroutines left at relative addresses 
may be written on standard forms and then transferred to actual 
addresses when they are included in the main program. However, 
this involves the expenditure of an additional time. The latest 
trend has been towards storing standard subroutines at relative 
addresses which are copied and modified by the computer itself, 
using so-called compiling or merging subroutines.

8.3. An Outline of FORTRAN Language
8.3.1. General. There are quite a number of methods which 

attempt to shift the burden of programming of problems for com
puters from the human programmer onto the machines themsel-
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ves. Quite appropriately, this is referred to as automatic program
ming and includes in part, subroutine libraries, symbolic addres
sing, string language programming, programming programs, and 
address programming.

Automatic programming is especially efficient when it makes 
use of special algorithmic or programming languages. The cha
racters and symbols used by algorithmic languages bear a very 
close resemblance to the usual mathematical notation, and it turns 
out far simpler for the human operator to learn such languages 
than programming under the constraints imposed by the parti
cular computer he happens to be using. Also, programs written in 
algorithmic languages are easy to grasp and help to avoid any 
ambiguities in reading.

Because an algorithmic language uses a limited number of 
characters and symbols and also because a program written in an 
algorithmic language (the source program) contains all the in
formation needed about the path of control, the source program 
can readily be translated into a machine (object) program by the 
computer itself, if it is provided with a special programming pro
gram called a translation program, or simply a translator. The 
alternative names for it are a compiling program or a compiler. 
As a result, an operator with a working knowledge of an algo
rithmic language can set up problems for any digital computer 
provided with a translation program.

One such language, widely used at present, is the FORTRAN 
language, specifically designed for scientific and engineering ap
plications.

FORTRAN is an acronym for FORmula TRANslation. However, 
it has proved to be more versatile than that. It can readily be used 
to describe problems involving advanced logic, simulation pro
blems, editing, and a variety of business applications.

Basic FORTRAN dates back to 1954. Since then, several ver
sions have appeared, and work continues.

8.3.2. Character set of FORTRAN language. Programs in FOR
TRAN are written, using the following characters:

Alphabetic:
Numeric:
Special:

+

I

T

A through Z 
0 through 9

Space
Plus
Minus
Asterisk (multiplication sign) 
Slash (division sign)
Equals
Left parenthesis
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) Right parenthesis
, Comma
. Decimal point
“ Quotation mark

Spaces are used as data item delimiters. In Soviet-made ma
chines, Russian characters may also be used.

The decimal point separates the fractional part of a number 
from its integral part. In FORTRAN, the “ =  ” (equals) sign 
marks the operation of assignment; it causes the constant or ex
pression written on the right of the “= ” sign to be assigned 
to the variable written on its left.

Constants. A constant is a value that is always defined during 
program execution and may not be re-defined. Two types of con
stants are used in FORTRAN: integer and real.

Integer constants are integers without a decimal point, for 
example:

- 0 3  + 9  18 - 6  -2 4 3
Real constants may be expressed:
(a) as an integer part with a decimal point;
(b) as a decimal fraction with a decimal point in front of the 

fractional part;
(c) as a mixed number in which the integral part is followed 

by a decimal point.
A constant may take a or a “—” sign. An unsigned con

stant is recognized as positive.
A real constant may include an exponent, in which case it con

sists of two parts, the constant proper and its exponent (an in
teger power of 10). The exponent is written as an integer pre
ceded by the letter E. The exponent symbol may be followed by a 
“+ ” or a ” sign An unsigned exponent is recognized as posi
tive. Examples of real constants are:

1. 0.2 -.0097  6.0
5.0E3 5 .0 E - 3  5.0E +  3

The last three constants are equivalents of:
5.0 XIO3, 5.0 X 10"3, and 5.0 X  103, respectively.

Variables. A variable in FORTRAN is identified by a symbolic 
name. Integer (fixed-point) and real (floating-point) variables 
are recognized. The type of variable is identified by the first letter 
of the symbolic name. The letters I, J, K, L, M, and N indicate 
an integer*(fixed-point) variable; any other letter indicates a real 
(floating-point) variable.

Examples of symbolic names are:
I M3 MAX KEY1
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Integer variables may take on any values having the form of an 
integer constant. For example, if I is an integer variable and 3 is 
an integer constant, I can take on a value equal to 3, but it can
not be assigned a value of 3.25, because this is a real constant.

Real variables are identified by alphanumeric characters (ex
cept special characters); the first character must be alphabetic, 
except the letters I, J, K, L, M, and N. Examples of real variables 
are.

A B22 DELTA PRICE

Real variables can take on values equal to any real constant. 
If an operation on integer variables and constants produces a 
fraction, the fraction is truncated, that is, the digits following 
the decimal point are discarded without rounding-off.

Examples:
Arithmetic operation Result
I — «/i I — 2 (Instead of 2.5)
K — '/j +  rl t  K -5

Subscripts. Subscripts may be one of the following forms:
V 
C
V +  C or V - C  
C*V
C *V +C l or C*V— Cl

where V is an unsigned simple integer variable, and C and Cl are 
any unsigned integer constants.

Real variables-and constants cannot be used as subscripts. 
Examples of valid subscripts are:

4* M3 IMAX 198* QUANTUM
A subscripted variable may be an integer or real variable used 

as an identifier, with one or two subscripts separated by commas 
and enclosed in parentheses. Examples of valid subscripted va
riables are:

A (I) K(3)
BETA (5* J —2, K +  2, L)
MAX (J, 2)

A subscripted variable defines an element of an array. The array 
and its dimensions must be declared at the very first appearance 
of the subscripted variable, in a DIMENSION statement.

Generally, a DIMENSION statement is of the form
DIMENSION VI, V2, . . . ,  Vn



Ch. VIII. Principles of Programming 273

where V is an array declarator which may be a variable with one, 
two or three subscripts. The subscripts are unsigned integer con
stants. All subscripted variables must be separated by commas:

DIMENSION NUMBER (10), A (10), B(5, 15)
For the first time, a subscripted variable can only appear in a 

DIMENSION statement. This statement specifies the maximum 
array length. This point must not be overlooked in an object pro
gram, or else the specified limits might be exceeded in referring 
to a given array. For example, the statement

DIMENSION NUMBER (10, 10, 10)
defines a three-dimensional array whose name is NUMBER and 
whose subscripts for each dimension cannot exceed 10. Also, the 
DIMENSION statement indicates that the array whose name is 
NUMBER will occupy 1000 storage locations (10 X  10 X  10). One 
DIMENSION statement may reserve storage for any number of 
arrays, while these arrays may be integer or real, or both.

Number range and precision. For the most part, FORTRAN 
programs operate on numbers having seven significant digits, 
which usually ensures a sufficient precision. Yet, there may be 
cases where a higher precision is important. In such cases, the 
double precision (D) form is used for real variables and con
stants, and the fractional part (mantissa) of the number may 
have up to 16 significant digits.

8.3.3. Arithmetic statements. An arithmetic statement is not un
like an arithmetic expression and defines the computation to be 
executed. Generally, an arithmetic statement is of the form

A =  B
where A is a variable (simple or subscripted) and B is an arith
metic expression. Examples of arithmetic statements are:

A =  B +  C 
D (I) =  E (I) 2. — F

An arithmetic expression may be a constant, a simple or sub
scripted variable, or a function. Arithmetic expressions may be 
combined by arithmetic operators and parentheses to form com
plex arithmetic expressions. The following five arithmetic opera
tors are used: '

+  Addition
— Subtraction

- '• * Multiplication
/ Division
•« Exponentiation

18—3525
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The “**” operator occupies two positions in a coding form, 
but it is recognized as the sign of a single operation.

Since constants, simple and subscripted variables may be in
teger or real, arithmetic expressions may contain both integer 
and real quantities, but both types can only appear in an expres
sion in accordance with definite rules.

(1) A simple arithmetic expression may be a constant, a simple 
or a subscripted variable. If the constituent element is an integer, 
the expression is said to be integer. If, on the other hand, the 
constituent element is real (that is, it has both an integer and a 
fractional part), the expression is said to be real.

Examples of integer expressions are:

3 I I (J)

Examples of real expressions are:

3.0 A A(J)

The expression A(J) must have an integer subscript, but this 
does not affect the type of expression; the type of expression is 
decided solely by the constituent element proper.

(2) The exponent of the element that forms an expression does 
not affect the type of expression. However, it is only a real quan
tity that can be exponentiated by a real operand. Examples of 
valid exponential expressions are:

I ** I (integer)

A ** I (real)

A ** B (real)

(3) Quantities preceded by a or a ” sign and combined 
by any of the arithmetic operators will form a valid arithmetic 
expression, subject to the following conditions:

(a) an arithmetic expression may not contain adjoining arith
metic operators;

(b) the operands of an arithmetic expression must be all of the 
same type (integer or real), except that real variables and con
stants may be exponentiated by integer operands;

(c) no arithmetic operator may be omitted or assumed.
(4) Parentheses in a arithmetic expression do not affect its 

type. That iŝ  A, (A) and ((A)) are all real expressions.
(5) Parentheses may be used to indicate the hierarchy of arith

metic operations. If there are no parentheses, the hierarchy of
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arithmetic operations is:
** exponentiation
I division
* multiplication

— subtraction
+  addition

The expression on the right of the equals sign may be of a 
different type than that on the left. If the expression on the left is 
integer and that on the right is real, the former is evaluated as 
a real expression, to yield a truncated result: the digits following 
the decimal point are discarded to leave the integer part alone, 
without any rounding-off. For example, if the result is +3.872, jt 
will be truncated to + 3 , and not rounded off to + 4 . If the ex
pression on the left of the equals sign is real and that on the 
right is integer, the result will be a real quantity.

8.3.4. Control statements. Program execution normally proceeds 
from statement to statement as they appear in the program. This 
normal sequence can be altered by means of control statements 
which include GO TO, IF and DO statements.

GO TO statements. These statements provide an unconditional 
transfer of control to a labelled statement. The general form of 
this statement is:

GO TO n
where n labels the statement to be executed after the GO TO sta
tement.

IF statements. The arithmetic IF statement provides a condi
tional transfer of control. The general form of this statement is:

IF (A) nl, n2, n3
where A is any arithmetic expression, and the n’s (nl, n2, n3) 
are statement labels. The expression A must be enclosed in paren
theses. The statement labels are separated by commas.

Example:
IF (A (I)/D) 1, 8, 3

Control will be passed to the statement with label nl, n2 or n3, 
according to whether the expression A. is less than, equal to or 
greater than zero, respectively.

Loops. FORTRAN offers several ways for specifying a loop. One 
is by means of logical IF statements. A simple example of a loop 
Is the evaluation of the factorial of a number N:

N! =  N ♦ (N -  1) * (N -  2) * . . .  * 2 ♦ 1

class 1 

class 2

class 3

18;
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or, in an “unfolded” form:
IFACT =  1 

K =  N
1 IFACT =  IFACT *K

K =  K — 1 
IF (K) 2, 2, 1

2 Continue program
In the above example, the result N1 is assigned to a variable, 

IFACT. The first two statements of the program precede the loop 
and specify the original states of the variables IFACT and K. The 
statement IFACT =  1 gets the variable IFACT ready for the first 
multiplication.

The statement K =  N is essential, if the quantity N is to be 
preserved in the course Of computation. The statements

1 IFACT =  IFACT *K 
K =  K — 1 

IF (K) 2, 2, 1
constitute a loop proper. The first digit in the subscript of the IF 
statement has no sense here, because K will never be negative. 
The IF Statement causes the computer to repeat this group of sta
tements N times until K is reduced to zero. The K =  K — 1 sta
tement decrements the variable K from its original state, N, by 
one each time the loop is traversed. The statement

IFACT =  IFACT *K
accumulates in the variable IFACT the products which lead to 
IFACT =  N! after the loop has been traversed N times.

DO statements. The previous example has illustrated the use of 
an IF statement for loop control through a count parameter which 
is incremented with each traverse of the loop. This involves three 
statements, a preparatory statement to specify the initial value 
of the counter, a statement to increment the count, and an IF 
statement to control the loop.

FORTRAN offers a special means for loop programming with 
which the above three statements can be replaced with a single 
one. This is the DO statement which has the form:

DO n 1 =  ml, m2, m3
where

n =  the label of an executable statement which ends the 
group of statements
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i =  control variable which may be a simple integer variable 
m’s =  indexing parameters which may be unsigned integer 

constants or simple integer variables
The terms on the right of the equals sign must be separated by 

commas. The simple integer variable on the left of the equals sign 
in the specification of a loop statement is called a loop index.

A DO statement makes it possible to repeat a specified number 
of times the group of statements following it, to and including 
the terminal statement labelled n, ml is the initial value of the 
control variable i (in the first traverse), m2 is the terminal value 
of i (in the last traverse), and m3 is the incrementation parame
ter (that is, the value by which i is incremented each traverse). 
If m3 does not appear, the incrementation value is assumed to 
be 1.

Thus, a DO statement causes the following steps to occur at 
the time of execution:

(1) The control variable is assigned the value of the initial pa
rameter.

(2) The range of the DO is executed the specified number of 
times.

(3) The control variable is increased by the value of the incre
mentation parameter specified by the programmer on each traverse 
of the loop.

In the example that follows, the DO statement defines the loop 
as a group of statements labelled 7, 3 and 2 It specifies the loop 
to be traversed 25 times (the number of traverses is equal to the 
difference between the second and first indexing parameters incre
mented by one):

D02 J =  1,25 
7 K(J) =  J*2
3 L(J) = J  *3

2 M (J) =  L (J) — K (J)
After the DO loop is satisfied, control transfers to the statement 

following n =  2.
Within a DO loop, any statement may be specified, while there 

are certain limitations on the terminal statement (its label n is 
specified in the DO statement): it must physically follow the DO 
statement in the source program and it may not be a GO TO of 
any form or IF statement. If a DO loop is to be terminated with 
transfer-of'control, the terminal statement must be followed by 
one more statement, CONTINUE This is a no-operation statement 
most frequently used to prov de a loop termination and Its label 
must be specified in the DO statement. Without a DO statement, 
a CONTINUE statement acts as a do-nothing instruction.
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As an example, suppose we are to find the first element equal 
to ten in the X(I) array. This involves two requirements: firstly, 
if X(l)^= 10, the computer must be instructed to proceed with 
checking the next element and, secondly, if all array elements 
turn out to be not equal to 10, an exit from the loop must be 
provided. The solution is offered by the following statements:

DO 5 1 =  1,200 

IF (X (I)- 1 0 )5 ,  10, 5 

5 CONTINUE

A CONTINUE statement is required for every loop, although 
as such it does not affect or use array elements. Each “execution” 
of the CONTINUE statement marks the completion of an itera
tion, that is, it causes the control variable to be increased by the 
incrementation value, the sequence to be repeated starting at the 
statement that immediately follows the DO if the control variable 
is less than the terminal parameter, or a transfer out of the loop 
to take place if the control variable has exceeded the terminal 
parameter.

A normal transfer out of a loop takes place when the control 
variable is equal to (or falls snorter than the incrementation 
value of) the terminal parameter after the terminal statement of 
the loop has been executed. If this occurs when the control va
riable is less than the terminal parameter, a special transfer out 
of the loop has taken place.

A DO loop is an independent member of a program. Yet, there 
are certain rules which govern relationships between the state
ments inside and outside of a DO loop.

(1) It is illegal for a GO TO or IF statement to initiate a 
transfer of control from outside into the range of a DO. Transfer 
outside of the loop may only be made to the start of the range, 
that is, to the DO statement itself. An IF or GO TO statement 
can transfer control only to statements within the same loop.

(2) The range of a DO loop may contain one or more other DO 
loops (in which case the latter are said to be nested). However, 
DO loops may be nested as long as their ranges do not overlap; 
that is, an inner DO must be wholly inside an outer DO.

STOP statement. The STOP statement terminates the execution 
of the program so that it can only be resumed from its very 
beginning. If the RUN bottom is pressed, the halt operation is 
repeated. '

PAUSE statement. In contrast to the STOP statement, the 
PAUSE statement provides a temporary program halt; that is, 
If the RUN button is pressed, the execution of the program will
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be resumed at the first statement following the PAUSE state
ment.

END statement. This is a nonexecutable statement. Its function 
is to indicate the physical end of a program to the translator. The 
END statement is required for every program. Its place is pre
cisely specified — the END statement is always the last statement 
of a program.

8.3.5. Main Input-Output Statements. For the most part, I/O 
statements perform three functions:

(1) They, specify what is to be done: to read punched cards, 
print a line, read magnetic tape, write on magnetic tape, etc.

(2) They define how data shall be arranged for input/output.
(3) They specify the data to be transferred between memory 

and an external unit.
READ statement. This statement causes data to be read from 

one punched card:
READn, list

where
n =  label of a FORMAT statement (see below) 

list =  list of variables. The variables in a list may be integer, 
real or both 

For example,
READ n, I, J, A, B, C

is a valid statement. The list of the READ statement may include 
subscripted variables. The subscripts, if any are used, may be 
constants or variables whose values are defined at the time of 
execution of the READ statement. For example,

READn, A, X(3), B, L(J)
will read numbers from an input unit and assign their values to 
the variable A, the third element of the X array, the variable B, 
and to the Jth element of the L array (J must be defined by the 
time of execution of the READ statement).

If the list of variables of the READ statement includes a sub
scripted variable, the subscript need not be present in the same 
list: it may be defined elsewhere by any previous statement. In 
the example that follows, a DO statement defines the subscript 
of a variable in the READ statement:

DO 5 1 =  1,8 
5 READ 2, X (I)

The DO statement will cause the READ statement to be re
peated eight times, each time with a new value of I. In this way, 
the eight values read by the READ statement are assigned to the 
elements of the X(l)  list.
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The READ statement offers a means to input lists and array 
tables.

FORMAT statement. The data to be transferred between an 
external unit and memory are defined by a FORMAT statement. 
This is a nonexecutable statement; it only supplies I/O statements 
with information on the format of data to be input and results 
to be output. The FORMAT statement must be labelled.

A FORMAT statement can specify the number of data items 
punched on a card, their presentation, and the number of signifi
cant digits or digits following the point.

For example,
3 FORMAT (5F8.5)

READ 3, A, B, C, D, E

indicates that execution of the READ statement will cause five 
octal numbers (A, B, C, D, E) to be read from the same punched 
card, and a point to be inserted to separate a three-digit integer 
part.

A FORMAT statement consists of a keyword, FORMAT, and two 
parentheses enclosing information on data disposition on a stor
age medium. This information is given by an alphameric code. 
The alphabetic characters of this code define where fixed- or 
floating-point presentation is used. Integer numbers are defined 
by the letter I, while the letter F in a FORMAT statement will 
define a fixed-point real number and the letter E, a floating-point 
real number.

Example:
1 FORMAT (1415)

defines fourteen integer numbers; the parentheses enclose the 
letter I followed by the integer 5 which defines the area length 
(the number of characters in each number).

Example:
1 FORMAT (7F10.4)

defines seven fixed-point numbers each allocated ten digit posi
tions of which four are occupied by the fractional part. The second 
field after F is the position identifier for the decimal point and 
must be included in every FORMAT statement. However, the com
puter will recognize this identifier only if no decimal point has 
been punched into the card, that is, no point is defined in the 
number record, In such a case, its position is specified by the 
FORMAT statement. A decimal point punched into a card has 
priority over the decimal point identifier of the FORMAT state
ment; in such a case, the computer will only take cognizance of 
the area length, and the decimal point will be marked as pun-
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ched. With a punched decimal point, the area length includes the 
decimal-point column.

A statement of the form

1 FORMAT (5E13.5)

defines five floating-point numbers, each with an area 13 digit 
positions long, of which five digits are in positions following the 
decimal point.

If the number on the card being read is 12345.6E-2 (including 
the decimal point), while the FORMAT statement defines it as 
E10.2, it will be read as 123.456 on input into the computer.

WRITE statement. This is a universal output statement. It 
consists of a keyword, WRITE, the FORMAT statement label, 
and a list of names of output variables and constants.

Example:
WRITE 3, A

will cause the value of A to be transferred to a printer in the 
format defined by 3 FORMAT.

The WRITE statement refers to the FORMAT statement in or
der to specify the form of output. In itself, a WRITE statement 
lists the quantities in the order in which they are to be transfer
red out of the computer to an external storage medium. The rules 
by which the list of output variables is formed are basically the 
same as those for the list of names of variables for READ state
ments: the same use of commas, parentheses and any forms of 
variables.

For example, a statement of the form

WRITE 2, J, I, K, A, X (3)

will cause a printer to print three numbers in the I form, one 
real number (whether it is to be in the F or E form can only be 
defined by FORMAT statement No. 2), and a real number, X(3) 
of array X.

Results are transferred to a printer line-by-line. The form of 
each line is specified by the FORMAT statement. Statements of 
the form

5 FORMAT (F4.2, E6.2, 14)

WRITE 5, A, B, L

will cause two real numbers in the F and E form and one integer 
number to be printed.

A FORMAT statement allows several numbers to be printed 
in the same line, with spaces between them. Two statements of
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the form
3 FORMAT (FI0.2, 10X, E6.2)

WRITE 3, A, B
will cause two real fixed- and floating-point numbers to be 
printed, separated by 10 spaces.

The maximum number of characters per line depends on the 
type of printer used by the computer. The computer will print as 
many characters as is specified by the FORMAT statement. A de
cimal point is printed always. Its position is defined by the F and 
E codes of the FORMAT statement.

In specifying the E code and the number of characters to be 
printed, it should be remembered that in addition to the characters 
of the fractional part (mantissa), room should be reserved for the 
following characters:

(1) a zero in the units position of the mantissa;
(2) the decimal point of the mantissa;
(3) the E character;
(4) one position preceding the zero in the integral part of the 

mantissa; this position is reserved for the sign of the number and 
may be left blank in the case of a positive number;

(5) one position immediately following the E character; this 
position is reserved for the sign of the exponent and may be left 
blank for numbers greater than one.

Also, it should be remembered that the exponent is always 
printed as a two-digit number; exponents less than 10 are written 
as two digits the first of which is zero.

Thus, in order to construct the first component of the E code, 
at least 7 must be added to the desired number of significant 
digits, if the loss of the most significant digits is to be avoided.

Input/output of alphabetic information. For any text to be 
printed, it will suffice to write this text in quotation marks inside 
the parentheses of a FORMAT statement. For example,

2 FORMAT (’FORTRAN’)
WRITE 2

will cause the word FORTRAN (less quotation marks) to be 
printed.

8.3.6. Subprograms. FORTRAN offers the choice of four types 
of subprograms as follows:

(1) Library subprograms.
(2) Arithmetic subprograms.
(3) FUNCTION subprograms.
(4) SUBROUTINE subprograms.
Library subprograms. Each library subprogram has a unique 

name. In order to call a subprogram from the FORTRAN library.
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it will suffice to reference it by its name in much the same manner 
as variables are specified/ If we seek to evaluate, say, the sine 
of X, we shall simply write

Y =  SIN(X)
where SIN is the name of the sine library subprogram. The argu
ment of the subprogram must be enclosed in parentheses immedia
tely following the subprogram name. After the execution of the 
subprogram, the value of the sine is assigned to Y.

A list of basic subprograms which are part of the FORTRAN 
library follows.

Sym bolic nam e D esc rip tio n

SIN (X) Trigonometric sine
COS (X) Trigonometric cosine
TANH (X) Hyperbolic tangent

(the arguments of the above functions must be specified 
in radians)

ATAN Arctangent
SQRT (X) Square root
EXP (X) Exponential
ALOG (X) Natural logarithm
ALOGIO(X) Decimal logarithm

The subprograms have real arguments, and the results of all 
of these subprograms are likewise real.

The FORTRAN library is not limited to the subprograms listed 
above. Other library subprograms may use integer arguments as 
well. For example, the IABS(M) subprogram forms the absolute 
value of the argument M.

The name of a subprogram is an alphameric identifier of up to 
six characters. The first character must always be alphabetic; it 
defines the form in which the subprogram presents its results.

Arithmetic subprograms. These subprograms execute arithmetic 
statements and are not included in the FORTRAN library. An 
arithmetic subprogram may use different arguments each time it 
is being executed. With the definition of an arithmetic subpro
gram written only once, it may then be referenced elsewhere in 
the program' by its name, like a variable.

The statements defining an arithmetic subprogram must be 
written at the beginning of the program, before the executable 
statements.
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An example of an arithmetic subprogram is that set up to eva
luate the square of the distance of a point to the origin of coor
dinates, that is, the sum of the squares of its coordinates:

DIS (X, Y, Z) =  X ** 2 - f  Y ** 2 +  Z ** 2
This arithmetic statement will be executed each time the name of 
the arithmetic subprogram, DIS(X, Y, Z), is encountered in the 
main program; the arguments X, Y and Z may be replaced with 
any other, for example, (A, B, C). In this way, an arithmetic sub
program makes it unnecessary to write the same sequence of 
operations several times.

FUNCTION subprograms. A function subprogram is a complete 
computational procedure in its own right; it even has an END 
statement of its own to indicate the physical end of the procedure.

A FUNCTION subprogram is fully independent of, and sepa
rated from, the main program. This subprogram presents a list 
of statements executable each time the main program mentions 
the name assigned to the FUNCTION subprogram.

A FUNCTION subprogram differs from the main program in 
the first statement. This statement is composed of a keyword, 
FUNCTION, the subprogram name, and a list of arguments en
closed in parentheses. The name of a FUNCTION subprogram 
obeys all the rules applicable to any FORTRAN names.

The first statement of a FUNCTION subprogram may be a line 
of the form:

FUNCTION I FACT (IARG)

provided the subprogram name is IFACT.
A FUNCTION subprogram differs from the usual programs also 

in that its last executable statement returns control to the main 
program. This statement is a single keyword, RETURN. Ordi
narily, it is placed immediately before the END statement of the 
subprogram.

Each FUNCTION subprogram has one more mandatory state
ment. This statement assigns the result of the execution to the 
variable whose name is the same as that of the subprogram (less 
parentheses and list of arguments). This statement may be placed 
anywhere, but most often it occurs immediately before the RE
TURN statement.

As with library and arithmetic subprograms, the main program 
references a FUNCTION subprogram by its name. Also as with 
library and arithmetic subprograms, the name of a FUNCTION 
subprogram defines the form in which to present the result.

SUBROUTINE subprograms. These subprograms are not unlike 
FUNCTION subprograms in many respects. For one thing, both 
types must contain RETURN and END statements; both are fully
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independent of, and separated from, the main program. On the 
other hand, while a FUNCTION subprogram returns a single 
value associated with the function name, a SUBROUTINE sub
program may return none, one or more than one value. A FUNC
TION subprogram is called in by the main program by reference 
to its name. With a SUBROUTINE subprogram this is done by 
means of a special statement, CALL. This statement is composed 
of a keyword, CALL, the subprogram name, and a list of names 
of its arguments, enclosed in parentheses.

SUBROUTINE subprograms may contain CALL statements to 
reference other SUBROUTINE subprograms and also any other 
statements referring to FUNCTION, arithmetic or library sub
programs. A SUBROUTINE subprogram may not call itself either 
directly, or indirectly, through a chain of other subprograms. This 
limitation also applies to FUNCTION subprograms.

8.3.7. Examples of FORTRAN Programs 
Example 1

C PROGRAM TO EVALUATE THE ROOTS OF A QUAD
RATIC EQUATION

1 FORMAT (3F10.4)
READ 1, A, B. C

10 FORMAT (‘COEFFICIENTS’, 2X, ‘A = \  F6.4, 4X,
* ‘B = \  F6.4, 4X, ‘C— ’, F6.4)
WRITE 10, A, B, C

C EVALUATE DISCRIMINANT 
DISCR=B * B — 4. «■ A * C 
IF(D1SCR)8,2,3  

C TWO EQUAL ROOTS
2 X =  —B/(2. * A)
4 FORMAT (‘TWO EQUAL ROOTS’, 2X, ‘X = \  F6.4) 

WRITE 4, X
GO TO 7

C TWO DISTINCT REAL ROOTS
3 R=SQRT(DISCR)

XI =  (—B +  R)/(2. * A)
X 2 =  (—B — R)/(2. * A)

5 FORMAT (‘TWO REAL ROOTS’, 2X.
* ‘X l = \  F7.4, 4X, ‘X 2 = \  F7.4)
WRITE 5, XI, X2
GO TO 7 

C TWO COMPLEX ROOTS
8 XI == —B/(2.*A )

YT=SQRT(—DISCR)/(2. •  A)
Y 2=  —Y1

6 FORMAT (‘TWO COMPLEX ROOTS’, 2X, ‘RI =  I’,
* F8.4, 2X, ‘IM 1= + ’, F8.4, 2X, *R2*»\
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* F8.4, 2X, ‘IM 2 = \ F8.4)
WRITE 6, XI, YI, X2, Y2 

7 STOP 
END
COEFFICIENTS: A=4.0000 B=6.0000 C=2.0000 
TWO REAL ROOTS: XI = —0.50000 X 2 = —1.0000 

Example 2
C PROGRAM TO FIND A MAXIMUM 

DIMENSION X(50)
5 FORMAT (‘MAXIMUM ELEMENT 

• X ( \  12, ’) = ’, F7.4)
1 FORMAT (10F7.4)

READ 1,X 
XMAX=X(1)
K =1
DO 21= 2,50  
IF(XMAX — X (I)) 3, 2, 2 

3 XMAX=X(I)
K =1

2 CONTINUE 
WRITE 5, K, XMAX 
STOP
END
MAXIMUM ELEMENT X(17) =5.4783



Chapter IX

Special-purpose Computers

9.1. Control Computers

9.1.1. General. Apart from handling a great variety of mathe
matical problems, present-day high-speed electronic computers 
have proved their worth in automatic control of processes, plants 
and systems. Advances in computer engineering have given big 
impetus to cybernetics, the science of control and communication 
in the animal and the machine (as N. Wiener put it), and notably 
engineering cybernetics concerned with direct applications of cy
bernetics to engineering systems. To-day, automatic control is 
being applied in a multitude of industries, branches of sciences 
and technology from automated systems in metallurgy, chemistry, 
mechanical engineering and power generation to highly sophisti
cated aerospace systems.

A control computer is an arrangement of devices which operate 
on input information about the behaviour of the associated con
trolled process, plant or system so as to control or guide it under 
a prescribed algorithm. A control computer and the associated 
controlled plant make up a closed-loop or feedback system in 
which all the necessary input process variables are fed to the 
computer for computation, evaluation and generation of an opti
mum solution. The solution is then converted to control signals 
which go to appropriate controllers and/or actuators to change the 
behaviour of the plant so as to achieve an optimum response. The 
changed process variables are again routed into the computer, 
and the chain of events is repeated again and again.

9.1.2. Basic types and applications. Control computers may be 
general-purpose, intended to control a group of processes or 
plants that can be described by a similar or identical mathema
tical formalism, and special-purpose, having a simpler structure 
and used to control a single specific process.

Depending on the control logic involved and the accuracy re
quired, a control computer may use analog or digital computing 
elements, or both. As a rule, analog computing elements are used 
where control is concerned with less complex processes and the 
accuracy requirements are not particularly stringent. Among their 
advantages^are freedom from analog to digital conversion for in
put and the reverse conversion for output. Digital computing ele
ments are a natural choice in applications involving complex pro
cesses and plants. Among the advantages of a digital control



288 Part Two. Electronic Digital Computers

computer are large-capacity memory, broad capabilities of logic, 
flexibility, and high accuracy in data processing.

As an example, Fig. 9.1 shows a block diagram of an automa
tically controlled industrial system where control is effected by 
a control computer. The controlled plant is subjected to a number 
of fixed uncontrolled (disturbance and load) variables, pq (q =  
=  1, . . . ,  k). Suitable transducers, Tit sense the status of the 
plant by measuring changes in some of its variables, (i =  
=  1, . . . ,  n). These output or state variables are routed via a 
scanner, Scl, to an analog-to-digital converter, ADC, in a pre
arranged sequence. Owing to the scanner, a single multi-channel 
ADC can be used, thereby giving a sizeable economy in the equip
ment needed. In the ADC, an analog quantity, AQ, is coded into

f , h  p»

Sc2

J L U  t

Controlled
process

*G D -

SCI

OS Control _DS
compute

Fig. 9.1

a digital signal, DS, which is read into the computer memory. 
Once it has stored all the relevant input data, the computer sets 
out on a computational procedure. The outcome of this computa
tion is a set of digital signals. Before they can be used by appro
priate controllers, they must be (and are) converted back to 
analog form by a digital-to-analog converter, DAC, and routed as 
voltages, Vj (j =  1, . . . ,  m), via another scanner, Sc2, to the res
pective actuators, Act}, which change the manipulated variables, 
t ) j ,  so as to bring about a desired change in the status of the pro
cess or plant.

A control algorithm for a closed-loop automatic control system 
usually has provisions for optimization of control on the basis of 
the plant behaviour and changes in the environmental conditions 
and in accordance with some preselected criteria. Such systems 
are sometimes called self-organizing or adaptive. In contrast, 
there are systems which operate in a rigid manner to a predeter
mined program executed irrespective of the changes that may 
actually take place in the process or the environments. Finally, 
there are automatic control systems which anticipate changes in
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the process variables due to a pre-selected set of environmental 
conditions. In the last case, control computers are often of the 
analog type.

9.2. Digital Differential Analyzers

9.2.1. General. These machines solve ordinary differential equa
tions by making use of a numerical approximation to integration, 
for which reason they are often called digital integrators.

Digital differential analyzers (DDA) can be used as such and 
also as part of automatic control systems. In the latter case, they 
operate under a preset computational and control program, auto
matically switch programs and the classes of problems to be ac
commodated in accordance .with the results obtained or changes in 
some variables.

Present-day digital differential analyzers have speeds sufficient 
for real-time simulation of complex dynamic systems operating at 
very high speeds, and also for use in conjunction with actual pro
cesses and plants. The capabilities of digital differential analyzers, 
including their accuracy and speed, can materially be improved 
through the use of multi- and full-digit instead of single-digit 
incrementation, floating-point arithmetic, and integration by suc
cessive approximation. Also, a DDA can readily be ganged up 
with a conventional digital or analog computer.

The basic computing element of a DDA is an operational di
gital integrator. Apart from such integrators, a DDA also in
cludes converters, memory, control, logic elements, etc.

9.2.2. Digital operational integrators. In the genera] case, a 
digital operational integrator establishes a relation of the form

b b
z — ^ y d x = ^ f(x )d x  (9.1)

a a

where all variables are numbers, that is, they are in discrete form, 
and the independent variable may be chosen arbitrarily. Integra
tion is carried out numerically, by adding together the increments, 
using rectangular or trapezoidal techniques. With rectangular in
tegration, the integral of the specified function can be approxi
mated by a sum of the areas of elementary rectangles, each re
presenting.^specific increment. Ax (Fig. 92):

b n n
2 =  J t/dx =  U m £i!/i £  y, Axt

a i — 1 / — I

19-3525
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where yt is the ordinate of an ith rectangle. Assuming that Ax =  
=  h =  1, then

2 = 1 \y i  (92)

that is, the operation of integration is reduced to adding together 
the ordinates (/< of the rectangles. The ordinates tji are given by

i
0 < = 0 o+ £ A 0 *  (9.3)

A -1
where yo is the initial value of the function.

Fig. 9.2

Equations (9.2) and (9.3) are mechanized by the integrator 
whose circuit is shown in Fig. 9.2b. To facilitate the connection of 
integrators to one another and to other computing elements, the 
increments Ax*, Ayt and Az are represented as unit pulses. The 
increments At/* (0 or 1) are fed to a reversible counter, count, 
which keeps the running total of unit pulses, 2Ayh, that is, the 
increment in the integrand. Then an adder, ADD 1, adds 2Ay* to 
the initial value y0 to generate a new ordinate yt for each integra
tion step in accordance with Eq. (9.3). The ordinates </< are accu
mulated by a y register. A Ax pulse causes another adder, ADD2, 
to add or subtract to or from Zo previously accumulated in the 
output Zo register. As a result, the z0 register stores a number 
representing 2y{, that is the value of the integral z. The y and z0 
registers have each n bits sufficient to represent the number 2n. 
Adding together two n-bit numbers yt and Zo may cause the z0 
register to dverflow, in which case an overflow pulse, Az, will 
appear at its output (a carry to the next most significant digit), 
which is recognized as a unit pulse increment in the integral z. 
The overflow pulses, AZu are accumulated by the z register. Thus,
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the z0 and z registers may be looked upon as a single 2n-bit 
register in which one part (the z0 register) stores the least signi
ficant bits, and the other part (the z register) stores the most 
significant bits of the integral z. The increment in the integral is 
given by

A z =  ky Ax
where

k — 1/2" =  constant
If y =  1 and Ax =  1, then 2n integration steps will yield one 
overflow pulse, that is

A z =  (y Ax/2") 2" =  1
Practical digital integrators usually have no z registers and 

the overflow pulses, Az, are directly taken from the register output 
to another device. The type of operation to be carried out by 
ADD2 depends on whether a given Ax< pulse is a 1 or a 0. If it 
is a 1, the adder will carry out the operation of addition, Zo +  yc, 
in the latter case the operation of subtraction, z0 — «/<•

As an example, consider a case where the initial value of the 
integral is Zo =  0 .0 0 ... 00, and the integrand y 's a one in the 
least significant digit position, that is,

y° =  111 00 • • • 01 =  constant
The leftmost digit position is the sign bit. If it contains a 1, the 
number is positive; if it contains a 0, the number is negative. Each 
integration step, that is, each addition of z0 and yt will increment 
the contents of the Zo register by one. As a result, a positive or 
a negative overflow will always occur. It is assumed that the 
presence of an overflow pulse corresponds to the sign, and 
its absence, to the “—” sign.

The first integration step may be written as:

z0 |T | 00 . . .  00 

+  y0|T | 00 . . .  01

1 0 00 ... 01

The 1 beyond the sign bit represents an overflow pulse. 
The second integration step may be presented as:

z 0 [o 00 .... 01

yo | 7 00 . . . 01

0 1  0 0 ... 10
19*
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As is seen, the overflow bits at the integrator output are an al- 
ternating sequence of ones and zeros. This is another way of 
saying that unit increments come in an alternating sequence of 
- f  l ’s and —l ’s:

A z = + 1 , —I, . . .

The net result will be zero. After 2" additions, the alternating se- 
quence of unit increments will cease, and a unit overflow pulse, 
Az, will appear at the output.

A digital integrator may be based on serial or parallel adders. 
In the former case, the amount of equipment needed is smaller 
and the circuit is therefore simpler, but the speed of operation is 
reduced. Serial registers may be magnetic-drum or other cyclic 
memory devices.

9.2.3. Serial and parallel digital differential analyzers

Serial DDA

In a serial digital differential analyzer, a single set of com
puting elements is used to process several integrators in turn. The 
numbers associated with each integrator (operands, partial and 
final results) and also the computational procedures are stored in 
a memory unit. Because of the inherent reliability and compact
ness, the storage device most commonly used is a magnetic drum 
with parallel tracks on its surface. Referring to a simplified block 
diagram of a serial DDA in Fig. 9.3, the z and y tracks are re
served to contain serially the Zo and y registers for each of the 
digital integrators, while the Az  track is reserved for the Az  over
flow pulses of all the integrators. The kx and kv tracks store ad
dresses for integrator interconnections. A “1” written into a digit 
position on the kx or kv track will, on moving past the read head, 
RH, cause the appropriate AND gate, 1 or 2, to open and gate 
out a Az signal from the Az track to the Ax or Ay input of one of 
the integrators; the Az values are transferred. Synchronism in 
operation of the DDA units is maintained by clock pulses, CP, 
which are applied, beginning at the instant when the “start” pulse 
(SP) written on a separate track is read. Each of the z, y and Az 
tracks is divided into segments, each acting as an integrator re
gister (Fig. 9.36). For example, if segments 1, 2, 3 and 4 store 
operands, these are read by the read head and transferred for 
computations, the results of which are simultaneously written by 
the write headdnto segments 1', 2', 3' and 4'. Following each in
tegration step, which corresponds to a drum rotation of 180°, the 
previous record is erased to be replaced with a new one or res
tored again. Connection of segments to adders produces digital
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integrators. During each step of integration adders 1 and 2 me
chanize the following equations:

i
yi = yo+ £  ayk 
z = z o  +  y t

where yo, z0, y and z are the initial and final values of the inte
grand and integral, respectively, for each step of integration.

The sum 2Ay must be formed before integration; for this pur
pose the Az read and write heads are shifted one sector relative 
to the y and z read heads. The value of 2Ay is formed by the 
reversible counter, RC, which accumulates the Az pulses arriving 
by way of the open AND gate, AND2. Then 2Ay is applied to a 
shift register, ShR (Fig. 9.3c) which in response to clock pulses, 
shifts the number and transfers it sequentially as a train of pulses 
to ADD 1, starting with’ the least significant digits. At the same 
time, ADD 1 accepts the value of yo from the y track likewise with 
the least significant bits first. The new value, y =  y0 +  2Ay, is 
fed via the AND gate (AND3), which is open for Ax =  1 and 
closed for Ax =  0, to ADD2 and the write head of the y track for 
the write operation. The adder, ADD2, forms a new value of the 
integral, z — z0-\- y, which is routed via the open AND gate, 
AND 5, remaining open as long as clock pulses 1 through n 
arrive, and closing on the (n -}-l)st clock pulse, L, which re
presents the last (most significant) digit of the number z. Howe
ver, the L pulse causes the AND gate, AND 4, to open and gate 
out a Az overflow pulse which is then written on the Az track. All 
subsequent steps of integration are identical to that described 
above. Az, Ay. Ax and y may be positive, as was tacitly assumed 
in the above description, or negative. If both positive and negative 
quantities have to be accommodated, a more elaborate circuit must 
be used.

Parallel DDA
In a parallel digital differential analyzer, all integrators are pro
cessed at the same time, that is, in parallel. In fact, this is a 
parallel combination of several digital integrators, each with ad
ders and other computing elements of its own. Obviously, there 
is no need for a common memory. While for a serial DDA the time 
needed for a solution is

ts =  n t l

where U is tfie time taken by one integrator to perform integra
tion and n is the number of integrators used, in a parallel DDA, t, 
is decided by the time required for a single integration and is 
independent of the number of integrators.
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Integrators are usually interconnected via a special panel much 
as is done for serial digital differential analyzers. Because of this 
“rigid” arrangement, the logic capabilities of a parallel DDA are 
limited. On the other hand, parallel DDAs offer a high speed of 
operation. As an example, the Soviet-made METEOR-3 parallel 
DDA using 100 digital integrators and occupying a space of as 
little as 2 cu.m can do 4 million basic operations per second. The 
more recent models of parallel DDAs can do 10 to 20 million 
basic operations (such as additions) per second, which is in no 
way a final limit. Such speeds are beyond the reach of digital 
computers.

The latest advances in microelectronics hold out special promise 
for a further decrease in the size and a further improvement in 
the performance of digital differential analyzers.

It may be added that the advantages of serial and parallel di
gital differential analyzers can be combined in serial/parallel ma
chines.

9.3. Analog-Digital Computers
Of late, there has been a growing trend to combine the advan

tages of analog computers (high speed, simplicity of problem pre
paration and set-up) and digital computers (high accuracy and 
broad logical capabilities) in combined schemes.

A combined analog-digital system may be synthesized in a 
variety of ways. Most often, such a system has an analog section 
and a digital section, each using only analog and only digital 
data representation, respectively. The digital section may essen
tially be a digital computer, a digital differential analyzer, or a 
set of digital computing elements. The analog section may use an 
analog computer or a set of analog operational elements. Data 
transfer between the two sections in the course of a computation 
is effected by converters. Synchronism in operation of the two sec
tions may be maintained either by a separate control unit or by 
the control unit of the digital computer.

As a rule, the analog section of a combined system simulates 
short-duration processes where the requirements for accuracy are 
modest, and the digital section provides statistical reduction of 
slowly varying processes with a higher accuracy and with provi
sion of logical operations.

Suppose we are to synthesize a combined system to solve or
dinary differential equations of the form

ix jd t  =  f t (*,, x2, . . . ,  xn, /), / =  1..........n (9,4)
The logical design to be finally chosen will depend on how the 
various functions are to be shared between the analog and digital 
sections. Most often, the digital section will be entrusted with
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evaluating the integral of the precise part of Eqs. (9.4), with 
terms materially affecting the overall precision of the solution. 
Then, the analog section will take the integral of the coarse part

of the equations, where high 
precision is not essential.

One of the possible block dia
grams of such a combined sys
tem appears in Fig. 9.4. The 
conversion channel is selected 
by routing the converter addres
ses, a{, from the digital section 
over the address lines, AL, via 
an address decoder, AD, to the 
AND gates, labelled I through 
n. As a result, the numbers NXl 
representing the analog va
lues x{ are taken from the out
puts of the analog-to-digital 
converters, ADCit via the AND 
gates labelled 1 through n, to 
the digital section to be pro
cessed. When the digital section 
feeds addresses a;- via another 
address decoder, AD2, to the 
same AND gates, the digital-to-

Fig. 9.4

analog conversion (DAC) channels route the analog values XNt 
corresponding to the numbers NXl to the analog section. All units 
of the combined system are kept in synchronism by a timing 
unit, TU.

9.4. Prospects in the Development 
and Use of Electronic Computers

Electronic computers are continually expanding into all fields 
of man’s activity, and especially so in science, engineering, auto
matic control, and data processing for accounting, planning and 
economic purposes, automatic information retrieval and operations 
research.

The major objectives in the advanced digital computer designs 
are greater capacity, improved reliability, reduced size and power 
requirements, and wider capabilities. The capacity of a digital 
computer is above all decided by the speed of its components and 
the manner in4 which problems are prepared for computation and 
the computations are carried out.

Existing computer components based on electron valves, semi
conductors and magnetic (mostly ferrite) cores can give operating
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rates of the order of a few megahertz to a few tens or hundreds 
of megahertz. Any further improvements in speed, reliability, size 
and power requirements necessitate the use of computer compo
nents capable of operating in the SHF, EHF and higher frequency 
ranges, which inevitably involves a number of difficulties. At pre
sent, the speed of digital computer elements is being improved 
through the use of r.f. semiconductor devices (transistors, tunnel 
diodes), thin and extremely thin films (fabricated from ferromag
netic, semiconductor, conducting and dielectric materials), cryo
genic devices, that is devices utilizing the phenomenon of super
conductivity observed at temperatures close to the absolute zero 
(cryosars, cryotrons, persistors with switching times of the order 
of 10-8 or 10-9 s), microwave devices (parametrons, travelling- 
wave tubes), masers and lasers. Some of these components have 
already found practical application, and some are under investi
gation for use in computation. An increase in computer speed can 
also be secured through the use of better input/output equipment, 
new methods for data presentation and processing. Among other 
things, a good deal of hope is placed in the development of de
vices that would read data into a computer directly from a text 
or by voice.

Appreciable effort is being put into the logic design of digital 
computers with a view to expanding computer capabilities for 
adaptation to changing input data.

Material improvements in computer capacity can be obtained 
by setting up integrated digital computer systems with an overlap 
of computational and other operations, with the result that several 
million operations can be performed every second. Unfortunately, 
the accompanying increase in the amount of equipment and de
crease in reliability may more than offset the gain in speed. Re
liability can be improved through redundancy and the use of 
highly stable and reliable components.

A sizeable contribution to better computer performance has been 
coming from microminiaturization, especially micromodules with 
a packaging density of 10 to 20 elements per cubic centimetre, 
thin-film microcircuits with a packaging density of 100 to 200 
parts per cubic centimetre, and solid-state integrated (molecular) 
circuits with a packaging density of 1000 and more elements per 
cubic centimetre.

The increase in the amount of data processed calls for propor
tionately larger memories, especially for data processing and in
formation retrieval systems, and this demand is being satisfied. 
Mentiori''snould also be made of the effort in the field of auto
matic computer design and manufacture, standardization of com
puter elements and units, and the wider use of automatic pro
gramming.



298 Part Two. Electronic Digital Computers

New and better types of analog computers are being developed 
for the investigation and design of systems by simulation techni
ques and also for automatic industrial control. Sizeable improve
ments have been achieved in size, economy, reliability and stability 
of analog computers through the use of miniature and highly 
stable semiconductor, magnetic and other devices. Advanced types 
of operational amplifiers and function generators coupled with 
more efficient methods of error detection and compensation have 
markedly improved the accuracy of analog computers.

The versatility of analog computers has been greatly expanded 
with the incorporation of digital elements (memory, logic circuits, 
I/O devices, etc.). An important problem awaiting its solution is 
further cutback in the time an average analog computer needs to 
solve a problem, through the use of automatic input/output proce
dures, solution monitoring and control, problem preparation and 
set-up, and solution display.

An attractive prospect is seen in further development of special- 
purpose computers possessing high accuracy, high speed, high 
reliability and small size, particularly in conjunction with better 
methods and hardware for automatic process control, and also 
high-performance digital differential analyzers, hybrid and com
bined systems.
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